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TO TrtE HONOURABLfe 



Charles Frederick^ Ef^; 

ourveyot-General of his .Majesty's 
Ordnance, &'c. &'c. &'t:. 



HoKOiJRABLE StR, 

THE fubjcit of the (heets *hich I here 
beg leave to lay before You, is of fo 
much confequence to mankind, as juftly t6 
tlaim the regard and fahflion of the Great, 
Geometry is, not only a moft accurate, but A 
Very extenfive fcience, whofe application ahd 
great utility, as well in the arts of peace as of 
War, are well known to Yoii. 

But though this work, if the manner iii 
Which it is executed be correfpondent to the 
importance of the fubjeift, tiiay ndt Wane 
JTufficient merit to render it worthy of the 
approbation of a Gentleman, who, amidft a 
multiplicity of' publick employments, pre- 
fcrves aii dhdiiiiinifh'd ardor for the fcienrea 
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DEDICATION. 

and a knowledge of the works of art 
nature i yet I have, Sir, ftill farther mot 
for this addrefs : Your great influence ; 
zeal to promote the good of an inftltul 
under which I am placed ; and the fav( 
that I have received at your hands, make 
carncft to embrace this opportunity of teA 
ing publickly, that I aiii, . 

Honourable Sir, 
With great rcfpeS, 

Your much obliged, 
flifdmoft obcdieht 
jiun^le fervant, 



Monh^f 17(10. 



Thomas Simpfon. 



PREFACE. 



Ti/fT defign in wUing ttpvn tbefuhjeS •/ Gw- 
^fj[ metry^ was to open an eafy wtp for jouftf^ 
iegwners to arrive at a proficiencf in that 
uftj'ul feience; without either l>eing oblig^ to go tbr<^ 
a mtn^tr of umeteffary fropofiiitnSy <r bavit^ re- 
eourfe to the ungeometrical methods of demonfirs' 
$ion^ that tUmnd « mjt modern compofitiotu of this 
nature. 

ftft difkuUj of the undertakings t was not map' 
fri/ed ofi andohjeBioat occurred that •a/ere net eafy 
ts be removed: Neverthelefs^ I have groundi to hope, 
from the reception myfirfi attempt has met imV/>, that 
m3 endeofvourj have net been entirely uf^ucfefsful. No 
pains h^e^indeed, been/pared to render ti»etperk ufeful: 
jind I flatter mjifetf, that the fpirit and rigour ofJf- 
raonfirationt fo ejfential to the fui^tSly are alfo tolera' 
bly well prs/irvea i tho^gM J have net htenfo intent t« 
guard againfl the attatt tf Criticks, 4U to kfe^ht 
of my main dejigu cf furn^j^ a plain, eafj iwi- 

ttution for leariurs t Tet I have ^rong bepeSt that 
(here will net he found in thtfe fiieets, any inaccura- 
dest or overfights, tiat are abfolutely unpardonable. 
To txpeU a fauhlefs ftect is impeffible : And I well 
know, that the m^ elaborate and befi-approved fyf- 
terns ofGeomftry extant, are not without mattjf imperfec- 
tions. Butt were tbefmallefl imperfeSion to be a real 

/aultt ^ ambition would rather be, to Jhtw fome de- 
gree ef judgment^ by avoiding a multitude of fucb 
faults, than by expe^ng and magnifying the flaws of 
ctbir writers. It is mere eafy to fit a fault, thau to 
avoid one : And tbofe min who are the mefi faggmne 
tp d^inguijb tbemfelves at the txpence of ofhtrs, are 
A 3 genera^ 



preface: 

generalty ehferved tefiavd in need of greater iniu^eu/t 
ciesf than even the per/ens whom they unmerc^ulif, 
attatkt Bt^ Pall put m. end to this dim-effimS' 
peiatif^ out em ohjjtSfien, that may hf lirougft agairt^ 
this work j which is, that in demenjiratienr admitting 
fif feveral cafes, the mqfi eafy ones are fimetimes onsit- 
ttd i and that the converfe of fome popefttiom is 
%0t at all demaa^rated. But this^ I conceive^ xviit 
ie. found tf real advantage to the learner \ without 
ininchj it would have been impoffibU to have comprifeA 
ths S4*nentsin the compafsthri now tdke t^. Be-, 
Jidis, tie gteattfi ft^t sf the demon^atifitis omififd 
ittMgfuch as nwf be ii^erred frem thofe grom, b} means, 
cf -Axioms onfy; ihiy may, therefore, be ea/ily fafr 
plied hy airy reader, fhould_ ihey happen to become »f- 
lfjfi*'7y iohieh } havefcarce ever found to he the cafe: 
But, even allowing this to he a defeil, it is abun- . 
tiantly compenfated by the' extenjive application givei^ 
jf» ,tie three Idjl ftSHins ; which is ' infinitely, here 
nfeful, in ilfelf, and msre neceffary to the forming att 
^ble Geometrician, than any tbingof the kind we 
^ave beeri /peaking of . 

In this, fecand, edilim (which it, in a manner, a 
new work) marry cvnftderabU alterations and addiliont- 
have been made: 7be order of fimt efthefirjl pro- 
pgfitioHj is changed: And fome difficult propqfitions iff • 
the feco'nd book are rendered more plain- In the 
fourth book ftveral nev) Theorems tin proportion? are. 
added, the foUd Geometry is now conneSed with 
the plane, and is demonflrand xvtth the fame accuracy. 
The menfuration of Superficies and Solids is alfo mere 
explidtly handled ; and the demonjiraiion of the fi- 
peral rules is here efi-ablifhed on a belter foundatiofi^ ■ 
than even in authors who have wrote profeffediy on, 
thefuhjeS. The Maxima aiid Minima, a-'d :be con- 
ftruSiien of Geometrical Problems., are likewife ccuji- 
dtrably extendid and improved. And, at the e>td, 
Noies 
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^es geometrical and critical^ very uftjul tt impr &m 
hejmgmentofyetag^Jiwimts^ art now ^ided. 

Sui, whiyt I am 'ialiieg of imprvnementt tni 
' flatters of criiicifm^ I am ■ called i^pn to .an/vKf to 4 
(barge, which, ftiould it appear ,;* d^ftrve treditt 
would indeed leave me but little room to fop myfi^. 
fppn the werldfcr a judge in ihefe mattert. Ai tb$ 
gentleman by whom I fiand accujed^ is hmtm t» tit 
viorldiy bis holding one of the moll fin^^era^k m<h. 
thematical pojis in the kingdom j IJbaUt in 9fi^ /« da, 
^11 due honour ta the manner am im^tofKe 9f- ia 
writings give yon his- own words. 

*' ^ere has lately been publijhed a boot tplder /if 
f* title of Elements of Plane Geometry^ d&igwd fef^ 
** the ufe of fchoelSi which is an ini^orria capy ^ tbt> 
'* ^rfl eight. feSfions ef this aw*, ,/?«/ thi ptvtetdldt 
** author en a particular occafuat^ and priited it^ 4 
•' fpurious manner, without my kmwledge tr cttffent^, 
" an aUion too fcandalous for any man of honour to 
*» ^e guilty of. The Editor imagined, ^ Juppofia that 
•• the changing feme prc-pofitions, and mangling the, 
•* demonjirations of otieh, was a fufficient difguife. 
•' to make it pafs for Bis 'imn performance; but how 
•* far this will juftify fwh-a piece of pr/hyt mt^ it. 
•• left to tte Judgment of the publick. ... 

ff^tre lio attempt to dt/mhe ,tht ideas otHtidim 
flrjf jnitid by the fifiguks moMcfty of this important 
tptd folemn appeal to ' the publick, . tjheuld h at a lofi 
for fit words to exprefs themx withofit tranfgrejj^ Uie,-. 
bounds of decency. But I ■■hope that J have not di-^ 
fsrved fe ill of the pubUck, to be thought arable of ' 
afling fa very humb.'v apart, as that of cgpylpg from' 
this author-, and' ef mangling his demonjirations'., in 
order to make them pafs for my own. — That a mana- 
fcript of his (conttuning between 20 and 30 of the 
•' ■ . -' '■ principal 
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frindpal Theorems in Geomettjy extremt'y III digged) 
tame ii$to my bands^ is indeed true ; ^ut it was not 
lent mc, but forced upon me^ by bimjelf (tbe very 
jirft night after my removal to Woolmch) in virtue 
tf an article in the original rules and inflruSions for 
the Aeademy ; wiertby it is ordered, that the fecend ■ 
mafitr fsall teach Geometry under tbe direHion tf the 
frfi tnajier- But this well-intended article, tohicb 
has heeii made fuhfervieni to tbe fttrptfes of ignorant 
tyranny, and daring calumny^ has finct, in confe^uence 
of a publiek examination, been annulled by an exprefs 
irder of tbt Mnjitr -General of the Ordnance. — I could 
mention fame particularsy fupptrted by good authority y 
that occurred in the tourfe of that examination, which 
iveuld but ill agree xvith the importance be affumes 
in bis confident accufalion j but I do not think it worth 
tohile : This Gentleman has, btrnfelf, by bis diferent 
fubUeatiosu-, fo weli convinced the world of bis abili- 
ties, as to render any farther eemmetil on that bead 
intirefy unnec^ffary and inefeHual. 
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ERRATA. 
Page 19. 1.4. (bin, rudn; P-47< 1. 13. for CAE, r. DAE; 
48. !• 31. f. femi-diamcten i p. 58. fbrCotoUary z. r Cortd- 
ry; p. ^9. 1. it.M the ce;nma;f>, 70. 1. i5.forDE, r. DF; 
1. 31. for greater, r. greater than; p.ji. 1. laft, for PT, r. QJi 
p. ibi.l. 6. isr^, r. k; p. 110. inthcqaoiaeion >, for 19, r. i8> 
p>. IS4- 1- 8.Ji/tK.P; j>. 1:7. /. 4. uV/fihewttole parentheflt; , 
and in the qaoution *, r. 27. 4. p, 1 jj. ]. zj, alter BD, r. as 
weliasAD; p. (40. I. i4.forGt;A,r. GEB; p. u 4. beg. of 
L i6.forCE, r.CD; p. 174.1.15 forOHI. r. OHK; 1. 34. 
r. annuliu ; p. 187. 1. zi. r. frulium'i height ; p at . 1. 20. 
fitr AG, r. AF i p. J26. I. prec. laA. for exceeds, r. i> left 
that) ; p. S48. 1. 1 z. for Ms, r. greater ; p. 267. 1. tj. dele 
wf ; p. Z7I. I 32. for which &c. r, when ukcn lefi. 
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ADVERTISEMENT. 



AS in every work of this nature, defigned to 
contain whatever may be moft requiGce to 
titc forming of a regular and complete fyftem of 
Geonieiry, a number of propo&cions muft ncceffiuily 
have a place, whofe ctitef ufe and application lie tft 
the higher branches of the Mathematicks ; and 
there being many perfons, particularly young gen- 
tlemen in p.ublick fchoots, who want to learn fo 
much Geometry only, as is neceHary to give them 
a proper incroduiftion into the prai5tical and mofl: 
common applications thereof i fuch as Menfura- 
tion. Trigonometry, Navigatioiit Fortification, Per- 
fpc&ivt,l^c. For chefe reafons, I thought that it 
might be of fervice, to point out to fuch Readers, 
what propofmons in thefe Elements may be omit" 
ted, as leaft ufeful to them ■, without either hurt- 
ing the connection, or taking away from the evi- 
dence of the other demond ration?. The numbers 
of thefe propofitions^ in the &vcmI books, ai« as 
follow. 

In Book L the 6, 17, 19, 2i| it, 93, aa4 

39th. 

In Book IL the 4, 5, 10, xi, is, ijtb, and the 
ad Corol. to the c^tb. 

In Book III. the 4, 5, 6, 7, 8, 9, i£, 18, 19,2^ 
25, 26, 27, and 28th. 

In Book IV. the 4, 5, 6, 9, 1 1, j-j, 16; 27, 30, 
ai, 22, 23, 15, 26, 27, 28, and 39(0. 

la 



(*) 

in Book V. the i, s, 16, 17, 18, t^i 20, 25, zS^ 
e8> and 31ft. 

In Book VI. the two or thre^ firft propor- 
tions only, need be read ', except by thofe *hd 
are concerned in furveying and dividing of lands ; 
to whom the whde book will be highly ufeful. 

Alfo, with regard to the feverith book, if Per- 
fpt^ive be the only applicatiM in view (which t 
have known frequently to be the cafe) the ift, 
id, 4th, and izth propofitions may fufEce. But 
if a more general idea of the properties of in- 
terfering planes ftiould be ret^uired, fuch as it nt- 
CeSary in the dodrine of folids arid fphcHc geo^ 
metry; then all the propofitions, to the isth* ought 
CD bfe taken. 

The 17th, igth, ioth, 21ft, 22d, and 23d pro- 
bofiiions of this fevrnth book (hould alfo be read 
by thofe who would be able to find the cdntent and 
proporribn of folid bodies ; as fhould, likewife, the 
Whole eighth book ; except, pjfrhaps, the firft and 
ninth propofitions, together with the three firft 
lemmas ^ which may be thought too plain, bj^ 
thofe who are not very folicitous about geometrical 
I'Igouri ta need « demonftration: 
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EX w TABLE reftmng te tht tkm in theji 
' ' ypcfitianttnthe firft ftx^ani 



whtTt allthi niej} mattrial prepcfil 
mih and twelfth iecij e^ Euclid, 
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The fonpwing BOOKS are all wriueo 
Mr. Thomas Simpson, F. R. S. and 

for J. NoURSE. 
I.TT^SSAYS ON SEVERAL CURIOUS AND 

ll/ Subjects, in speculative and 
Mathematigks J in which the moft difficulc Pro- 
blems c^ the hrft and fccond Books of NeWtin's Prauipia 
are explained ; in 410. 

II. Mathematical Dissertations on a varietjr 

of Phjfical and Analytical Sul^e^, in fto. 

III. MiscELtfANEovs TRACTS on fome curious and 
very inteiefting ^itbjeib in Mechanics,' Fhyfical'Aftro- 
tiomyi and Speculaiive Mathematicks, in 4(0, 1757. 

IV. The Doctrine of Annuities and Rever- 
sions, deduced from general and evident Principles t 
with ufeful Tables, fluwing the ValuCB of fingle and 
joint Lives, i^e. in 8vo. 

V. A Treatise op Algebra ; wherein the fun- 
damental Principles are fully and clearly demonftrated, 
-and applied to the Solution oF a great Variety of Pro- ' 
blems, and to a Numbdr of other Ofeful Enquiiies* 
ad Edition, in tivo. 

VI. The Doctrine and Application of Fiujc- 
lONSj contatiiing (betides what is conunun «n the Subject] 
a Number of new Improvements in the Theory, and the 
Soiutfon of a Variety of new and very interelHng Problems 
in different Branches of the Mathematicks. 2 Vols. 8vo. 

Vn. Trigonometry, Plain and SpBERiCALi 
with the Conftrudton and Application of Logarichmif 
in 8vo. 

VIII. Select Exercises for Voung ProficiMtts in 
the Maihematicks ; containing, belides a choice Collec- 
tion of Problems, both algebraical and geometrical, the 
wbole Theory of Gunnery; a very accurate and fuccin<3 
Demonfiration of the lirll Principles of Fluxions ; and a 
Set of Tables for the Valuation of Annuities and Rever- 
^ns, more comprehenfive than jiny extant. . 8vo. 
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bEFIf^ITIONS. 

EOMETRY b that fdence, by which 
-we compare iadfci quaadti tt log^ther as 
|iav« lextenliga. 



iUthufs.] ■ • 

1. A JUne is ^t, wbith l>u IcngHi widiouc 
breadth, 

- Tht lirtni, iota^, cr tiOrmts of tt Lint, are. 



3i A Serface U that, which 
baa length and breadth, only, as 

■.c. - 



73^ hounds of a Surf ate art Una, 
■ •■ - B 
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Elements of Geometry. 

4^ A St^id is that, which has length, 
breadth, and thicknefs, as D. 

The bounds of a Solid ure furfaees. 



«. A Right (or ftrait) line is that, which lies even- 
ly between itfoctremes, or which every-where tends 
chelameway, tsAB. ^ ' A^ — B 

. 6. A Planc-furfaceis.that, whichw every-where 
perfedUy fiat and even, or which touches, in every 
part, any ri^ht^ine'nt^eOetween points any- 
where taken in that furface. 

7. An Angle is the inclination, 
or (^ning of two rig^^Uffcs meet' 
ing in a point, as D. ' 



. , -8. Whw; one right-line . 
DC, {landing upoti another 
AB, makes the angles on 

. both fides equal, tlwfi: an- 
gles are cdled right-an- 
gles -t and that line CD is 

; Sid to be perpendicular to . 
the other AB on which it 
infifts. 



9. An Acute-angle is that, which 
is leis than a right-angle, as £. 



. 10. An Obtufc-angle is that, 
which is greater . than a right- 
angle, asF. '., /■ 



11. The 
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a. "tht dlfiaoce of two points, is duf R^t- 
Itfae reictung from die dim; to th^ btberJ . 

12; Tht diftance of & point fi-omalinp, is a 
}lb;ht-UDe dnWn from that peint> pcipctidiEuW to, 
imd o^diinatltig In, the line given. 



- 13. Pariallcl (ortquir 
diftant) right-tines AB, 
CD are fuch, «hich be- 
ing in the fame plan!-, 
Surface, if Infinitely pro- 
duced^ would never roeeb 



14. A I^re is a bounded ^kux^ as^ is eldier 
a furfoce) or a (olid. 

is. A right-lined plane Figure is that, foithed 
in a plane-hirface, ftnole terms, "or bounds, are 
jightAiDcSw 

16. All pl^e t^igures bouiided by three right- 
Ibes, arc called Tnanglci. 



t;. Ah cQuihiteral THangte 
k that whofe bounds or fides are 
iailetjual, as A. 



18. An iibfceles Triangle is> when 
two fides are equal, at B. 



B 2 19. A 
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EUfitei^h of G^smeiry. 




: fcp. A CMkine Triangle b, when 
all the clua lidcb an aoeqml;^ as 
C. 

20. A right-angled frUhg^e li 
that, which has Otitf rjght-artgte, 
ai ACBi whereof^ the fide AB 
oppdfite to the right^an^^e, ii tttfi- 
rt^the Hypotbcnuft. 



21; An obtufc'Singled 'Tfkhgile is that, v^hidi 
luB one ebtt^ anglb. . ' . 

32. An acute-angled Triangle is that,.vhich has 
«& its at)^- acute* 

23. Every plane Figure bounded by, foyr right- 
tindt, is catitdaQuadrang^, 'or<^adril*teritl. . 

24. Any Quadrangle, whofe j '"' "''Z}\ 

oppoGte fides are par^lel, is. / . sx . / 
aifcd a ParaUcldgriWi, ^O. /'. " j . 

25. A Parallelogram, whofe an- 
gles ait anright-oBRCa ii caU«d:ft 
ReaAngle, ai E. 



- 36. 'A Syiafe is a parallelogram 
whofe iida are all equal, and its an- 
gles all right-ones, as F- 

27. A Rhombus is X par^elo^ z^ j 
gfaiA whofe Gdes are all equal, ^t ' / 
ha ingles not right, as G, I 
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Bed the Tirfl\ 

28.. AU other fouf-fijjcd fi&ire%j bcHdf* thefc, 
: cfttled TwpeziurtiJ. 

19. A rigjrt-line jmrang any two oppofitt angles 
a four-fided figure, is called a Diagonal. - - 

30. That fide AB upon 
which any parj^llelogram 

•ACEB, or triangle ACE 
is fuppofed to ftand, is 
C9\\^A the \&.k\ and the 
perpendicular CD fatting thereon from ^ cqfk^ice 
angle C» is called the altitude of the [aralletograth, 
or triangle. 

31. Alt plane figures contained under more thin 
four: fides, are called Polvgons % whereof ihofc hav- 
ing five fides, are called Pentagons i chofe having 
fix fides, Hocagons i and fo on. 

^2. A R^jular Polygon is one whofe angles, as 
ivdJ as fides, are all equal. 



gg. A Circle is a plane 
figure, fepuoded by one 
curve-line APCD, called 
its circumference, every- 
where equally diflant from a 
point £ within the circle, 
called the center thereof. 




34. The Radius of a circle, is the diftance of the 
center from -tbe circumference, or a right-line EA 
drawn from che center, to the circumference. 
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Elements ef Qeometry^ 

AXIOMS, or Self-evident Truth?. 

1. Things, equal to one and the f^me thing, 
{tlfo equal to each pther. 

2. Evq-y whqle is greater than its part. 

3. Every whole is equal to all its ^xx& t: 
together, 

4. .If to equal things, equal things be added, 
wholes will be equal. 

5. If from equal things, equal things be takeh 
ftway, the remainders wiU be ^u4- ' 

€. If to, or from unequal thii^gs, equal things 
be added, or taken away, ^he iiims, or remaindcfft 
will have the fame difference, as the unequal things 
. ^rft propofed, 

7. All right-angles are equal to one another.' 

8. More than one ri^t-Une cannot be drawn 
Trom one given point A to ap- . ' » 
other given point B. , ■ 

9. If two points H — Ji^ 
D, F, in a right- 
line MN, arc pofited 
at unequal diftances ~ 
DC, pE, from an- 
other right-line AB in the fame plane-furface;' thofe 
two lines, being infinitely produced, on the fide cf 
(|ie leall diftance £F, wUl meet each other. 
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right-iiiies'FD'.A- IB D ^ 

F£, making an angle F, and the uiglei which they 
make C, and F be likewife equal } the right-lines 
AB, £>£ joinrng their euremes will be equal, and 
the two crianglei ACB, DFE equal in «U k> 
fpeas. 

If thii fliould not appev fuffideatly evident for 
an axiom ;. conceive the triangle DFE to be remov- 
ed, and ib applied to the triangle ABC, that the 
point F may coincide widi C, and the fide FD fall 
upon the fide C A ; then, becaufe FD is fuppofed. 
equal toCA, the point D will alfo fall lipoo A. 
Aiid,' the. angle F being equal to the angle C, the 
0de FE will fall upon CB ; and confequcntly the 
poinc £ i^jon the point B, becaufe FE it fuppofed 
equal to' CB. . Therefore, feeing all the bounds of. 
the two triangles coincide, it is maniftft, that not. 
only the bales AB, D£, but the angles pppofice to 
the equal fidet, are alfo cquaL 

When alt the four lines CA. CB. FD. FE are 

equal i the triangle DFE, being cotOreriimft applied 
to ACD fo that FE may coincide with CA, will, 
alfi^ agree With the triangle ACB (as is roanifeDt 
from the reafoning above) : and fo, the angle E (as 
D did before) now coinciding with the angle A, the 
two angles .£ and D muft nece0ari]y be cqUal to 
each other, in this cafe, where the triangle DF£ 
is an ifofceles one. 
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Ekfrisnts of Ge^metry^ 
POS^TVLATES. or PETITIONS, 

I. That* from any g^vep point, to: snf ocfiBf ' 
given point, a rigtu-rine nwy be dr^D- 

~ 2. That, a right-line may be prodvoM^ or qta* 
tittup oiiti itpRftgirC' 

%. 'fhtf, ^m any p^ at a a^vsr, witti ^ 
radiui«qutil'Eo «ny rigltc-iiae «fiigncdt ^<irck an^' 
bcdffcribcd. 

4. iWt ft right- Uhe Vl^f be ^rnm'perjxnd*- 
cular CO Atlother, at tiny pbitw alBgntsd;' and tha^ 
it is alfo edftibte for td tnake a righ^UM, or ^ 
righMinW ii^le, e^ual ds any right-liflK, ftr ri^* 
Ithdd ttpgle faf%ie^k ttr tothe half AA«bf:- 
Aakiiig the ^if& HfeniKes^ ti>ah ii^cttgb iihfoliat> 
^eeeffity: ftlicty vihat is here harel^ a/am^as pt^ 
Wf, M efe^eii, end a^atfy detmi^ted, « th* b(gi^ 
wing 6f ibe F^ti S<w*, i^/irefy i^^fuiatf cf every 
tibing tut Axlo;n» and fie other Poftuktesytiiik ii^ 
down. U mof alfo bt proper t» neti hire^ that^ 
tbeugb thefe Populates are net always quoted., it wiU- 
fa eaj^ to p^trive •a^ersf and in wbatftufit nfyy tire- 
to be.ifkierfie&i. - ■ m , ' 

Notes (Wft/pBsERvATioNS, "with ihe'fi^nijka-. 
f^m"pf •'Signs ujedm this Tra^. 

A Fboposition is, when femctfiing 'is> rither, 
propofediobedone, or to be demonftfeeed, aidi^ 
?;ithtr a Problem, or a Theorem. '- 

A Problem is, when fomething is proppfed tQ 
be done. 
"■"'•', .- - ■ ATbio-, 
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A L«Mi«A't», wheti Ibitk prenrire is demonftrst" 
eS, in oY&a i^ t%Adtt t}ie thing m Itiild the (nord 

A CbftbiLARV tit a con{i:qti«tA mnJi, jg;a|n«d 
feovti Ibiflt jJrtctdmg «utli, or demonftfttfort. 

A ScHOLiuikt is, when remarks and oblcfVa^ns 
;ire tn^e upon fomething going. before., 

2^ Jgnj^ifi^ ff Slow, 

The Bgn i^, 4«ttQVei tttdt the i]uanttti« bttwixt 
wMc^itftaAi^ ire eqiMt. 
' tYKf^A t*-» dfcrtows thdt the qtiwAy preeedifiij 
h, it gt«Atfy thW) th*c which cAmcs Alter it. 

The fign ~2, denotes that tbc quantity, preced- 
ing it, Is lefs than that which comes, after it. 

The fign +, idettoees that the cjgantity which it 
ptstdc^ Vt in be added. 

The figp -^, ilencKei tXax tlw mnoiit? mfaich it 
precedes, is to be t^a a,my or funra£bEd. - 

A figure, or number, prefixed to any quantjty, 
Ihews bow olten that quantity is to be taken, or re-? 
peated; as 5A Ihews, that the^uamity M^nt&ite^ 
py A, is to be taken 5 tiiiies. 

When fcveral tingles are O 
fwined about the fame point 
(as at B), each particdiir an^ 
is defcribed by three Ictterij 
whereof the middle one Ihews j^ 
the angalar p<«nt, arid the 
other two, the lines that form tjic angle ; thus CBTJl 
or DBC^gf^ges th? »M;le formed by the lines CB 
«iid pB, ■ 

- — ■ -When, 




lO Elements of Geomefry, 

When» in any demoi^tradont you meet with fe- 
veral quantities jdncd the one to the other conEi-i 
nually by the mark of equality (=), the OHidufioa 
drawn mrni chedce, is ^ways gathered from the firil 
and laft of them i which are equal to each other, by 
vircueof die firft axiom. Tlius if A=s B= C =:;D. 
then will the firft (A) and the laft (D) be equal to 
each other. 

Alfo, when in the quotations you meet with two 
numbers, the firfl fhews the propofition, and the 
fecond the. book. Mereover, Ax. denotes axiom i 
Foft. poftulatum i Def. definidon ; Hyp. hypothe- 
fiS. Note alfo, that, wben-ever the word L(«ir<)C- 
curs, without the addition of either right, or atrotd, 
a right-line is always underftood : and that, when 
a line is faid to be drawn. to, or from an angle, the 
angular point is meant. 

THEOREM I. 

ji line (AB) fianding upon attetber line (CD] m*ie^ 
with it. two angles\hBC, ABD) which, taken to- 
gether ^ are equal ta two right-angles. 

If .the' angles ABC, ABD ,, 

are equal, it is plain they 
■ Def. 3. make two right-an^cs ' ; if 
unequal, let BE be perpen- 

* Poft. 4. dicular to CD \ dividing 

the greater of them (ABC) C— — 

into the parts EBC,.EBA ; " 

then the fonjier part.EBC being a right-angle ', 

4tid the remaining part EBA togedier with the 

whole leflcr angle ABD, equal to another right- 

* Ax. 3. ai^le EBD % the whole, of both the propofed 

angles, taken together, muft ncfcflarily be equal 

* Ax. 4. to two right-angics '. . ; 

COROL- 
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Bool the FirJI: ~. II 

COROLLARY. 

Henee :dl the angles at the fame point (B) on the 
fame Gde of a ri^t-lioe (CD) are e()ual to two 
right-angles*. '^-i- 

THEOREM II. 
If etu Unt (AB) muting two others (8C, B0) 
in the fime point (B), utakes txtto angUi with 
fbtm (ABC, ABD) v^htch together are e^wd to twt 
right-angles i ihefe lines (BC, BD) willfmn one can- . 
timud ri^bt-lim. . » ■ 

Twi if paffible, l«t BH, 
and not BD, be the con* 
tinuation of the right-line 
CB : then the angles ABC 
and ABH being = two _ 
irjdit-angles* = ABCand C 
ABD ' J if from thefc equal quantities, ABC, com- * Hyp. 
mon .to both, be taken away, there T»i|l reniain , , 
ABH = ABD • } v,bitb is fmfojjihle \ \^ ^; 




THEOREM m. 

The eppqftie angles (DEB, AEC), made iy tv39 
liiuf (DC, BA) interteSling each ethir^ are e^ual. 



For DEB + DEA = twq 

light-angles ' = AEC •+ DEAj 
whence, by taking away DEA, 
pommon, there remains DEB 
^=AEC^ 




* Ax. 5. 
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tt EUmmit of G^omttry. 

THEORBM IV. 

lie fame r^t'Ums (EF), MrefOraUel to taei ether. 

If you fay, they are not parallel i then let thetn» 
when produced >ouc^ meet m fone point, asG. 
, In £A* pro-' 
■" duced(if necef- 
£iry) let diere 

be taken EH= f^ j *=-- — =r .-7:, 

1 Poft.4. EG', and let ^ 'A- • £ » © 

• Poft. I. th« right-line FH be drawn ". The trlan^s EHF 

andEGF, having EH =zE£;, the ivigle HE^ := 

• Def,8. GEF% an^ EF commoii» a^eihcrefore p^uajin aU 
" Ax. 10. refpcas' : and fo, the ^e EFH beiite « EFG 
' Hrp. (EFD) =a right-anglc\HFDG (a wElUsflEG) 

• '■ !• muft be one continued right-line*: v/tki^'is im- 
! A?. 8. . pe0U'. Theretbre AB and CO are parallels. 

SCHOLIUM. 

■ In this theorem, the paJ^Hp cF parallel lines 
- ■ • " (or fuch, whith being irifimtely produced, in the 
fame plane, can never meet) is demonftrated : for 
EF may be drawn perpejMKoaJar to AB ' ; and CFD, 
ag^n, perpendi(:ular to £F ' 1 which lafl;, it is de- 
monftrated. ^I'be parallel to AB. 

THEOREM V. 

Perpendiculars (EF, GH) to ne (AB) tflw&fa- 
, raHelliHes (A^i CD) terminated. h tbo/e tineSf art 
equal to each other } a$ul ti^a ftrpeimader tt the other 
of the tWM pardlels {CD). -. 

For, AB and CD being parallel- to each other, 

■ Ax.^ GH can neithA" be greater, nor le6 than EF'i 

and Def. and therefore muft be equal to EF. If you fay, 

'3* that EF is not perpendicular to CD ; then let FM 

' Poft, 4. be pffrpcndjcular to EF ', meeting GH produced {if 
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necet&ry) in M : fo fhsU 
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FM be panllei tp AB*( c T 
and conleguently GM sa ~ ' 
EF ' = GH i ttfi/Vi M «- 
ftffitle ', Therefore EF is 
perpendicular to CD. And, r— - 
by the fame argument, GH ^ 
is perpendicular to CD. 



COROLLARY. 
Hence, .through the jatne point F, more duu| 
one parallel canoot be drawn to the fame line fpyca 
A6> 

SCHOLIUM. 

Froiji the preceding propofidoir, the confiltaice 

of the owenty-fifth delmtioo, oi the poffibility, that 




all the prtpcrties afaibed to a 
reftanglc, can fubfift tc^ther in 
the fame figure, will appear, 
t<%etha witX the method of 
conftru£Hon. For, at any two 

points C, D in a rig^t-line RS, 

nro perpendicular 03, DH R i _ ^ 

imy beefcfted^;' and a ptnpenacular eo one 6f 7 Poft.4. 
tlicfc, - at any point E, meeting the other in F, 
may be drawn. The l^rc CEFD thus conftrudted 
will be a reaangle :. for C£ and DF are pamlld S ■ ^ t. 
as are aUo CD and £F * : thcrefors the ai^e F (as 
wellasC, D,«MiE)isari^t-a^e'. ffCfibe* 5- i. 
made — CD, then will the refUagle CEDF hmre «U 
tofidesequal^ "Which anfwcra«othetfcfiiiitionaf'j.s an« 
a fquarc. Ax. i» 

THEOREM VI: 
. R^-iim (AB, EF) pantikittatfamefisi>t' 
£ai <CDJ are fartlM to latk ttier. 

For 



ogle 



t^. EUtUtnts if Giomttty. 

Firf let the line HIG ._ f- 

hi perpendicular to CD i ' 
. then, ttiu line beins alfa £— 
.. perpendicular to both AB 
J. 1. and EF % thefe laft are "- 
'4.1, parallel to each other'. 

THEOREM vn. 
A lini (AB) mttrfitlins twi parilUI Urtii (SR| 
Q.P) iMi« iK UlcrnM anslts (SDC, PCD) niial U 
iach olhlf. 

Let CJ* and DEbeper- ' 

■ ;. t. pendicular to QP, and SR 'i , 
thenthefe linesFC and Dfe 

' 4. t. are likewife parallels' 1 and 
fo the triangles CFD and ' 
CDE, having the fide CF 
= DES FD = CE% and 

i Ax 7 the angle.F = £S they will alfo haTC die angl^ 

»A..'.o. FDC = ECD'. 

COROLLARY I. 

Hence, a line ioterfedthig two parallel linei* 

makes the angles (BDR, hCe) on the (ame Cde, 

1 ,. I. equal to each other; for BDR(=CDS') = BCP'. 

'7- ■• COROLLARY TX. 

Hence, alfo, a line falling upon two parallel lines^ 
makes the fum of the two internal angles (SDC -(» 
QCD) on the fame fide of it, equal to two right- 
angles : for the angle SDC being = PCD, and 

> 1. I. PCD 4- Q.CD = two right-angles' 1 thence is 

- Ax. 4. SDC -t- QCD = alfo 10 two right-angles ". 

THEOREM Vllt. 

If a line (AB) interfiling two etbtr Unci (PQ , 
RS), makli the dtenuUi anglii (DCP, CDS) <j«J/ 
to each other j then are tbofe two Unii parallel. 

For, 
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Booi tie Firft. 
For, if pollible. Jet 
lame other line DT, and 
not DS, be psualle] to 
P(i' i then muft CDT 
= DCP • = CDS • : 
which is imp^ljible \ 

COROLLARY. . 
Hence, if a line falling on two others, makes 
the angles (BDR, BCP) above them, on the fimc 
fide, equal to each other j then thofc two linea 
are parallels : becaureSDC = BDR'. ' 

THEOREM IX. 

If one flic {PX) of a Irianili ( ABC) *t pnducld, 
the CKternal angle (CBD) will be cqtttd to bath tbi in- 
tcnul ofpefiic Milts ( A, C) lahn ugclbcr. 

For, let BE be pa- 
rallel to AC 'i then 
will the angle C = 
CBE % and the angle 
A=DBE-i there- 
fore C + A = CBE 
-}-DBE"= CBD'. 

COROLLARY. ' 

Hence the external angle of a triangle ii greater 
than either of the internal, oppofite angles. 

THEOREM X. 

The thru mgks «/«y fiau tritr^k (ABC) tckm 
tegctbcTf are equal to two rigbt-ai^les. 

For, if AB be produced to C/ 
D,thenC-fA = CBD-, to 
which equal quantities let the 
angle CBA be added, then , 

+ UtA'= two right-angles . ^ 

COROL- 
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COROLLAHIES. 
1. tf two angles io one crianglB, be eqtuliacwfl 
Mgles in aooriio' triki^, the Mnuaning ugles mU 
■ A* y. ^ be cqu4 '. 

i.. If one angle in one triangle, be cqM ^*c aa^ 

gte in another, the fums of tiie remaining angles 
will be equal*. , 

J, If <if)e aMte of « Irianglfc be right, tks otfa^ 
iCW.t»k«P t^tgfwv* will ba oqiial K> o rt^ii>«i^ 

4. The two leal anglu, .of tVCTf triangle, are: 
Acute. 

THEOREM XI. 

taken togetbtr., art efudl to feur ri^f-a^Uit 

Let thfe di^nai AC be 
drawn ; then the three ^ngles 
' of the trivisle ABC bdn^ 
^ 10^ i. = two riffht-angjes 'j aad 
. thofe of the triangle ACD 
equal alfo to tWD rigbt-^O- 
glcs *; it fallows that the funl 
of sffl the angles iQf berth trian- 
gles! whidi make the foor angles tff the i^uadfangU^ 
f Ax. 4. muft be equal u> four ri^t-^Eigtos'V 

COROLLARY 1. 

Hence, if riKtrcrfthe angles be right-ones, th^ 
fourth wUl aUotw a rtght-Aolile. 

COROLLARV U, •: 

Moreover, if two c^ the jpur argles, be «^u4 (o 
two fighc-angles, tlie nemMung tw0< log^ber wttl 
likewife be equal to tvo fwhtiwgto. . 

*^ SCHQ- 




■,Goo(jle 





n 



^V Moti ihe Firjk 

^P StHOLIUMi 

^K tf ftbm any point P, within a polygon ABCDE, 

Hf bncs be drawn to all the aisles, lb as to divide tl« 

Br - Vfhole fetb aS, many triangldi, 

W APB. BPC, CPD, DPE, EPA, 

to lit pcrfygon ht:^ fides i th* n<^ V ^B 

; fum of all the angles of theft ^^^ ■ 

Itiangles (which together make 
up, orcompofe the anglps of the 
polygon* over and above thoft iAJ _ 

iabc^C the point P] will bcequil to ttoice as many 
rifi^c-&ngKs tt' the polygon has fid'e^ (by lo. i.) 
TnocTor^ ftdng all the angles about ^e point P» 
VrfMreby the angles of alt the triangles exceed thofe 
t^ &ie palygon, are equal to four right-angles, it 
b mamfeft, that aU the angles of the polygon, ' 
taken together, will be equal to twice as miiny right- 
Angles, ¥faoting fiaur* as the polygon has fides. 

THEOREM: XII. 

lie (ABC) are iqual to each other. 

For, let the line Cbbifcf^ ' ^ . 

W divide the angle ACB hW 

to two equ^ parts ACDj 

: pCDk «" in«t AB in D : 

then the iriailf^es AtD, 

BCD, having AC=BC', f ^ \^ f Def. i8. 
\ CD common, and the *n>- ^ 

gle ACD = BCDS vrill idlb have the angle (Hyp. 
A=B\ » Ax. i« 

C6RGLLARY 1. 
titnctt the line which bife£b the veitical angl^ 
of an ifofoelcs triangle, bife£ts th< bafe, ukI is alfo 
{KTpendiculvtoit^ 
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Ele^ientt ef Gtomtty> 

COROLLAHY n. 
HeiKC it appears alib» that eveiy equUatetat tri- 
angle is liltewiie equiangular. 

THEOREM Xm. 

, Jl oigr Iriaiik (ABC) tit gral^ JIdi fiimit 
mpmltfijutlt. 

Let AC Ik greater than AC I 
in which let there be taken 
At) = AC ! drawing CD. 

The triangle ADC being 

Ublcelis, the angles ACO and A OB 

'ADC ate therefore equal ' i wlience ACB, which 
exceeds the former of them, mull alfo exceed liie 
latter ADC\ and confequeatljr, much more eitceed 
B, which is lels than ADC '. 

COROLLARY. 
Hence, in. any triangle, the fide that &btends 
the greatdfc anglc^ is the greateft; bet^ufe ACE can- 
-■« ix gteater than B, u^dcls AB is gititer diaa 
ij. »i AC ". 

THEOREM XIV. 
^ IbiliriiJUa (AB, AC. CB) tf mttiiimgl, 
iitquillithillnifiduiJX, DF, FE}^f. momr 
triangle, ucbto tacb rtjft&im^ \ i&M tbt tff^s ^ 
faftd'to tbe 1^ Jides wiH aifoit l^t ■ 

Let The an^ 
gte BAG = D, 
AG = DF, and 
let GB and GC ^ 
be drawn t {o 
IhaU the triao- 
des ABG and 
A».ii>.DEF be equal in all refnefls": *er*>te, AG 
being = DF s AC", and BG = EF = BC'. 

the 
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^lllB iilgle ACG is >l)i> — AGC',, and BCG- i,. i. 
:BGC*i and confcqucntl; ACB = AGB'=r AX.4W 
l^Et clMKfbre the triangles ABC, DEF an equal s* 
■ iojU re(i!<as». 

SCHOLIUM. 

The dcfflonftiation of the laft theoremi in ob^ 
tufe-angled triangles, may admit of anotlwr cafet 
which, however, is not necclTary : becaufe. If the 
tnsqgle AGB (equal tp DEF) \x conceived to be 
fonned on the loogeft pde of ABCi .then, .all the 1 Cor 4. 
angles CAB, CBA, GAB, GBA being acute ', the » I'&i. 
line CG will, always, bU withia die figjire ACSQ ',■ Ai. s. 
aa in the prefent cafe. 

THEOREM XV. 
^ *w <n«lKir< ( ABC, DEF) >*i|Wl!^ <fHill««- 
far, hrat utK cmt^uiiiifits (AB, D£) fui « 
f #* a/fcr, ti( c)litr ttrr^Jfrniins JUti wUI tiff h 
equal. 

If you fay 
BCiSjgieal- 

erihanEFi 
from BC let 
a pan BG 
be talceo 



EF'.andlet A- 




■Foil 4: 



AG be dra»n. The triangles ABG, DEF having 
AB = DE, BG = EF, and B = E (ly hjpolbi/ii), ' ^'°- 
wjjl alt) have BAG =D'i butp = BAC'jtl¥re-,Sr',. 
'ioK^h.G :=^A.C^ i which ii itnpojfiik, ~ and a. 



COROLLARY. 
Hence, equiangular triangles, having any two 
com^iondinglida equal, are equal jto each other '.'Ax.io.r. 



C I 



THEO- 

D,o,i,7.dT,Google 




rHr^ 

• Ax. lo. 



• Cor. I. 
to io> t, 

* IS. I. 



Elements of Getmetry* 

THEOREM XVI. 
If tmo right-dngled trim^Us (ABC, DEF) haa- 
ine equal typotbemfis (AC, DF)» bavt tvot other 
JUis (BC, EF) Ukcwiji tqual% the remaining fides 
(AB, D£) vj^heeqtuk tad tbe.tao triangUs e^ ' 
in allrtfpeSs, 

In AB produced} 
take BG = ED, 
and let GC be 
drawn : then, the 
triangles BCG and 4^ 
DE^ having BG 

= ED, BC = EF', and the angle CBG = E', 
will alfo have the angle G = D, and CO = DF * 
= AC ' : whence, the triangle ACG bong ifofceles, 
the angle G, or D, will be =: A ^ i and confcquently 
F alfo = ACB ' : therefore the triangles ABC and 
' C£F, being mutually equiangular, and having AC 
= DF, they ace equal in alt refpeds '. 

THEOREM XVII. 
If txoo triangles (ABC, DEF) having two fides 
(AC, BC) of the otu equal to two fide: (DF, EF) 
of the otbety refpeilively, have alfo the angles (A, D) 
/intended iy two of the equal fides (BC, EF) equal t0 
each other i and if the angles (S, E.) fuhlendeaiy the 
ether equal fides., he either ^ both ofute or both ebtufe \ 
then will the two triangles be equal in all reffvUs. 

Let CG and FH be perpendicular to AB and 




^. 



■ Ax. 7. 



D£: tticn, the angle AGO being ss DHF% 
I A== 

D,g,l,7?(l-i.G0t)^lc 



Hyp. 
ij. I. 
|6. I. 

Co. I. 

10 10. 



I. i.wl 
Ax.s.1. 



Sod tie Tirfl. 

A = D, aodtlKfideAC = DF', CG will aUo be ' 
= FH • 1 whmce, CB bdng = FE ', the ingles « 
GBCandHEF arc likcwifc equal > : and lb, the' 
triancjles ABC and DEF, being mutually equi- 
angular \ and having the fides AC and Dr equal, ' 
are equal in all refpeas '. 

The demonftration is the ^me, when both the 
angles are obtufe, as in the triangles A3C, D«F : 
for, if C* (= CB = FE) = F<, the an^ G«C 
and HiF being equal {ai iifm), the angles AiC 
and D«F will hkcwife be equal ^ S 

THEOREM XVIII. 

If «w mks (A, B) «/ a Iria^li (ABC) h 
«f««;, ihe/i& (BC, AC) fatlaiag ttm vHU liki-, 
mfek qua/. 

C 

Let CD urea the angle 
ACB, and meet AB in D : 
then the triangles ACD, 
BCD being equiangular \ 
and having CD common to 
both, thejr will alfo have 
AC = BC', A 

THEOREM XrX. 
At) mt Jiiis (AC, BC) «/ a iriangU (ABC) 
Ukalegilitr, areirmir Iban the lUrdJidi (AB). 

In BC produced, let t^ 
there be taken CD = CA, 
aodletADbedrawn. The 
angles D and DAC ate 
equal "i therefore BAD, 
. which exceeds the latter", 
ituift alfo exceed the for- ^ 
mer Dt and conl^uentty 

BD (or BC -(- AC) muft exceed AB •. " Cor » 

C 3 THEO- ■' '• 





,♦ Hyp. 
' Cor. +. 

(0IO.I. 

•Cor. to 
ij. I. 




i'i ElerhiHU tf d^metry, 

TrtfeOREM XX. 
tsftHliU rkbt-lim (PA, PB, K)faSi)» ft,„ 
4pvekpolHt{P) uptn an infimfe right-line (RS), that 
(PA) u the Uaji which is perpindieular to it\ andy 
of the refi^ that (PB) which is the near0 the fO^ 
ptndiatlar it kjs thM ai(f 'sthtr (PC) at a greater 
4lfia«ct. 

For BAP bong a right* 
angle '»ABP will be a.> 
cuaS and therefore AP 
-aBP'. 

Agwn, -when PB and r 
PC are both on the fame „ « . c 
fide of (he perpendicular C B TV .s 
• Cor. to PA i then is CBP cr right-angle ■ cr BCP % wd 
9- '• oonfcquently PC u- PB. 

If PB be on the contrary fide of the pcJpCndicu- 
■ lar to PC I from AC, let AB be taken := AB j then 
f Ax. 10. the two lines PB, PB will be alfo equal ' ; and there- 
fore PC, which exceeds the one (by the preceding 
cafe) will alfo exceed the other. 

THEOREM XXI. 

Of two triatieiti (ABC. DEF) having twv fiits 
(AB, BC) V the one, equal to two ftdes (DE, EF] 
0/ the ether t each to each reJftUOithf, the baft of that 
( ABC) will he the^eatefi, winch is fubtended itaier 
the greateft angle. 

Ui the angle ABG = E, BG = EF (c= BC) a)fd' 



from V 
that - ^ 






In AG 9nd CG be drsvn, upon the laft oFivfaicht 
< prodiiceds 



BmS fit Firjl. 
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dcKd as falling between G and K, or between 0' ax.», 

.wdH) will be left than CI 'i and therefvre AG, ■ Ai. lo. 

/(»it»qMalDF', aUb left than AC V ' "• •• 

THEOREM XJOI. 

(BAC; in tic mi ijte^ u nt WJ* (EPF) » lif 
ulxr, mdthtM' (BC, EF) 9P^ u Om fl/i 
ejual, ibtl (ABC) wiH iavt ll»trv>^ hifl, vtiv- 

</ iht cfpojii ei%k (ACS) iffm iht k^f frm « 

rtfhttiglt. 

Let BG and EH be perpendicular to AC jin4 
DF, in which produced, take HK = HE, GI = 
GB, aiidBM=EHi ajfoletMN beparaJM to 
GA, meethig AB, produced if oeceffar;, ip N i w^ 
let CI and KF be drawn. 




The angle ICG beiw =' BCG ', and the latter of 
thefe greater than £FH * (or KFH '), thence ii < Hyp. 
JCBir KFE; aodconfeaueptlyBIirEK'i whence ' Ax. lo. 
alfo BG(fBI)irEH(iEK) or its equal BM'i and" »■• '• 
therefore BA C" BN, becjufc AG and MN being 
parallels, both the points M itnd N will UH OQ the 
jameiideof AG. But BN (as the triangles NBM, fHyp.and 
DEH are equiangular, and have BM = £H is 7. 1. 
= DE; : therefore BA is alfo greater than DE. • 15. i. 



C* 



THEOr 

,nr„i..d-,G00glc 



S4 Ekmenft ef (huiutry, 

' THEOREM XXIII. 

Ift ^ two triangles (ABC, ASP) JtatiMxg upam 

the fame bafe (AB), the one be vibotfy indued witbm 

' \ibe uiir, the ivxfija (Ap. BD) of the isclii4<dom, 

. iaien together, viill he lefs, and the at^le (D) can-. 

tdhud iy them mater, rt/peSivefy, than the two fidet 

(AC, BC), t^ tl/e antainfd ai^te (Ci of tie othf. 

Ga9e~I. If tho vertex of the tmumui triat^b 

ie in one fide of the otiKr i 

Then, AD is lejs than AC ■{• 
» 19. 1. CD * i whefice, by adding BD 

ixiTmiQn, AD4-BD wifl alfa 
■iU.6. belefithanACicp+BR', r- 
^Ai.j. or than its equal AC -fBCS - 
|C<ir.9.i.But the. angle ADBjairACB'. 



-% A a 



, Case II. If the vertex be within the ttbo-trian^^ 
Let ■ AU be produced to 
meet BC in E : then (iy the 
preceding cafe) the fum of AD 
and BD is Ids than the fum of 
AEand BE} which Ua fum, 
and conlcquently (he foriner, 
is, again. Ids than the fum of 
AC and BC. Moreover, the 
angle ADBc- BED crC. 




THEOREM XXIV. 

The opptjfte fides (AB, DC) of attf parallelcgram 
(ABCD) are equal, as arl alfo ' the' oppefite amies 
(B, D) i and the diagaaal (AC) dhades the paraUelor, 
gram inia two tqual parts. 



?W« 



T,Google 




Book th Firfi. 

For. AB, DC, and AD, BC 

Ixjng paiallels *, the angle 
BAC is = DCA°, and BCA 
p; DAC • i therefore the equi- 
angular triangles ABC, ADC' 
buying AC cotiu^n, are equal 
|n ^ rdpcAs *. 

COROLLARY. 
Hence. If one angle (B; of a pvallelogram be 9, 
lig^t-ai^e, all th9 other three will be r^t opes : 
for D, Seing c= B, is a right-angle \ and BCD is 
== B, and 0AB = D, ^ T'.&e^r. K. 

THEOREM XXV: 

Every quadrilateral (ABCD) wbeji ep^fite fidts 
0re tfual, is a paralUlognan. (See the preceding 
fchetne.) 

Let the diagonal AC be drawn ; then the trian- 
^es ABC, ADC being mutually equilateral ', th^ ' Hyp. 
will alfo be mutually equiangular*; confequently * 14. 1. 
£lB wiU be parallel to DC, and, AD to BC ', * S. 1. 



THEOREM XXVI. 
?le fines (AD, BC) jeinitig tie correJpmMi^ «f- 
trtmes of two equal, and parallel lines (AB, DC) 
are tbemjelves e^ual and parallel. 

Let the di^onal BD be ^awn. Becaufe AB . u^' 
and DC w« parallel ", the aog^ ABD is = CDB^ - y.u 
therefore, BA bang =: D 

ipC ' and BD common, /V y* 

|hc remaining fides and / >^ / * Bjp; 
angles will Ukewifc be / ^^/ 

n,r,i,7-<i-,Got)'^le 



rejpeftively equal''} and a 
(onlt^ueDtly Ap parallel to BC 



96 



; 15. 1. 



EUauHit tf Gmiii/y. 

THEOREM XXVir. 

If, hntJUt (AB) cf a tnaxU (ABC), Aw ' 
three pimli (D, F, H) at epal di/aKa (DF, FH), 
Kitii (DEM, EG, HI) ie drmm pcnlld U the 
it/i, the parti (EG, GI) ./ tht citir M (AC) 
intereeptea hy them, wiU at/9 be ejaat ta each athtn 

LetNGMbcpvallel 
toAB, intnlcaing HI 
•nd BE in N and M. 
Then , the trianglet 
lGN,MGE,haTingdK 
•Dgle ION = EGM', 
ING =M>, and GN 
(= FH' ^ FD') = 
GM', will alfi> btn 
GI = GE'. 




COROLLARY L 

Hencif it appears, that, if one fide oF a triaii(;l0 
be divided into my numtxr of equal parts, and 
from the points of diviflon lines be draivn paraM 
to the bafe, cutting the other nde, they will alia 
divide it into the liuiie number of equal parts. 

COROLLARY H. 

Hence, alfo, if two lines FG, HI, cutting tbe 

fides of a trian^e, be parallel to each other, and 

another line DE be lb drawn as to cut off FD = 

. FHandGEs^CI, this Use DE wiU be panUd Ki 

'the two former. 
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Ewh tie Fir ft. a; 

THEOREM XrvUt 

_ IfmlhifiJiuft fyurt ( ABCD), tjtuOi Ji/laMt 
Wfi-m the fmir mruUr fmHi, Ibm it lata four 
r rtlm prim (E, F, G, H) Oafgrn (EFGH) fimid 
^ Ir/jtiim^tlxfifmithfiMalfihsfyun, 

For the wholes AD, 
IX:, CB, BA being t- 
qual% ind alCo the puts 
AE, DF, CG, BH s, 

g littnaauanu pans ED, 
FC,GB,HAmuftcon. 
lequentlf be .equal ^ i 
whence, all the angles 
DiCE, A being equal', r 
the fides EF, FG, GH, 
HE will be equal likevifc ', and the ingle DEF = > Ai. le, 
AHE'. Therefore, becaufe DEH is = A + 
AHE% if from thele, the equal aqgfes CGE,' 9. 1. 
AiiE be taken away, there will remain HEF = 
i^* :sm right-BQgle'. By the &me arg^unent (or 
by Theor. 25th, and the CoroL to the z4di) the 
Other three angles will be right-angles. 

THEOREM XXOC. 
If tU Ihe M"/ "9 ffu^HtiMl (ABCD) h 
UfiSld, lie Jigicri (EFGH) frrmd tj jtimif $te 
foints of HfiSimt will ie^m paralklegram. 

Draw the diagonals. AC 
and BD. Becaufe EF and 
HG are parallel to AC % " 
they are alio parallel so each 
other *. After the ftme H, 
manner is FG parellel to 
Exi ', theienre EFGH is A 
pvallelogtam \ A 

Tb End ff iht First Book, 

L : ,Got)gle 




ELE ME NTS 



G E O M E T R 



BOOK II. 



DEFINITIONS. 

i.TN a pwalklc^am ABCD, if two right-lines 
I EF, HI, parallel to the fides, intcrfcaing 
JL the diagonal in the lame prant G, be drawiv 
dividing the paraUelo- 

gram into four other C F B 

parallel^irams j thofetwo /^\ ^/ / 

GD, GBthroueh which / N. A- / 

the diagonal docs aot XL -^^^ — tTH 

pals, are c JJed Comple- / / N^/ 

ments-.. and the other ( 



two, HE. FI, Parallelo- 
grams about the diagonal. 



B B A 



2. Every re^ngle u faid to 
be conc^ned under the two 
ri^t-lines AB, BC that are the 
ba& and {dtitude thenof. ^ 



□ 

fit 
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Book the Second- 49 

T^f reltangle coniaineS tinder two right-laus AB 
[ and BC is efieit^for brevity fake^ dttiotedby ABxBC. 
But when the figure is a Jquarty it is i^ualfy repre- 
fented bj placing the number 2 over the letter, w latert 
exprejjing tbe/Qe thereof : thus AB* denotes tbeftpun 
made ujm the line AB. 

THEOREM L 

7he reSangles (BD, FH) eenteined un4er tpal 
Unesy mf-e equal, 

0- For, let the di- D C H_ S 

agooals AC, EG 
he drawn : tb 
becaufe AB 

EF, BC = F„ ^ ^ __ 

«ndB=F'. the AT ~*^ F 

er^^es ABC, 

EFG are equal *. And, in the very fame manner * Ax. lo. 

will ADC and EHG appear to be equal. Therefore 

the whole re£tanele ABCD is alio equ^ to ^ 

whole redtengle EFGH «. • Aa.4.1. 

THEOREM U. 
Parallelograms (ABCD, 'BC¥E)ftMdiug upon the 
fame hft (BC) and between tie fame parallels (BQ ' 
AF) are equaU 

D E FA D E 



= F', the A B F F '"W- 



JB C B C 

For, Cnce {in Kr. i.) (he angle F = BEA ', • 
and CDF — A ', the tiianglei FDC, EAB are , 
equiangular " s they are alfo equal ', becaufe CF = \ 
BE I : therefore, if each be taken from the whole f , 
figure. ABCF, there will remain ABCD = EBCF '. ■ t 
COROL-' ' 



Cor. I. 
K> 7. I. 



1^ El^mitt of Geomttry^ 

COROLLARY I. 
Hence, triaigk« BAG. BFC (Fi[. %,) dandidt 
i^oD the &(iK bafe, and becween the iiune panUteUf 
«t ■!& eqtiil, bdi^ tbe balvet of their refpe^ve 
I 24: 1. panQelo^^mt ■. 

COROLLARY II. 
HcDoe «n puraUelDgrn^ or tmng^ei, wtvit-- 
ever« whofe bales and altitudes arc eqiul, u% equot 
lunong tbemfelvea \ becaufe all fuch parallelc^ama ^ 
are equal to re£bu^le> ftaodbg on ue fame bales, ^ 
and between the fame parallels 1 aad theie lift xt 
equal, by the preceding propofition. 

THEOREM IIL ' . 

Tbe complements (EC. EA) */ «fgr ftTtSUtf^kiii 
(AC) «re «pKjf. 

For, .Alt wfaole oi- 
■ogle DCB bdng equal 
to the whole triangle 

* *K- 1- DAB *, and die pares 
^ ME, EFB .fe^wfiiTe- 

■' Jy equal ao the para . ^ 

DHE, EGB % the re- A a B 

* Ax. J. I. tnumng parts EC, EA muft likewife be equal '. 

■ THEOREM IV. 
A tn^eziam (ABCD) whereof two fides (AD» 
BC) are parallel, is equal to half a paraUelogramt 
vbefe bafe is ibefian of tbofe twojideit and its amt$ie, 
tbe perpenditukr dijlance between them. 



tvii 




Satt Oe 

' t%r» in AI) produced* 

rtike DF =: BC } and let 

f C6»DHarDdF]&beall 

pa^siHcl to AB, meeting 

AFand BCprwIuctd, in 

G.MandE. ThchAE 



iStCHIvt 






b a nnUdegnm of the liBB Akode widi ABCD, 
havtug its bife AF eqaal to the fiaa of AD and " S**^' 
BC-: bKthu^nalelognni, IxtasfeBGsHF', 



amlCGOsCBD', isMpjallydirididbythclinei « ,.' 
pDi) andfuABCDisthelulfthmar. < Ai. v 



THEOREM V. 

^hefwaofaUthe rtHa^ks eentahui under a givm 

line (AD), «d »» rte **!/ (AH, HG, GB) tf 

ihutber (AB), «R)r £010 Mvidtdy is e^ttai n tietia- 

ea^le emtMied under the tve v/ieie Him- ' 

Let ABCD be the teft- 

ttigle ooQtakted uwkr the 

two Whole lines, vA let 

HF, GE be pataUel to AD, 
meeting DC in F and E. 

Then wUl AF, HE, GC IT 

k ledtangles'of the fame 

^^tude with AC ' ; therefore AF 3 AD x AHi , 
HE = AD X HG, and GO— AD X BG ■ i and 
confequently AD x AB (AC = AF+ HE + GC) • 
ssADxAH + ADxHG + ADxBG". ! 

THEOREM VI. 

If a right-line' (AB) *r, unf-wifif divided iltia_ 
tun farts {AC, EC), the fijuare ef the vihok line VfUl 
be e^uMl to thefqmres ^ both the forts, together viirb 
,tw reSattsIet widlr the Jitm parts. 

Let 




Ax. t. 



A<.j.fc 
4. 1. 



Ogle 



s» 



EletneiOs ' if Cetmehy. 



I M 



F 



' 24. I. 

" aitdDe- 

fiii.s6. 



* Ax.3. 



Let ABGI be the fquare 
of AB, and CB£P due of , 
BC, and let £F and CF be 
produced to meet the fides 
of the fquare ABGI m M 
sndN. 

Ftbfai liie edual quantities . — 
CM, £N* take the equal A O B 

quantities CF and £F, and tlure remains FM ^ 
FN ' ; theitforci all the angles bf the figure being 
right ones ', NM is a fquare * upon FN (= AC)# 
and AF, FG are equal to two reftangles under ^ 
BCandAC": but AG=:BFHrFI4-AF4-FG»^ 
or AB* = BC" -f AC» + lAC x BC ^ 

COROLLARY 1. 

Hence, the fquare of an; line is, equal to £but 

€mcs the fquare of half that line. 

COROLLARY n. 

Hence, alfo, if two fquares be equal, thdr £de« 
; muft be equal % becaufe unequal Unes BA, BC bav« 
' not equal fquares. 

THEOREM VII. 
The difference of the fqitares (ABEH, ACIKJ of 
aiTf two unequal tines ( AB, AC), is eqttal to a re^- 
angle under the fum and ^fferenee ef the fame lines*^ 

In EB, produced, take BF = 

AC t lee FG be drawn parallel to 

£H, and let CI be produced }^ 

both ways, to meet'EH and FG 

in D and G. It is evident that 

e Cor. 24. DF is a rcftan^e % whofe bafe 

I. GF (= CB'') = the difference 

* 24. I. of the given lines AB, AC -, and 

whofe altitude FE (becaufe BE 



H 


D 


R 






[ 










f< 


G 







D,g,i,7?<iT,Goo(^le 



Beoi -lit SecatJ. 



33 



7 


~^---^ 


/ 


7 



:= BA \ and BF = AC')U = the fum «f the lame ' Def. 34. 
lines : but this redangte DF ii = DB + GB< =; ' W/P- 
QB +^K (bcqwfc DK* = GB) » the fquaie AE ; ** '• 
"ihe fquare AL . - ' * 

THEOREM VIIL 

The fquare made upon the JOt (AC) fuhteitdtt^ thi 
rigbt'OHgle of a plane triangle (ABC), is equal to hetb 
the flares (BE, BG) made t^on tbt^dea^h^^ BC) 
containing that angle. 

^ I^t the fides of the E A _ D 

^ fquares BE, BQ be pro- 
duced to meet each o- 
ther in L and D ; in 
which take .KL'find IG 
each equal to AE (or K 
AB)t and,letCI.iK,and 

KA bedrawn. , ■ >, 

Since A&H and FBC H I « 

(which ate continued right- lines ') are equal to each ' 
other *, EL, DG, ED, and LG will be all equal ^ 
among them^lves ' ■, and fo, the angles £, D, G ^ 
and L being all rtghc>-ones <", EDGL. will be a " 
fquare, and confcquendy ACIK a fquare likewife ". ■ 
Now, ii" fiom the fquare DL, the four equal " tri- • 
angles ADC, CGI, lUC, and KEA be taken away, 
there will remain the fquare AT ; and, if from the . 
Tame DL, the two equal 'parallelograms DB, BL ' i. % 
(which are equal to the laid four triangles, bccaufe 
DB = two, of them ') be taken away i then there 
will remain the two fquares BE and BG. Con- 
fequentty the fquare Ai is = t^p two fquares B^ 
andBG«. < Ar. j. 

^he fame.dtmonjlrated othiran/e. 
. Let AD be the fquai« on (he hypothenufc AC, 
, and BG, BI the two fquares oa the fides AB and 
■It BCi 



1. t. 

A.. 4, 
^^. 1. 

Hrp-ft 

S- 1- 
Ax, 10. 
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34 EUffuttts «/■ Geomtry, 

BC : let MBH be pv»Ilel to AE, Bwetmg GP 
(produced) in H \ aod let EA be pfoduced to ^ 
tCeec GH in N. 

r Ax. 7. If f^'" ^C ^^ ' ^glcS 

GAB. CAN, ±e angle NAB, 
common to b6ch» oe c^en 
away* there will rcqiain NAG 

* Ax. 5. = BAC * i whence, as the an- 

gle G is alfb s ABC ', and the 

* Def. 26. fide AG = AB '. the fida AN 

and AC (= AE) are likcwife 

* 15- I- equal*} and therefore the pa- 

rallelogram AM = the patalle- 

* Cor. to logram AH '; which laft, and 

, '• *■ confequently the former, is equal to the fquare BO" 
'* '' Ibnding on the fame bafe AB, uid between the 
iame parallels. By the fame argutnenti the paral- 
lelogram CM is = the fi]uaFeBl: and, coaicquent- 
ly, the fquare AD (= AM + CM) =s both the 

' Ax. 4. ^uarcs BG and BF. 

COROLLARY. 
Hence, the fquare upon either of the fides in- 
cluding the right-angle, is equ^ to the differcn,ce 
of the fquares of the hypothenufe and the other 
■ Ax. s- iide * i oi', "equal to. a rcftangle contained under the 
film and ^erence olf the hypo^enule aw) the uljer 

* 7. a. fide*. 

THEOREM IX. . 

The differem cf the /marts of the two flies (AC^ 
BC) */ any triangle (ABC) « equal to the iiWereme 
9f the fqusrts of th two lines, or d^iancts (AD, BD) 
included between the extremes of the bafe (AB) mid the 
ferpendictdar (Cp) of the tpiengU. 

For, fince AC* •=. DC -f- AD*, and BG» = DC* 

-t BD' (by the fncedtnl), it k evidoit that the 

difierence 



i,i,7PdT,Gi:)(.i'^lc 



8d^ ihi Sitond. 



is 



\ dlflatnee oF AC* *nd feC* *!!! bfe tqual to the dif- 
PtMikk^WcKnOG*-}- AD* awl ' SO + BDS or* Ax. 5. 




tetween AD* and ' BD*, by taking away DC*, • kx. & 
Htftihoil, from Both. 

COROLLARY I. 
Since the rectangle under the fum and didcrence 
of any two unequal lines, ia equal to the difference 
of their fquares S it follows, that the difference of * 7. «. 
the fquares (or the rectangle under the fum and dif- 
ference) of the two fidei of any triangle, is equal 
to th^ rectangle under the fum and difference of the 
diftances included between the perpendicular and 
the two extremes of the bafe. 

COROLLARY 11. 

// follows^ mereever, that the d^erittce tf the 
fquares {or the reilangle under the fam and difference) 
qfbe iwt fides of a triangle, is equal, to iwiee a 
tt&ai^U uHder thi "dibbie' bafi^ and the difiance of l&e 
^rpirAdieutdrfrod tht'niiddle of the hafe. 

For', let E be tht riliddli of the bafe, and let EF 



'A,. J. 



bemade e:EDj then AFbeing = Bb% thee«- 
cefi of AD above BD (or AF) will {in Fig. i) be 
= DP =s 20E 1 therefore tlw ritftan^ under the 
fiim and difference of AD ahd BD (= *AC»— « 9- »■ 
BtO'is = ABx aDE. Atoiil {bt Fig. 2.) AD -f 
BB' Bfcinj^ = AD-f AF*^=i FD = aED, and* Ax.4. 
AD— . BD = AB, we. have, alfo, in this cafe', 
AC' — BC'ssABxaDE. 

Da XJHEO- 
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, Elements of Geometry. 

THEOREM X. 

Tht fquare of we fiit (AC) of a /««!?& <ABC)1 
is greater, or lefs than the fum of the f^uares of the* 
bafe ( AB) and of the ether Jide (BC), ly a deuhk reS- 
angle under the whole bafe {AB) attd ths dijianee {BD) 
ef the perpendicular from the angle (B) eppefite tt the ^ 
jiie.frfi mentioned \ that is, greater^ when the perpendi- 
cular falls beyond the faid angle (as in Fig. i .) ; but 
lefs, when it falls en the contrary ^fidt (as in Pig. z. 
and 3). 

Let die fquare ABHF, on the bale AB. be (jB 
vidcd into two equil ' redlangies EF and EH by 
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the line EG, bifcfting AB in E i and let tlic per- 
pendicular CD be continued out to meet FH 
(produced) in I. 

Jn Fig. I. AC — BC* = twice the rcftangle 

'Cor. 3. EU = 2EH + 2BI" = AH (AB') + 2BI 

^ 0,9. !. (2AB X BD) 1 therefore, if from the lirft and laft 

'" of rhefc equal quantities, AB' be taken away, then 

■Ax 5. AC'/(/SbotbBC'andAB' = zABi<BD'. 

. 7» F>{. a «».i }. BC' — At' = zEI' = iBI — 

2BG " = 2AB X BD — AB'i and fo, by adding 

.AB* to the Brll and lafi of thefe equal quantities, 

• Ax. ,. we have here AB' + BC — AC' = 2 AB x BD •- 



THEO- 
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Btfok the Tlird. 

T H E O R E M XI. 

^ihe Aiulle ef the fyuare of a line (CE) iravm 
^em tin vertex to tie mJdle cf the h^e ^ *!? 'rt- 
angle (ABC), fogitber with deuhlt ^ the fyuMt ef. 
the ftmi-bafy (AE), is equ^ to the fiuorts of b*th 
the fides (AC, BC) taken together. 

For, let CD be pcrpendi- 
-cular to AB : then, becaufe 
(hy the precedent) AC* cx- 
' cecds the ilim of the two 
fquares AE* and CE* (m 
BE* and CE*) by the double 
«^angle sAE x ED (qe -^ 
sBE X ED) ; and becatrfe 
BC^ is IcJ^ than the fame futn by the fame dmble 
reiaangle j it is manifeft that both AC* and BO 
together, muft be equal to that Qnm twice taken ; 
the excefs on the one part making up the defrft 
on the other. 

THEOREM xn. 

Ti&a two diagonals (AEC, BED) vfa p^^elogram 
<ABCD) hifiSi ea(b other i and the fum of their 
fauarei is equal to the fum of thefqmres of all the 
four fides of the paraUelogrMit. 

For, the triangles 
AEB, DEC being 
equianguUr ', ana 
having AB =: DC \ 
will alfo Kave AE 
= CE, and BE = ^'pZ 

PE'. Moreover, be- 'm. a. 

caufe 2AE» + 2ED* = ' AD* + CD*, by taking' Cor. i. 
the double of thefe, we have 4AE* (' AC*) + 4ED* " ^- *• 
(DB*) r^ - AD* -[. BC* + CD* + AB^ ^^■,*;., 

P 3 T H E O^ 
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THEOREM Xin. 

If frdm any point (F), to the four angles of a reff- 

angli {PiSCti) four lines be drawn \ the fums- of tit 

fquares ef tbeje drawn to tht oppefiie a^lis will bi 

' epud (1 fas^ that FA'-+ FC = FB' + tD'). 

For, let the diagonals (^C 

and BD be drawn, bifeAtng 
■ >«■ 2. each other in £ % and let 

E, F be joined j then the 

triangles ABC, BAD being 
■»+•»• *^^^ in *11 refpefls", thence 
-irfAx. wUIAE(4AC)-DE(tDB}. 
lo. But FA' + FC» =: ' iAE' 
'"•*• (2DE») + 2EF' = 'FB* + 

FD'. 
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DEFlllfITION*S. 

NY right-line 
FD, paOing 
. through E the 
' of * chcle, aHa A., 
mtaeual^ iit the cir- 
CiatHfb«i<eeflt bbthend^,- F 
is called a Diameter. 

2. An aith of a circle, 
is uif portion of Ac pt!- G 
riphoy, ci' circuntference, as ACB, 

3. The chord, oi- Aibtnife of art arch ACB, iV 
a n^t-line AB jmriing the two extremes of that 
arch. 

4. A lani-cirde is a Hgure cont^ned under any 
diameter and either part of the circumference cut 
off" by that diameter. 

D4 5. A 
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5. A ferment of a circle ii a figure contuoed 
under an aidi ACB and its chord AB. 

6. A Seftor of a circle is a figure contained 
under two right-lines EF, EG, drawn fVxim the 
center to the circuniference» and the arch FG in- 
cluded betwixt them. When the two lines EF, EG 
ftand perpendicular to each' oAer, then tbc Se^or 
is called a Quadrant. 



7. An angle ABC is 
faid to be in a fcgmcnc 
of a circle ABC, when, 
being in the ^riphcry 
diereof, the nght-lincs 
BA, EC by which it 
is formed, pafs through 
the extremes of the 
chord AC bounding 
that legmenc. 



8. An angle ABC in the periphery, compre- 
hended by two light-lines BA, BQ including an 
arch of the circle, ADC, is faid to ii^d upon that 
arch. 




9. A right-line AB is 
faid to touch a circle, when, 
pairing through a point (C) 
m the circumference thereof, 
it cutteth off no pi*rt of the 
€irclc. 




xo. Two 



Book the 'third. 
10. Two circles (PCQ, RCS) are fud to touch 
each otheTj -when the circumferencea of both pafs 




chn»i{^ one pdnt (C) and yet do not cut' 
each oth(r. 

II. Two circles, in the fame plane, are EUd to 
cut one another* when they fall partly within, and 
partly without each other •, or, when thor circum* 
ferences cut each other- 

12- A right-line is faid to be applied, or inlctib- 
cd in a circle, when both its extremes are in the 
periphery thereof. 

13. A right-lined figure is fud to be inlcribcd ia 
a circle, when all its angles are in the circumferoDM ' 
of the drcle. 

14. A circle is faid to be defcribed about a 
right-lined figure, when the periphery of the circlfS 
pafli^s through all the angles of that figure. 

1 5. A right-lincd figure is taid to be defcribed 
about a circle, when all the fides thereof touch 
^e circle. 

if A 



fol 



B 
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16, A circle is fiud to be inlcrU>ed id a rigjit- 
I'laed Bmire, when it is tcuched by :dl the fides ' 
the righc-liaed ^gure. 

17. A right-lined figure b faid to beinfcribed 
in a right-lined 6gure, when all the angles of the 
former are fituzte in the fides of the latter. 

THEOREM I. 
If the Jiits (AB, BC, CD &c.) of a po^on in- 
fcrmd in a circle^ be equal, the angles (AOB, BOC, 
COD &c.> at the center «f the cirekt fubttndtd bj 
tbem, will Ukewipi be e^ual. 

For AO» BO, 

CO &c. befng c- 

3ual to each o- 
ler *, as well as 
«f»- AB.BC^GD&c. 

^etri^gfesAOB, „ 
BOC» cod; arc ^v^^• 
niutualljr equila- 
.teial^ and tbsre- 
fbce have d! the 
angles AOB, BOC 
&c. equal to each 
• 14. I. pth«r *- 

srcHOLruM. 

Oh this propofition depends the divlfion of oia- 
thematical inftrumcnts for taking and meafuring o£' 
angles. For, i^ by repeated trials, or any other 
means, the circumference of a circle dcferiBed 
about a cenRr O, be divided into any num- 
ber of parts A*B; BC, CD&c. fo that the chords' 
beoqpal^ then ie is. evident, from hence, that all 
the anglts AOB, BOC, COD &c. which make up 
the four right-angles AOD, DOG, GOK, KOA 
at the center, will aifg be equal to each other, let 

tlw • 
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the radius OA of the mfirument be what it will- 
In the divifion of the circle for praftical ufcs, the 
iiumber of parts into which the circumferehce is 
thus divided, or the lumber of equal angles at the 
center, is 360 ; which equal angles are called dt' 
grees % fo that a right-angle, confiding of go of 
thcfe equal angles, is faid to be an angle of 90 de- 
grees i every angle being denominated, from the 
degrees, and parts of a degree, contained therein i 
each degree being conceived to be fubdividcd into 
6q equal parts, called vsinutes ; each minute again 
into 60 equal parts, called ftconds\ and fo on to 
thirds* fourths, fifths, iSc. at pleafure. 

THEOREM ir. 

■ j*^ chord (AB) of a circle^ falls wbolfy mthinthe 
fame : And a ferptn£cular (CD) let fall tbtrtoitt 
from the center of the drcUf will divide it into tw» 
equal parts. 

Let C, A, and C, Bbe joined % 
fiXi& thro* any point E in the 
chord AB, let the ri^ht-Hi* i 
CEF be drawn, meeting the [ 
circumference in F. "^ 

It is evident, becaufe CA z= 
CB*, that thefe equal lines are ^i> ^ " ^ ^^ 'Drf.it. 
on different fides of the jwrpen- 1. 

dicular CD * : And fo, CE being T C A or CF % ' ao. i. 
the point £ ftake it where you will in the line AB) 
and confequently the line AB iifelf, will fall within 
ihe circle '. ' Moreover, becaufe the triangles ACD, • Ax. 2. 
BCD have CA = CB and CD common, thence 
will ADbcalfo=BD^ f ,6. ,. 

COROLLARY. 
Hence a line bifeding any chord at right-angles, 
palTes thro* the center of the circle, 
'^ THEO: 
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Elements of Geomttry, 

THEOREM nr. 

j^ two chords (AB, DE) i^u^ iifiantfrm I 
cntter (.Oj ef a tirde^ are tquai to e4th fiijbef. 

LctthcpCTpendiculareOF, 
OC be drawn, and let O, D B/ 
and O, A be joined. Becaufe 
OF = OC \ OD = OA \ 
and F and C are both right- 
angles », therefore is DF = 
AC ', and confequently DE 
= 2DF» = 2AC^=:AB^ 




f IJ. I. 



THEOREM IV. 

. Ina'cirek (AEFB) tht griat^t Siu (AB) is the 
fiameUr; and, of all ethers tenmnatii^ in the cir-. 
dmference, that (CD) v)bfcb is sear^ the ttnler (O), 
is greater than arr/ other (EF) further from it. 

1. DrawOC andODi .y _K 
then icwUl appear that AB 
(or OC + OD)i^ CD-. ^^ 

2. Let OP be the dif. 
Wnceof CD&om thecen- ^^u 
ter.and OQ that of EF, ' 
both- taken in the fftint 
radius OR j draw OE and 

■ OF. Becaufe the iria*^les 
? Drf. 33. IXK?, OFE» have two- fides equal each to each *, 
I • and have the contained, angle DC5c c the. cont»ned 

'Aficx. angle FOE% xherefore, alfo, will the bafc DC bp 
?zi.i. greater than the b^le. FEi*! and, confequeatly, 
.greater than any other chord at the fame diftance 
13. 3. with EF% 

COROLLAft Y. 
Hence, I rtghi-line greater than the diametrr^ 
drawn fronfi any point within a ctfcie^. will cut the. 
circumference. 

THEOt 
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Book the 7%ird. 
THEOREM V. • 

If, to the circumference of a circle (AFEB^, fivm 
any point (D) totich is net the ctnteff Agbt-Unes (DA, 
DF, DE) he drsWh the p-eatejt ef all (DA) Jball 
he that vobichfajles tbreugh the center (C) ; anj, tf 
the rejiy that (DF) ivbofe other extreme (F) ij placed 
neer^, in the cirmmference, to the extreme {A) of the 
grtateftt will exceed dtiy other (DE) vi^fe extreme (E) 
is at a greater dijlance. 
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From the cenrer C> let C£ and CF be drawn. , . 

1. AD(=DC + CF')c-DF'. , f-" f" 

2. Since DC i» common, CF = CE, and DCF » hi. 2. 
c- DCE ■, therefore is DF cr DE". ■ »'- '»• 

COROLLARY L 
Becaule no two lines, DE,..DF, drawn from D, 
on the fame fide of the diameter Afi, can be equal 
to each other % three equal right-lines cannot p(^- ' i- i. 
fibly be drawn irooi the periphery to any point, 
belides the center of the' cirde: and, therefore, ii 
from a point in any drcie, three equal right-Unes 
can be drawn to the periphery, that point is the 
center of the drck. 

COROLLARY II. 

Hence it alfo follows, that no circle can be de- 

Icribed to cut another FBG in more points than 

two : for, if it were poflible to cut it in three points 

G, E, F, then right-lines drawn from the center 

Q.. 
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•IJtf J3- Q, to thofc-dbinB, WDoia bl ill equal •, which \^ 

wiil neither cut, tx tauob, but cAiixide. and bt- 
come one circla ", -» «. 



THEOREM VI 

^ r<^i/.fi«! (FD) Irmm ilrniib mf pctnl (A) 
" J- "^f"""" 'f ' tiT'lt, t rigil-a/gla I, lie 
rUm (EA; icmiKUmi •» tiM point, vM Imi Ibi 
artlt, 

' From any pomt m FD, r 

to th« cenMr E, let the 

right-line BE be drawn t 

which feting greater than 

■ 20. I. AE *, the point 6 muft, 

leaftrtly, Wl 8U)! of the 

fcDrf.3). circle*: and theteforei ai 

•^Ji- the riaM wglimefit hoHt 

a. «f «• good with r^ard to eve»y 

other point in the line FD l/cxccft A), it ii maniieft 
that this line cilw off ilo plrf df oie circle, buc 
touches it, iw pae pohrf emij'. 




THEOREM VH. . 

If aedipm (A*) jf lAr tmiM if Nommi, 

h tiuttuttfliimif tie tm flM-Mdmicfi (A-M, 
BN), Ibi circUs aill laitcb atl> Met, eaHednSfi 
atid lit ritit-Une ^AS), jiiMii Itiir cinlcrs, will 
fafs tbrougb tbt paint of camiti. 
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H|f Sook the ihirJ. 

HT In AB, tjks AC = AM, 
V^ and la DCE be drawn per- 
W pendicular to AB : then, BC 
W being alfo = BN «, the 4r- 
' cuniTci:enccs of both drdes 

"wUt pals through ^e point 

C'; out the nght-Iine DE 

(^ tbe frecedtnt) falls whcjly 

a^bove the one, and wholly M 

below the other i therefore the 

circles thomfelves fall ^oHy 

Mvithout each other, and^- 

touch in one point C only. 

COROLLARY. 
Hence, if the centers of two circles be placed 

'vx a diftance, from one another, leli than the fum 

of the two femi-diameters, a part, at leaft, of the 

one will be contained within the other : but, if the 

diftance be greater than that' fum, the two circles 

will then neither touch, nor cut each other. 

THEOREM vm. 
If lit diftance {CO) ef tin centirs ef tW9 ctPeUt 
(CAF; CAE) ietqtul to the iiffafme tf the two 
/eti»-if«wtf«r; (CA, DE), tbmmfftife/eareUs lemei 
inwardly % and tbgl radius (CA) ef tit grtdfms 
which is ifmem tbrotfgh the tenter (Q) of the l^er, 
wiS met the two peripheries w the point ef cmtaff. 

From any point E in the 
clroimference qf the leOer, to 
the two centers, let EC and 
ED be drawn. Becaufe CA 
excytrfs DE. by the line DC % 
pr becaufe DE + DC = CA' 
== PA + DC fr, therefore b 
PA =: DJ2 ^ and fo the cir- 
(^HipftrBQce of the drcle I> 

iilccwUs 
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likewife psUIcs througk A : but CA is greater 

\ 5. p CE ' : therefore every point In the periphery* of 

circle D (except A only) falls within the circle 

wbieb was te be demanfirated. 

COROLLARY I. 
Hence, if the centers of two circles be placed at 
a diftance &om each other, greater than the diffe- 
rence of the two femi-diimeters, a part* at leaA; 
of the one will fall without the other ; but, if the 
dillance be leii than that diffidences the leller circJe 
will then be contained wholly in the greater, but 
without touching it. 

COROLLARY 11. 
Hence, and from the freadetUt it likewile ap- 
pears, that if two circles touch, cither inwardly ot 
outwardly, a right-line, drawn through their two 
^ - . centers, will alfo pals through the point of contact : 
'■ J^'^oA b^^i^^c they can only touch, when the diftance of 
Got. I. their centers is equal y> the fum, or to tlje di&- 
«f8. pence of their lemi- diameters ^ 

THEOREM IX. 

If tbt ^fiance of the tenters (F, G) ff tnv cirtUt 
(DL, MH) be lefs than the fum^ and greatir than 
the difference of the two femi-diameters (FL, GM), 
thefe circles will cut each ether. 

• For,fincethe 

diftance of the 

two centers is. 

fuppofed lefs Dt- 

than the fum of 

the ftmi-diame- 
' Cor. to or, a part of the - 

7- 3- one circle MH, falls within the ouierDL'; and fince 
* g'"'" " that diftance is greater than the difference of thofc 
a peffi,. femi-diameters, a part of the fame circle MH alfo 
' of 3. falliwithoutthectrcleOL": labiebwMtteie proved*. 

THEO- 
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■Bod -de Third. 

THEOREM ;k. . 
^tat^le {^DCy at ibe centet t^ a drckt tsdniid^ 

' io the angle (B AC): at. the eira^trneet vohenbotb 
gles ft and itpon tbrfioiu. arch (,BC]. 



%9 




in the firft cafe (where AB .paflps through the 
center) BDC = A + 0" = zA '. "9. t. 

In the fecmd cafe, BDE = 2BAE (^ cafe 1.) i ' "■ «• 
tq Which adding CDE = aCAE, we have BDC 
=i2BAC*'. 1AX.4. 

In the third cafe^ CDE -is. aCAE {hy cafe i.) 
from whence fubtraiftiiig BDE = 2BAE, there K' 
mainis BpC = aBAC '. ' A*.j, 

THEOREM XI. 

i^^njiiff (£AF,£BF) it$ the fame fegmtil$'(^hSBy 
9/ a circle J are equal. to eatb eiber, 

CA8*tf%" iheftgnunt be great' 
er than a femi-ckSe ; froin th<S 
Ctnvsr C draw CE and GF ; thei^ 
EAF and EBF being each of f 
them = to half EGF', they muft '\m^. '■^ T^^L, • iftj* 
Mccffarlly be equal to- each other. ^ 
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Case 11. ^ /fc figment if 

Ufi than a pni-iirclei let H 

•bt <be int^eOiW -of EB and> 

;l&F:.then thetnaiigles A£H 

and BFH, hxpH^ ihe angle. 
■ 3. 1. AHE = BHF ', and AEH 
. _ . =«« (i» cafi I -> they »i)l 
„ „: ;;- Wb havc^AH isTBH ", 

!\ , tHEOREM ill. 

\utiitls (P, G") In lit tirtumfirtnas, fiMli% 

a^metersy art equal to tdcb elB&. jfyd tbefuitesfa 
of equal aflgili, in'ihicirctmftfmm^Hriletbavini 
^iid tUameJei^ art vlfo equal. 





■ Ax. 10. 

•r 1. 



From the centers {", "andQj'Iet'fA,lP6,tjfe, 
QE. be drawn. , .. t 

i. Hyp. Since AB =.EE r,ii(d, AP=-.BP."c 
• E<i; = FQ ' J therefore 'is -P 1= -Q^^ aitd pjufe- 
fatbrt)T=4P-='4Q) =G.' i ;,, 
■ 'a; Bjrp. flecanfe D = G^ therefore P =Q^'s 
,jiimee, PAbetog=r<ffi, !ii^iPS = QFV*li 
wa^Ubbe^EF'. 

COROLLARY., 

Hence angles in the circumference, (landing 
upon equal chords of the fame circle, are equal. 



ftht 
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WS''aft'ftrtl. '■ ' , 

BDE ', therefore is ACD 
+ BCD (= ACB) = half 
of ADE and BDE" = half 
two right angles ' := one 
right an^e. 
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THEOlREM XIV. 
Tbe^if^le (CAB) included bya tm^m to tttinte 
and a chord CAC) drawn from the point of con- 
ta£i (A), it ejuai to tin angle (AEC) in the altera, 
natefigment. 

X^t.thetiiataeta /tOF Ix^dHim, ud , £, >F ' be 
joDied. 

The line DB falling wholly P A B 

«bove tlKcirde\IOAlslle ' 
lealt line that can.bedra^n 
to ItTtbm iHe center O'' -, and- 
©AB 'is 'thttefbre a rlght- 
imgfc ^: b* BEA' ij alio n 
right-angle * : therefore, if E 
froln thefe equal angles, the 

Sual ' angles FAC, -FBC 
anding on the lame acch .FC) be taken avAV, 
thiK irill reauin.SXCi'AECX 




»Ax. J. 
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THEDRBM XV. 

the angle (DEC) made fy two lines (DEB; CEA> \ 
intirfeSiT^ each other witkai, vr witbtmt a eirtU, is, 
in the fermer caftt equal ta tbt fiim, and in tbe latter, 
wual to the Mfereneey of two at^kt tH H^dram- 
firente% fianding en the two ares (DC, AB) iff/^f- 
eeptiitythojihus. 




Let the chord CB be drawn. 
ta. 1. Then DEC = DBC ^- ACB«, in thefafi e^e. 
»9.i.»d And DEC=DBC — ACB\«i/i*/ff««rff4'*''- 

COROLLARY. 

., ; Hence an angle (E) formed below, or above the 

L. . circumference of a circle, is greater, or Ids than ao 

angle in the drcumfereoce, ftandiog on the £une 

aroi. 

THEOREM XVI. 

The veritcal avgle CABC) of aitf ohliaue-angted'tri- 
angk {hCS] infcrihedinacircle\ABCD)is£reatert 
or Itfs than a rigbt-angk^ ij the ai^h (CAD) cm' 
frehtndid 
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frthnded undfr the hffe (AC) and ibe dUmettr (AD) 
dramfrm ibe txtremty ef the hafe- 



it 




For, BD bong dnwn, ABD will be • rigfit- 
mngle ', and CAD — CBD * ; therefore, in the 
firft cafei ABC =: riahc-sngle -|- C AO ' ;' and in the 
ftcond, ABC = right-JUigle — CAD ". 

THEOREM ^Vn. ; 

IfwtffSl (BC) o! nmSrihttfii (ABat))i[/!T»*- 
edina ^rclei it prmuM Ml*/ the circle, the fxtcnui 
alsU (ECD) wiU be tmai to tie eppojite, -fni&iiat 
M^iBAD).- , ■ = 

Let the diameter BF be 
drawn, and let AF and OF 
be joined : then tbfe angle „ 
BAF bong a right angle ' 
(=BCR,.= ECF', *id 
X)AFallb = IX;F%,aan(J-. 
^ng both on the ^ine arch 
J>Fi : thence will the re- B 
.maindeia BAD and ECO lie, 
.aUbequid'. , ? 



>Ai.4. 




• JLt-J. 



E3 



COROP 
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Hence the oppofite angles BAD, BCD of _ 
quadrilateral- .iofcribed in a circle, ate together, 
raual tq ~t»vo righ^angles For, fioce BAD := 
ECD» thereferc is BAD + BCD= ECD + BCD 1 
5= wo. right-angles '. 

THEOREM' XVIII. 

^hvugb a/y. three pants' (A, B, C) ikt/ttUAtt i» 
the fam-tkht Une^ the tircumfiretue of a atclt m$j 
bedefcrihe^ 

.rDrijw^ii.kndBCt. -:'■■■' ■."■■',■,"-'■■;■•" . 

i wUic^ [^t b? b'lle^ed ." 
■ by the perpendiculars 
" DGand EH, infinite- A"" 

ly produced ^ t^ac . 

fific.pf,^or; BC^. 

ofi«Jitc1i^ffifc angle. 

»BC U fbrftc^.- - ' 
Thcfe" perpendica-' ' 

lars, I fay, will inter- 

feA eaoh Qthcr ; and ' 

the pojiit <i interfec- 

M)f the circle., 




'Cpnfo. 
T Ax. 7. 



Fir^itpE bedfaww, fc is plalas (bat'JWan^ 
Gf)E, HEB^re lefs/thaftpwo jight^ai^as'f j tiwra- 
ftup DG, HH, not bciftg'papaHlls-",- ifify wiiPnae* 
•iai^offiif'" Henct, if from th# ^fffltiof irite*- 
■ feaiofrO^jhe-fight-liifc* QAy 0B, O© tSe^mwtt, 
the triangles ADO, BDO, having two lUtf^flqwiJ, 
each to each % and the angles ADO, BDO, contain- 
. ed by them, equal ^ will likewifc have AO = BO", 
After the very fame manner is CO = BO j thcrC'- 
fore AO = BO =: CO ' : whence the circumfe- 
^^nE^p6S) Circle defqpbi^ from the center O, at 

D,g,l,7?(l-i.G0t)^lc 
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l^e diftance qC A Q** will alfa gali through B 

Henc^ the metljqd of idclcribinc the cir,cqm^ 
^rencf oi a ctfclc through thrce^ ^wen. p6ioM», i^ 
maniftft. ' " ^ 

THEOREM XIX. 

Jf ifif^^ a»&^ (BAD».9CD). of a j«^- 
Jaterfl (AgCP) he eqifol to twH.xtth't-an^es, a^cfr,(lf^ 
may\be^J!a^eii-^<mt tpta,qiiadH^tei(tl. ; ; . i 

For ^e cfrcuiirtfisrence ofi a r 
circI6inay be dercrib9d thro* any 
three pwpts BX^, (Jb" the pre- ^ ^ 
cedent.) But, Hyou deny that it 
paffes thro' A y :^n^ thijp*' tho 
center O, let OAF b? dijawiu - 
and 1ft ii if if ^IJjbie) pajs 
thfoggh Ibqie other poiat r la'^ 
tffe iWc OAF, (for i( njvft cut,/ 
this line fomewherc'^i alfb Icf... V i'Cor.t* 

BF and DF be drawn. ' Bccaulc BFD + BCD = 4- 3- 
two right-angles' == BAD -U BCD ' ; therefore * Cor. to 
muftTaFD = BAD': wi(ViiJiag>o^/ff'. There- ^ "7-4- 
fore thft circumfcr^^n^e of . iKe ctffle deftribed J *?JT' 
ti^flOghB, CandDi muft,alfopafsl^i'Dugh\A. «^'/' 







■'E4 



Tl3:E«ii 



Elm^ts: of Giimiiry, 
'"■'"' theore'm xx. 

Iffrm im peinli fB, C) m lit fsm Jiaimlei'^ 
(AD), ijualfy t^ant from tbt-cinHt (O) of a circlt, ' 
wil./iwj (BE, CE 1 BF, CP> icdritm to mff.-Mii 
*y Iwe^ in Ike cinumfirefrfi i Jhejiftn of ii^e fqiifirfs. pj 
any two cerre/potidinjr onh^ will be equal to thfum 'of 
the /quarts of at^ other two, meeting in like vumnfr. 



Fw, if QE and OF.bc 
anlwn 1 then will BE" +. 
• h,.. CE' = ' jBC 4- aOE" 
(?PP) ='BF'+CF'. 



T H E O REM. XXJ. ' = 

If twc lints ( AB, -CD), i&lnimlediy ihiftri^ix 

Kl toll) Jidts, lut eathoJier within. a circlt, ite recr. 

tai^Jt (APxBP) toniaUii^tr He fM'sifi^. 

ax, will it tjaalto tht i-eSanik iCP ;< DF) contaiiU 

' imla-lkitarti^t^oibtt:-' ' ^ ■ ■ -^ 





Case I. If one of the two lines (AB) pafles 
tkrcagh ate center O ; then let OQ. be drawn pei- 
pendicular to. the other CD, and let OC be joined. 

It 
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^It is plain, becaufc -Qp = C^ ', that DP is'»-3- 
' equal to the. difference (^ the legWiehts CO and 

PQir/; buj the reftanglc under the fum and dift- ^ Ax. 5. 

ieiipe;Qf(fi)tt two lules (JC,OP, of any triangle COP^ 

i^ e^uftl to the rectangle under the wtole. bafe, CP,. 

and tncdiffcrenceofits two fegmerusH therefore, the 'Cor: 1.' '' 

fum of the two fides OC, OPXeing (= 6a+ OPJ ^ S*'"' 
= AP, and their cfifFetfincc C= OB — OP) = BP, 
thcoQC.is.thc reftangle cantairwd under AP and BP 
eqinirtip fhe redtangle Contained under CP and DP. . 
. VASE 11. If neithepof the two lines pafs through 
the fenter : let the diameter EPF be drawn \ then, 
by }he preceding cajt,- ' AP x BP = FP x EP =i GP 

»DP. • --■'■■ ■■'-:■ :. 

THE,Qe,.;g^ ,Xi3^. . : : : 
'If from two poinfs (AiC). ii^tbt ciPHmferaice ef 
a cf-cU^^two lines ( AP, CP) be dnmrif tof^itbroughi 
ahd meet without t&e"f»Sle ; the- riHai^^P x BP) .^.' r 
tMtaineS under the ^^le Std tbe eitttrnd Pari of .ib$ ■: •: ' 
enty^will be equal tatl^ re&a»gle (CP VDP) «)»-■ .:.■,. • 
(aineH^ under tbfi white -^d ' the %xtayal'fairt. of 3if> 
pther. "" •'•-■■ ■ - -. -A :^ ■\.'.J ^ .- ,;; ' 

Through the cBpter O, 
let PF be drawn, meeting 
ife cirfcomferen'ce MV £ 
an^F'i let OQ.be pcrpen- 
dicfilarto A^, aiUtlec A,. 
Obc' joined. ' ' 

Then-, (iy C^'Ji.'tv . . 
9. 2.J the reftangle cop- . V 
tained under 'PF-t=K>^G\ 
4 O A)-and pE(=i^P€ir*^ . 

€XA^- it'^ica tjie.ieaji^e . - . 

(xintained under AP and PB. Aficc.thrvcrv £une 
mapner^PFxP^sCPxDP: thcreforcAPxBP 
atP'x'OP!: ■"■*": •■ ■' \^.:- ■ ' .. -A, 

COROt: 




St EUmenti. of- Geometry, 

COBOLLARY I. 

Hence, ir PS be a tangent at S, and the paiKu* 
OS be drawn; then, PF'being— thcfum of-PO 
. - .and OS; and PE = their difference-, it follo#»(«ha« 
■ T^" P$".=Pf >cPE' = PC x PD. ■- '■'•■' 

■:+■■■- ' ■ .^-- . 

, TH'EOREMXXIM. - 

\^ from'M'Aottsr (^Q ef a circle, tg^'a point. {A-X 
i/iot^ckcri (BD), aliK {CAifc i-nv 1 V' A<uri 

w^ tU two farts ofjbf chorit mil fe,egufll \^ ^ 
J^rc made upon the 'radius of ibt circU. ' ^' 

Let EAFbe anoUierehordi -Kl-^,^ 
{jtqwidiaiiM-M C*, ai)4 l* i;^-^^iK>\y 
ft E he joweiv . . / /WI'N. ' \. , 

,,,, -.Snce, APsaAE'i thMfiCsL ^^-/vV 
• I. i. mil AE.^ m AE » AF •;*:(, ' . e^T-^fa 
1,1.3. A».x AR.'i.«9 .whk* ,es^ Y /> 

aiiantities. adding AP^. ««■ fc^w \^ -. >;^ t ; 
t S. a. • CE' = AB X AD + AC. . , . 

COROLLARY B: 

■ .■ . T ■ . ■ ' ' ' 

Hence.' the. (ijuare of iliac fAC>,d((wn frtm 
any point in the bafeof- anifeftslfslifecgk: CBpO> 
to th^ oppoSle angte,, togmhj)! nifli .t(w aSiiWgld 
of t^e pacts of the ba^, is equal to a ^3^9 I94d9 
upo? 9lhe of-tb^eqii?! Iid^ofitii^.-Vi»l9^1e^ : 

'■■- T H E'aR.Ei^' Jx^v.' .;.' , , ;. 

Tbereaasgks^urimnedaHd&ibt^lT^eadi/^^de^ 
ef e«iia«gu!aK triangles (A^sJBEfiV t^tlM: 4llf-> 
ml^„ani^ak ' • i.ns !.•■■, .i ^ l- .''-.'.mis 

, „ ''i fayi if ' A= K B = fe' inj C aji^vfii 
■ ■'' wiliABxDF=ACxDE. ■ " I' 



,.,.„Go 



'git- 




, . IW tit- IBM. 

^ In BA produced, let 
|f\G be taken = DF ; 
j'lce GCB be the ciraum- 
: fcrence of a, circle pafflng 

thnnigt> dis t^ree points ®] 

t, C, a ', meeting CA 

prbduced-in^H'i and let 

G, H beJoiiHd^ 

Bepa^lc- t^e anglf; H 

t=B' =E', HAG = 

• BAC =5 D ■, and AG = DF *, djence is AH 

=3DE'i and tlierefors AC xDE= ACxAH", 

=:,ABxAG'= ABxDF'. 

TBE,ORB.Mi XXV,, 
fhe ristmiriemder tht lai/i^l (AC,. BQ cf m 
tru^lt (ABC), U equal to (be rtStaale mtiex the 
felfendietia' (CP) te the l>i>felixreif,'mi-til,S^- 
ml& i^yofl/lteirrumleiil^i/rele,. 

( I Fof, B,B bsingjoinet}, 

the angles A, E will' ba> - 

equal ', and.APq, EBC 

both righc-angits^; and-, ' 

l$nlequen^thfrtTlang}e» 

A CDt ECB e^uiangulttS: 

OttefoK AC, EG I CDi 

CB being cOrfeipondtng 

lidcs, oppofo^ to eqpti 

ai»l^ tfei^^Rle AC ,. .. ... 

X pB,,. coi^ine^ bpder tlie firft indi la&.of than, 
ii(n)'«(-«)ual to\ih(^refiaagia E&x CbttwuiiKd 



'11.3. 

•Hjp. 

:;v- 




--'v 



y: 



TM'E«B 



4« 



-Cor.i 

B>IO. 

'H-3- 




•Conttr. 



Eiemmn- of Geometry, 
/theorem Xxyi. 

The'fqiiare of alifie (CDj hijeaing aj^ »^ 
of It tfian^k (ABC) and termin'ati^ in tie ■ 
Jtie fAB^ logeiher with tk ' reSlangU (AD. 
urider the two Jsgmettts of that fide, is equal 
'^rekangle ef the two fides including the propped , 

lict-CD be produced 
to meet the circumference 
of a circle, dcfcribed * 
durough the points Ai, -G, 
P, in£i and Jet'AEbe , 
drawn. / 

The angtcs E and B, 
ftanding upon tKe fiAiei 
fcgmenrAC, areequaL'j. 
and .ACE is coUal t?C9 
(bj -hypbthefisji- therefore' rfie'itiaaut— 
j DCB' are equiwigular:" 1 whereof AC, CD 
* CB are correfpondirig fides; oppofed to equal 3 
therefore AC x CB = CD x CE »=iCD' • 
xDE' = Cp* + ADxbB'. ., , ./ ' 

^ THEORElil XXVII. 

The reSlangk of thi twi^ £ig<i^J ;CAC» I 
^ «Ay quadrilateral (ABCD)' i»firik(d. in)fi cir 
equal la tbefum of the two prt^a/vlis^ .( AB'" ^ 
X BC) contained u^er the 6p$6^tfideu. -> 

Let BFbe dr^wn, makin) 
the angle CBF = ABD, an. 
jnec&i^ri/CC in jr. \'':\ : . 
bjiBaaufe<3i£ at%M ^F =2 

■ ADB \ and CBF = ABD ', 
the triangles CBF, DBA are 
equiangular' % and riie^ore, -A 

■ BC. BD; CF, AD, being ^ 
oarnfMnding fides, the rec- 
tangles BC X AD, and 6D x 




,Pinll be equal '. Again, the artgle A*P S^sg ' »4- 3-' ' 
_= C8D V and BAF = BDC"',;ihe;triallgI<3'SW " Ax.*. i, 
Jud BDC iK, Ukcwifc, '■eqiiingula 5 aa* cbnft-' ■'•J-' 
Fqlnidy, AB, BDi AF, DUbeitil^'aiM^Di^iflg 
" ma, AB « DC = BD » AF .' i TO wtiith acfding 
BC K AD =BD X CF (fiprlrvtiiiovifvi have 
alfo AB X DC + BC X AD it' ^ x Alf^SD ii 
CF=BDxAC'. ■!•«• 



THEOREM XXVIII. 

If the radius of a circle (OADF) bt fo divided 
into two farts, that the reSattgle under the whole 
and. the me partJbaU be equal to thefquare of the other 
part J then will this laftfart he equal to tbejidt (CD) 
of a regular decagon (ABCDEF, &c.) infcrihed in 
the eircU j and that line wbofe fquare is equal to the 
twt fqttares of, the whole, and of the fame part, wiH 
he aual to ihejide (AC) ^ a regular pentagon in- 
fcrihed is the fmne circle. 

Draw the radii OA, 
OC.OD, OFsalfodraw 
AD,' cutting OC in G, °i 
and let AH be perpen- 
dicular to OG. 

The triangle ODG, 
having the angle COD 
(=tDOF' = OAD') 
= ODA", iaifofceles': 
moteover the triangle 
AOG, having AGO (t= GDO + DOG 
jDOC •) = AOC, is likewife ifofcelei • ■, a> is all!) 
the triangle CDG, becaufe,CGD being = AGO*, 
and CDG (CDA) = FAD', the triangles AOG, 
CDG aie equiangular. Thntrore, CD, AO i CG. 
GO being correlpoDding fides, we have CG x AO 
(CG x CO) = CD X GO* s GO-, twaifc GO 

= eD 




ri.,. 

■ lo. ]• 

* 12. t. 

Cor. ID 
*f J. 
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^il.i. n^CD-eDC': '•luaKe (he &liiw>p*tidf 1 
{impofitioR is.nunifeft. 

!<6- >• Again, beoKlle AG i=AQiHGi«iU'fcc2l£a(I)''4l 
•nd foeC being ihedifillrenteof the lc(i;ftiaakiiiO~ 
and HC, wekave C*yC»n. «.lli»5. a-JAC— AO' 
>=COxCG±=OG'f^itjiM2;) ttiam£lqKi*- 
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DEFINI^riONS. 

lO is the proportion which one 
magnitude bears to another magnitude 

the iame kind, with iefpe£t to -quan- 
tity. 



'^iie meafure^. 0- quantity of a ratio is isttcAuti hj 
cohjidsring what pdrtt or parts the ma^itude referrei^ 
calkd the antecedent^ is of the other, to which it is 
T^emiy c^edtht coaft^uent. 

%. Three quantities,. 01 m^oitudes A, fitC^artA, B, C. 
£Md to be ju'oportional, when the ratio of'the 6rft'»- +■ 8. 
A'co'thc lecond B, is the lame as the ratio of the 
fccond B, to the third C. 

■3. -^otir 'quantities A»'B»tjl), are .'(aid "to 1bcA3,C,l>. 
proportional, when the ratio of the'firtt A to the »-4'S-'°- 
^9nd.6.„u ^e Jome.u the latio of it^e ihlrd G to 

" ■ * - 'to 
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Te JenofeihatJoUr quarttiStei A," B, C,-T) a^e.^ _ 
portional^ they ate ufually write tbus^ A : B : : C : D I 
and read tbus^ as A ii to B^ fo is C t^ D. Sat whenA 
three quantities A, B, C are preportienal, the middle \ 
cne is repealed, and tbey are wrote thus J A: B:-:B:C. 

4. Of three proportional quantities, the middle 
one is fud to be a Msa»-prop(H'tioiiat between tbC' 
oiher two •, And iht laft, a Tbird-pr6portion3l co ^ 
firft and fecond. 

5. Of four proportional quantiucs, thc'Iaft is 
faid to be a FoiHth-proportional to the other three, 
taken in order.' 

A,B>C,IX 6. Qiiantities are faid to be continuaTly proper- 

^' tional (or in continual, proportion) when the firft 

j^2. 4. . jg j^ jjjg fccond, as the fecond to the third, as the 

third to the fourth, as the fourth to the fifth, and 

fo on. ' ' 

7. In a fcries, or ratik of quantities continoally 
proportional, the ratio of the firft and third, is faid 
to DC duplicate to that of the firft and fecond ; and 
the ratio of the firft and fourth, triplicate to that 
of the firft and fecond. 

8. Any number of quantities, A,'B, C, D being 
given, or propounded, the ratio of the firft (A) to 
the laft {D) is faid to be compounded of the ratios 
of the firft to the fecond, of the fecond to the diircU 
and fo on to the laft. / ■ ' ' ■ 

g. Rano of equality, is that which equal quan- 
tities bear to each other. 

// mojf ht obferved here, that ratio of e^H^ity, and 

equaU^ of ratios, artt ij 00 mans, fynenpaut terms i 

fince 



D,g,i,7?dT,Google 



Book the Fourth 65 

^' fmt- two, or more ratios may be equal, though the 

•quantities compared are all unequal/ Thus, tberdtio 

....^:i.ef 2 to I, is equal to the ratio of 6 to 3, (2 heing 

V'j^ the double of. i , and 6 the double of 3); jet none ofthi 

four numbers are equal, 

10. loverTe Utto is, when the antecedent is made 
the confequent, and the confequent the antecedent. 
fbustifi : I : :6 : 3> thettf mverjlyy i : z : :} ; 6. 

ii. Alternate proportion is. when antecedent !s 
cornpared with antecedent, and confequen( with 
coniequent. 

-^j, i/ 2 : t : : 6 : 3 'i then^ by ahernation (or pcf-; 
mutation) *V voiU ^f 2 : 6 : : 1 : 3, . 

12. Compounded fatio is, when the antecedent 
and confequent, taken as one quantity, are com- 
pared, either with the conlequenc, or with the an- 
tecedent. 

^hus, if a : I : : 6 : 3 i thtrty by compofition,' 
2-f-i:i::6-}-3:3» and 24-'-2::6 + 3:6. 

1 3. Divided ratio is, when the difFerence of the 
antecedent and confequent 1% compared, either with 
the confequent, or with the antecedent. 

"Tbut^ t/ 3 : 1 : : I2 : 4 i then^ by divifion, 3 — 
I : I : : 12 — 4:4, and 3 — i:3;:i2 — 4:12. 

■ fbefe four laft defimtiom, which explain the names 
given by Geometers to the different wir/s of ma- 
naging and diverjifying of froportionsy are- put down 
here for the fake of order; but are notjo heufed, or 
referred to, in any fhape, till thofe properties and rela- 
tions are demsnftrated ; which is effeiJed in the three 
firfi Theorems of this book. 

14. Similar (or like) right-lined figures are Hich, 
which have all their angles equal, one to another 
1 : ,. . F refpec- 

njni",i-,Google 
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rdpc^tively^ and alfo the Cdcs about the 
angles proportional. 



eq^H 



B 



7buji if the angle A = D, B = E, C = F ; alfo 
AC:AB::DF:DE, BA : 8C : : ED : EF, fc?c, 
then the figures ABC, DEF are fatd to he^milar. 

'AXIOMS. 

I. The Tame quantity being conipared with era 
fo many equal quantities, fucccffively, will have 
the fame ratio to them all. 

^^ Equal quantities, have to one and the famfi 
quantity, the- fame ratio. 

3. Quantities havjng the fame rado to one and 
the fame quantity, or ta equal quantiti^, are equal 
among themfelyes. 

4. Quantities, to which one and the fame quim- 
tity has the lame ratio, are equals 

5. If two quantities be referred to a third, that 
which is thegreatcft wilihavc.the greateft ratio. 

6. If two quantities be referred to a third, tbf^ 
IS the greateft which has the greateft rado. 

7. Ratios, equal to oQe and the fante ratio, are 
alfo equal, one to the other. 

8. If two quantities.be divided in^o, or com- 
pofed of parts, that are equal among thejii&lresL OC 
all of the fame magnitude ; then will the whole q( 
the one, have the lame ratio to the whole of tllB 
other, as the number of the parkin the opCt bu|. 
to the number of eqoal pans in>the other. 

9. If the double, tteole, or quadtuiiJ^ f^'f. of 
every part of any quantity be take^,. thtaggcegue 

will 
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' ■will be the double, treble, or quadruple, ^c. of the 
vhole quantity propounded. 

T^HEOREM L , -^ 
EqttimuUhles of. arg two ^dhtiHes (AB, CD) 
«« in the fam ratio as the quantities tpemfelve(. 

A g / B T. f Z P . 



C c d e-T> G 7> . % 



Let the ratio, of AB to CD be that of any one 
riubtibcr M (i)'tQ any.. pthcr' riun^$er iV (4), or, 
A^liich isthe fame,, let AB contain -A^ (3) fuch equal 
pa^is' f Aj, (j^, ^''B'), wl^ftdf CD contains the nurh-' Ax.8.4. 
, Ml' WU). Leu'hete bo fakenE/t^, ^F any equi- 
rrtutcijSlfesof'A^i jS,_^B, refpeaivelyi and l« G/^ 

f !j¥''».'"tl be the'lamc 'multiples' of pf, ca, dt^ *D : 
ft'difthe"' whbtc !^F l^;the farhe affigiicd q'uhipic 
bf ttie'Wiolc aS, and'jfiewhoieGH of the. whole 
CD, as elch par? in th^ one', is 6f its' correfpoh- 
dcnt in the oriicr ^. ■ ,{Vnd, ftnce the, parts Aa, ahy ^ A31.9. 4. 
ip, Cf, f4 &c. arc all equal ", their eqiymuUiplea* ^yp- 
%f^f^^y Gp,pf; Stc- will alfo be equal K There-* Ax.^. 1, 
forfc'Br is in'p^opbrtiori to GH, as the number of 
Ati'partj in EF is to'thi nunibA' of equal parts iii 
Gf^ V*^*^ (wfiitfh is fhie fanlc) as the liumbe'r of parts 
in ABto-thc number of parUin CD, that is, as AB 
ii to CD * : which was to be demonftrated, 

COROLLARY. 
Hence,' lUie part* of quantities, have the feme 
tatid^asrtie wholes i becaufe the ♦hples arc cqai-i 
- ifliift)^ of the X^ partj. 
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THEOREM II- 

^be two Mttadatts (AB, DE) cf four j 

titmat quMttlieSj cf the fanu iiitd (AB, EC, DEI 

^) art in thifamc ratio with thi two confequeHt^ 

(EC, EF). 

I — 1 — r — 1 — 1 — I — I— • — ( 



f.'^ . ■ . f 



Let the common ratio of AB to BC, and of 
DEtoEF) be" that of any one number iW (s) to 
any other number N (3) ; then will AB contain M 
(5) iiich equal parts (Aa) whereof BC contains 
* ^ (3.) ■ 3nd DE will, in like manner, cont^ M _ 
(s) fiich equal parts (Dd), whereof £F contuni 
Nis). And To, AB and DE, as well ai BC and EF, 
being equimultiples of Aa and Dd^ thence will AB 
: DE : : Aa {Bb) ; D</ (Ee) : : BC : EF |;. 

COROLLARY. 

That, the proportionality will fubfift, when the 
confequents arc taken as antecedents, and the an- 
tecedents as confequents, alfo appears from hence. 
For BC ; AB : : number of parts in BC (or EF) 1 
number of parts in AB (or DE) : : EF : DE". 

THEOREM in. 

Offm- proportional quentitier <AB, BC^ DE, 
EF) the funty or difference of tbt firft anttcedent and 
confequtnt (AB + BC) h to the j!rfi antecedent W 
tonfea^entt as thefumt er difference of _tbe fecettd an- 
tecedent and confequent (DE + EF) is to tbe'fecond 
antmdent, er confequtnt. 

Let 

- ■ nr„i^-dT,Google 
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Let what was premifcd In the dcmonftradon of 
[the preceding theorem, be retained here : then will 



t — I — A- + 



AC (AB 4- BC) be in proportion to AB, as the 
number of parts in AC is to the number of equal 
parts in AB*, or as the number of parts in DF^A^-'-V 
(DE + EF) to the number of equal parts in DE, 
that is, as DP (DE + EF) is to DE*. Again, 
if from AB and DE* be taken ^way Bf = EC, and - 
E/= EF, then will the difference Ac be in pro- 
portion to AB, ai the number of parts b Ac (or 
Uf) is to the number of pans in AB (or DE *), that 
is, as D/ is to DE. In the lame manner it will 
appear, that AB 4- BC : BC : : DE + EF : EFj 
and AB — BC : BC : : DE — EF : EF, 

COROLLARY. 

It will appear from hence, that the fum of the 
gteateft and leall (AB ■\- EF) of four proportional 
quantities (of the fame kind) will exceed the fum 
(BC -1- DEJ of the two means : becaufe, AB 
bdng fuppofed greater than DE. Af will be greater 
than DA in the fame proportion " : and, if to thefet j, ^ 
there be added BC + EF (common) \ then will 
the film Ac + BC + EF (AB + EF) be alfo great- 
« than the fum D/+ BC + EF ' (DE + BC.) 1 ax.6. < 

SCHOLIUM. 

In the demonftration of this, and the preceding 
.theorems, the antecedent and conlequent are fup^ 
pofed to be divided into parts, all mutuaUy equal 
among themfekes. But it is known to Madie- 
ID:iviciajUiL thu there are cmun quantities, or mag- 
F ^ nitudu 
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nitudes that cannot pc^Iibly be divided in thl 
manner, by means of ^ cemmen . meafuri. 'F^ 
Theorems themfelves are, neverthelefs, true, wheii 
applied to thefc incommenfurahUs : fince no twol 
quanticies, of the lame kind, canpoiTiblybeafligiied, 
■whofc ratio cannot be exprefled by that of two num- 
bers, To near, that the diBrrence {ball be lefs than che 
lea{l thing that can be named. But if the matter, 
viewed in this light, Ibould not appear fufficiebtly 
fcientific, and yo^ ^iH "Ot (in the preceding tiico- 
rem j allow the ratio of AC to BC, to be exe^^ the 
&nie wtih that of Df to EF, when AB* BC, and ^ 
p£l, EF, are ipcommenfurablei ; then let it, if 
, pofliblc, be as fome quantity aQ (left than AC) 
IS to EC, fo is D£ to- EF. Let B^ be a part or 
meafure of BClefe than the difference (Aa) be- 
tween AB and aBj let Bp be that multiple of Bi, 
■which leaft exceed* Bj, and let aE be to EF, at 
;B to BC. • 

It is evident, that a»^. B/ . C 

f^ is lefs than AB >^'r-~. — - . ^. .' ■ J : ■ — i 
(becaufe<7p-3 B^ -II n,^., ,j„:; -E^ - Jr' 

►Hyp. 'Ai3)tgndlbatflEis' ■'-'^ ^ — ; — '. 

a)fo lefs than P^, 

becaufe ttie tauQof jE ^o, EF, bc^ijg eqijal to. rb^ 

of pB, (o $C V it muft necciiiiiily bg J^fe f||«i (Iw 

'Ax.5.vof ABtoBC, Qroip£ to EF, ^i)d f? «E Ifife 

-Ax.6.4.than;6E-, . ,- 

Now, if (as is fuppofed) the ratio of af tpBC 

can be = the ratio of DF to EF, it njuft, of coft- 

* Ax. 5, fcquence, be greater the ratio of yB' to EF °, or 

pp^^J'^(which is the " fanie) than the ratio of /C to BC, 

' ,,j. which is impojjtile. In like manner it will appear, 

'that no quantity, that is greater than AC, can pof- ' 
fibly be to BC, as DF is to EF! Therefore AC :BG 
: : DF ; EF. And by the feme kind of argumen- 
tation (authprifed ?nd adopted' by. £julid tumfelf. 
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\ his twelfth book) any difficulties, or fcruples, that 
■ay be elfewhere brought, from the incommen- 
Grabitity of quantities, may be obviated and re- 
ITmoved. 

THEOREM IV. 
Jf, sf fekr proportionals (AB, BC, PQj QR) 
equttnajtfpies of the aniecedtnts (AB, PQ) htaketi, 
•^id compared tuitb any equimultiples of tbeir re- 
fpeSivt con/equents (BC, QR), the rati$s wiU be tbt 
fame, and ^e four quantities proportionals *' 

Let -the common ratio of AB to BC, and of 
PQ_to QR, be that of any one number M to any 
other number iV; fo fliall AB contain M fuch 
equal parts whereof BC contains ' iV, and PQ, in ? Ax.8. 4. 
like manner* M fuch equal pvts whoreof QR 
contains N* 

Let CD, DE be taken each = BC, and RS* 
ST each = QR, fo that BE and QT may be equi- 
multiples of BC aod QR i and let CD, DE j RS, 
ST be conceived to be divided, each into the dime 
number of parts with BC, or QR, In like man- 

<x ' A B C . D E 

> ■ ' ' I ' ' > 1 ' ■ I ■ ■ ' ' ' ' 

P P Q. IL S T 



ner, let 0B and pQ, be taken as equimultiples of 
AB and PQ, feff. Then will the nuinber of 
parts in BD = number of parts in QS ', and the 
number of parts in BE ^number of parts In QT"":! Ax.4. i- 
and fo fikewife with refpcft to aB and ^Q^ There- 
fore a& is to BE, as the number of parts in aB to 
the number of (equal) parts in BE ', or, which 
is the fame ^ing, as the number of parts in^Q to 
the number of parts in QT, that is, as pQ, is to 
PT, wbicb was to bi demmjirattd. 

F 4 THEOt 
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THEOREM V. 

Jf^ ^ two ranki ef quantities (AB, BC, CD j^l 
PQ. QR. RS), the ratio ef the firfi and fecond^ i»J 
the one, he equal to the ratio of tbefirfi andfecond in 
the other, and the ratio of the fecond and third, in 
the one, equal likewife to the ratio of the fecond and 
third intheotber\ then, alfo. Pall the ratio ef the ^rjt 
to the thirdf he the fame in the one rank, as in the 
ot^. 

Let the common ratio of AB to BC, and of 
PQ_to QR, be ftill cxprclftd as in the preceding 
demonftrations. Let, moreover, CO arid RS bp 
conceived to be divided, each into t(if famp nutnr 
ber of parts witji BC and QR, 

Becaufc the quantities BC, CD, QR, RS, 

f Hyp. are proportional ', their like parts B^, Cc, Qp Rr 

• Cor. to (being in the fame ratio with the wholes ') will alfc 

'■ *• be proportionals ; or, becaufe Aa = Bh and Pp = 

tAx.2.4.Qj', itwillbc'Afl:Cc::P^:Rr. But AB and 

PQ^are equimultiples of the antecedents A« and Pp's 

and CDi RS are equimultiples of th^ confcquppt* 

5 4-+. Cc and Rr : therefore " AB : CD : : PCL: RS • j 

%Bhf£h isfas to be demenftrated. 



" ffbtn, in ttao ranis 0/ guanttliti, the prtpsrtiam ari in- 
ordiuaie, «, AB : BC : ; QR : RS, anJ BC : CD : : PQj QR : 
ibt famt thing may be dimmnrattd; and that in tbt very fam* 
vmntier, txctft onij, thai QR mufi bin it diiiidtd int» tbt fame 
ipit^tr ef fazti with AB, and PQ^ 



^OROL-s 
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COROLLARY t 

' If other quantities DE, ST be taken, ftill pro- 
portional to the two next preceding them, lb chat 
CD : DE : : RS : STj then, by the fame argu- 
ment (regard being had to AB, CD, DE in 
the one rank, and PQ. RS, ST in the other) 
it is evident, that AB : DE : -.^Qj ST". And"5.4. 
thus we may go on, ftill alTuming other quantities, 
as many as we pleafe -, and the ratio of the Brll and 
lail^ will always be the fame In one rank, as in the 
other. Therefore ratios '' compounded of the fame r Def. i. 
nuinber of like, or equal ratios, are equal—- ---., <»f4* 

COROLLARY II. 

It is alio evidept from hence, that if any two 
quantities be taken proportional to the two confe- 
quents of sn alTigned proportion, they will alfo be 
proportionals when compared with antecedents : 
and vice vtrjd. For, the two quantities CD and 
RS, when compared, fucceflively, with the confc- ' = 
quents, and antecedents of the given proportion AB 
: BC : : FQj QR,' appear to be proportion^, in the 
one cafe, as well as in the other ". ' 5- +> 

THEOREM VI. 

if, to the tw9 eovfmtmis (BC,K.L) of four pro~ 
portionais (AB, BC, IK, KL), atpf live quanlitits 
[CD, LM) that have the fame ratio to the refpeBive 
antecedents be aided \ theft fums and the antecedents 
willfiill he proportionals (I/ay, // AB : BC : : IK : 
KUandAB: CD : : lK:LMi tbtnJhaU AB : BD 
I ; IK: KM). 



For, 
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For, CD and LM A B 9 ^ 

being proportional ' — ; ' "^ ' 
to the amecedenta ^ v- T; ^^ ivr 1 

■Hyp. ^B and IK*, they ^ ^ V V > ^ 

Mid the confequents 

i^C^ KL) wilt alfo be proponionals (}^ Carol 9. 

* 1- +• «/■ /be prectdent) : whence * (by cmptfitm) BC : 
BD : : KL : KM. And fo again, (by the fame 
Cerol) AB: BD::2K:KM. 

COROLLARY. 

From this Theorem it will appear, that, if the 
ratios of the cornfponding quantidcs of two ranks 
with refpeft to the two Erft, are the fame in both 
rank!i(AB : BC : : IK : KL, AB: CD : : IK: LM, 
i^c.) t then the ratio of ^I the quantities to the 
firft, will alfo be the fame \n the one rank, as in the 
other. For, by adding D£ and MN to the laft 
« £. 4. coniequents (BD, KM) there will be had ' AB : BE 
: I IK : KN (and fo on, , to any number of quan- 
tities wh«eve|'.) Then (by compofitkuij AB : AE 
::IK:IN. 

When the quantities, in both ranks, are of the 
fame kind, it will appear (by alternation) that the 
ratio of the two fums, aod that of every two cor* 
refponding terim; will be the fame. 

The fix Theorems here delivered, on prMXff- 
tioDs of magnitudes in general, comprehend all 
than is m«^ ufefiil in that fubjaJt. — What relate* 
to the proportions of extended magnitudes, under 
different limitations, and Bgures, as far as regards 
right lines and furfaces, will be the rubjeft ot ^' 
remaining part of this book. 

Jfofty 
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|Vif/;, what-tviTj in atr/ demon^ratiSnt you nuet 

Jtb fneral proportionsl quantitus^ comuaed conti- 

fally hj the Jign\: (like thefts A [ B:rC:D:;E 

t^ : : G : H) /&f cendufion /« be drawnt is alvBiffS 

Wfrom tbefirft and lajiaf the tto§ efudl nitiM. 

THEOREM VII. 
Itriangles (ACD, BCD), arid alfo paroHekf^om 
(ADCQ, BDCP), having tbe fitme , altitude^ «re to 
one another in the fame ratio as their hafes ( A^» BD)1 

Let the bafe AD be to the 
hafe BD in the ratio of any ^p 
one number m (3) to tny other 
nutnbcr n (2), or, which is the 
fame', let AD contain » (j) 
fuch equal parts whereof Wi 
contuns the nuipber-S (2). Bl^ 
Then, the triangles AC^jfCy, 
BCr, Wc. made by drawing 
lines from the points of divifion to the vertex C, 
being all equal among themfelves ' t the tri*ngle i Cor. a. 
ACD will therefore be in proportion to the triangle to "a. ». 
BCD* as the number of eqiial parts in the former 
to the number of equal parts in the Utter, or as 
the number of parts in AD to the number 0/ pirta 
in BD, that is, as AD to BD^ Whence, alfo, the 
parallelograms ADCQ^ BDCP» being the doubles 
of their rcfpeflivc triangles', are likewife in thc' 
l»me ratio as their bafes AD and BD '. * 4* 4* 

SCHOLIUM. 

Jf the hafei AD and BD are incommenfurable to 
each other t the ratio of the triangkt cannot be ether 
than that ef their bafes. 

For, 
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VoT, if poffible, let the tri- 
angle BCD be to the triangle 
ACD, notas-BDto AD, but 
ju fotne ocber line ED. greater 
thanBD. is to AD. 

Let AN be a part, of ma- e L .__ 

•Lm.1. fureof AD,IelathanBE%and ^B u N'A 
: let DF be chat multiple of AN 

which leaft exceeds DB ; alfo let CE and CF be 

drawn. It is manifefl that the point F falls between 

B and E, becaufe (ly Hyp.) BF is lets than AN, 

and AN \t& than BE. Moreover, the ratio of 

FCD to ACD is the fame as that of FD to AD 

ih the precedent.) But the ratio of BCD to ACD 

• Hyp. (or of ED to AD ') is c- the. ratio of FD to AD \ 

*Ax. s- or of FCD to ACD i and confcquently BCD tr 

•Ax^ FCD*.: which is impiffiileK By the fame argu- 

^'^' ment it will appear, that the triangle BCD cannot 

' Ax.3.ofbe to the triangle ACD, as aline. Ids than BD, is 

1- to AD. Therefore BCD : ACD :.; BD ; AD. 

If this Scholium JbouJd appear diffiadt te^ the 
Learner y it may not be amifi to emit it intirdy ; ^jui 
it is only put down for the fake ofthofe who may he 
fcrupuleus about the bujaufs of incommenfurablis \ to 
whom it may not be improper to obferve^ that notbtt^ . 
more is taken far netited herein^ than what is tf- 
feSted by means of the firfi Lemma i» the %tb bqok\ 
which being demet^rated from axioms, and one Jingk 
theorem in the frji book, is referred lo here^ though 
not grven till hereafteTt for re^ons already hinted </, 
in this note. 
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B, DE) art te one anathtTt in tit jam ratio as 
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THEOREM vm. 



n 



tir altitltits (CH, FI.) 




Let ,BP be perpendicular to AB, and equal to 
CH ; in which let there be taken EQ = PI, and 
let AP and AQ be drawn. 

The triangle ABP is = ABC ', .ai>d ABQ= ' C"- »- 
DEF"i but ABP (ABC): ABQ;(DEF)::'BP, ",'■«-. 
(HC),:BQ(FI). \ ^ ^^ ■ ';*■ . 

THEOREM IX. 

If^ paraUel to tbt h^Jis of any tteo paralltlograms 
(AC, EG), ivio lints (PQ, MN) htirawn, fi ai la 
cat ibt fills frsftrliinalij (AP : AD : : EM : EH), 
thm mitt tbofe paraUelo^ratBS and thtir torrefpond*'. 
ing farts (AQ, EN) be o^o proportionals. 



For, AQ.: AC j, 
: : AP ; AD - : : 
EM:EH'::EN p 
:EG:'iand there- 
fore, ^o/ffrM/rflff, 
AQ: EN ; : AC A 
iEG", 



C 
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THEO- 



D,o,i,7.d-,Google 



'£♦■ 



Elment! of Ge^mitrj. 

• THEOREM X. 

If fm- Urns are fraporlimtt iAS : CD : :DeI 
ttP)f tbereffa/igle ( AF) und^r Ihc two txirmej iviR 
it equal lo'the reSangle {CS.) under tbt iV3ii~means.\ 
jina, if the reUangles under the extremes and means of ] 
four men lines (AB, CD, DE, BF) ie efual, lien 
are thfefour lines proportional. 

In DE Itt DG be taken BF, and let GH, pa- 
rallel to IX, be drawn. 

1. /5j>. AF : CO _ u a t 

;: AB:CD'::DE'>J- 
, :BF'::DE:DG' 
' ■::CE:CG^lt^Me- 
fdrcj the'asnfeqaents ^ 
of the fitft and laft ' 

of thefe equal ratios beirtg the^faifte tpjantlty <tGi, 
fAx.3. thctwoaRteCedentS AFahdCEifluft bceqM'.. 
>Ai.».t. J. Hyp. AB:CD;: AF;CG';:CE:.CO':: 
DE:DG:CBF.) 

SCHOLIUM. 

From the feme dfcmqnftfitlon; and fcheme, it' will- 
appear, that the' t*0 antecc<fents of four propbr- 
tranal ntiB' CAB, CD, DE, Bf) are in the Tame 
ratio toeath olficf, a»tl«t two c6nfequents: for, 
if in DC there be taken DP = BF, and PO be 
drawn parallel to DE ; then AB : DE : : AF: PE". 
.,.4. ::CE:PE::CD:PD (BF). 



THEOt 
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THEOREM Xr. 

^. fhe reffangUstaiJer thecerrt^peaditig Siur, 9f- twa 
^ankt of prBjfortietuth, are tbemftlws ■ froporthaah. 
filfay, if AB : BC : ; CD : DE, and. BF : BG : : 

DH : DI, Ita mill IbcrtBn^. AF : rtBaif. BM -. : 

CH:Kff. BC^). 

For, inBG and Dl (protj^ced-if' neccna]:y).[«t 
there be taken BF = BF, DH = PH. and kt 



^ 



PI ■ ■ _ 
P H '1 & 



FPbe paralH 19 BC, and HN to DE : then AF 
: BP : : AB : BC ' ; : CD r DE ■ : : CH : DN 'j ' 7. 4- 
whence (alHrvatilj) AP:CH ::PB:DN, and ^ "IT- 
(b likewtfe. is BM to 'X)Q* : wftence (aztiis hy alter- ' 9- +■ 
M«<c»; AF:BM:CH:DQ^ 

COROLLARY I 

Hence, the .Iquares of four proportional liAef , are 
themlclves ptoportional. 

COROLLARY II. 
. Hence alio, the tides of four propottional fquares 
(AB", BO, CD", DE") will bepropottiopal. For, 
let the line RS be taken fuch, that, AB : BC ; : 
CD: RS; then, flnce AB" : BC" ; : CD" : RS" (,b} 
Carol. I.) and AB" : BC" : : CD' ; DE" (,b, fiip- , 
fofitim): thence will " RS" = DE" \ therefore " RS < 
= DE, and confequeJ lly AB i BC : ; CD : DE'. 

■ ' XHEQ- 
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THEOREM X!L 

AUtu (BE) dravu parallel to one Jtde (CD) of X. 
irianzU (ACD) iwides the other two ftdei proporA^ 
tionaUy. (I ftv. AB .: AC : : AE : AD, AB : BC^ 
: : AE : ED, *nd AC : BC : : AD : ED}. 

Let AB be to AC, as 

any one number tn (3) is 

to any other number » 

(5), or, which is the 

fame, let AB contain m 

(3) fuch equal parts where-' 

<£ AC contains n (5). 

Then, if from the points ^ 

of divifon, lines be drawn . 

parallel to the fide CD, thcv will alfo divide AE 

;Cor. I. and AD into the like numbers of equal parts*. 

to27.i. Therefore AE is to AD, as the number of equal 

parts in AE to the number of equal parts in AD, 

or as the number of equal parts in AB to the 

number of equal parts of AC, that is. as AB 
f Ax. 8. to AC ^. In the fame manner, AE is to ED, as 

the number of parts in AE to the number of parts 

in ED, or as the number of parts in AB to' the 

number of parts in EC, that is, as AB to BC. Alfo, 

in die fame manner, AC : BC : ; AD : ED. 

TJi fame otberwife. 
Draw CE and DB. . Then will the triangles BEC 
' Cor. I. and EBD be equal to each other "^ ; whence, by 
«> 2- 2. adding BEA to both, AEC will be alfo = ABD K . 

«Ax.4.i. 




But* 
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But, AB : AC : : triang. 
lAEB : trUngt AEC ' 
fCABD) : : AE : AD ' i and 
; AB: BC: : triaog. AEB: 

triangle CEB'(DEB):: 

AE ; ED. 



COROLLARY, 

Hence a right-line, which dirides two fides of 
a triangle proportionally, is parallel to the lemain- 
ing fide : Dccaufe AD is divided in the fame rauo 
with AC, when BE is parallel to CDj but not' Ax. J. i. 
clfe'. "^i-4- 

SCHOLIUM. 

From this laft Theorem, whatever relates to the 
compofition and divifion of ratios, when thefc re- 
fpedt the comparifon ^of right-lines, will appear 
exceedingly obvious. 

For, let AB, a.. 
BC, AD, ands 
DE, be pro- A 
portionals:and D 
from any point 
A, let two in- 
definite right- ^ 
lines AP,AQ. ^ 
be drawn s in which take AB = AB, BC == BC, 
AD = AD, and DE = DE i alfo take Bt = BC, 
D« = DE, and let BD, CE, and ct be drawn. 

Since AB : BC : ! AD : DE », thence is EC pa- ' Hrp. 
rallel to DB ' ; and ib. Be being = BC, and De'Cor. of 

= DEi tc will alfo be parallel to DB ". Thetefore, "• <■ 
^ " Cor. «. 

AC(AB + BC):AB::AE(AD-J-DE):ADi m^^.l. 

AC(AB-|-BC):BC::AE(AD + DE):DEi 
G Ac 
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■ At(AB— BC):AB::A«(AP— DE):ADi^ 

Ac(AB— BC;:BC:: Ae(AD— DE):DEi 

And, AC(AB4.BC): Ac(AB — BC):!AE 
(AD + DE) : A« ( AD — DE), 

THEOREM XIII. 
rbt ftrls (DE, FG) ef tin mojiia 0/ < Irim^k, 
iMterceffed hy rigbt-lines (DF, EG) drawn parallel 
to tht baft (BC), are in the fame rath vnlb At 
mhks. (DE:FG::AB:AC). 

For, DF and EG 
being parallel to each 
other, thence will D£ 

•>i.+ : AE :i FG : AG's 
therefore, (b; alterna- 
tion) DE : FG : : AE : 

''•4* AG^ Inthe fame man- 
ner, AE : AG : : AB : 
AC*. Confequeotly DE ^ 

»Ai.7.4.:FG;:AB:AC'. 

COROLLARY. 

Hence, if ever fo many lines be drawn parallel 
to the bafe, cutting the fides of a tria[(g^e, every 
two correfponding fegments will h^ve the lame 
ratb '. ' 

T HE O K E M XIV. 

iff triangles (ABC, ahc) mutually equigngulart tit 
torrefpondingjidls (AB, ab, AC, ac) cgntaining Obt 
t^ual at^les (^AyZ) are propttrtisnaL 
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r In A& and AC (produced if nece0a(]r) take 
Ad = al>f and A£ sc aCf ^nd jomDt E. 



:8s 




Ifcp. 

Cdr. to 



= AEi and the angle 4 ± A, have ajfo the angle ' Ax. lo. 
ADE ■ = «fc = ABC- 1 wbeoce DE wUI be pa- 
nliel to BC 'i and therefore 'AB : AD (tb) : : 

ACtAE-M' 

'la 4. 

Tbt fim eihtndfi. ' *■ 

Becaulb ABx<r=<ix AC'> theKfoCe k AB ' M- 3' 

t«*::AC:«c-. , -">-4. 

COROLLARY. 

' Hencx equiangular triangles are fimilar to each 
ether ', ' »«'■ '4. 

THEOREM XV. ^ 

Iftwotriatgtti (ABC, abcj £<»);«« sf^ir (SAC) 
in tat ene^ tquatto ont ajt^e (bac) in the other ^ etmt 
ibe fides (AB, ab, AC, ac) ^eat thbfe amies pra- 
fonional i then are the triangles eqniOHgalar, ■ 

In AB and AC, take AD =^ <>», and AE = «, 
•ndletDE be drawn. - 




«Hrp. 

« Cor. to 

Since AB : ab (AD) : : AC : « (AE '), therer . q^ ■•;. 
fore is DE parallel to BC ° } whence the angle B = 107.1. 
A£«'=iS and the angle C = 4ED = «. -aj. 1.. 
G a T H E O- ' 
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Elements of Geometry. 

THEOREM XVI. 

1/ two triangles (ABC, abc) bave we ajtgle (A)^ 
in the one, equal to one angle (4) in the/itber-, and the 
fides (AB, ab, CB, cb) about either' of the other 
angles proportional j then will the triangles he equi- 
angular, provided tbe/e lafi angles (B, h) he, either, 
both lefsy or both greattTy than right-angles. 

In AB, let AD be taken = ab^ and let DE be 
drawn parallel to BC, meeting AC in E. 

Then will 
the triangles 
ABC, and 
ADE, be 

equiangu- -'*■ u ■" a o 

■ Ur'; therefor^ CB lED : : AB : AD' : : AB: 

'• «A' : : CB : ci'i and confequcntly ED = cb^ : 

. whence the triangles abc and ADE (having ab = 

' AD, cb = ED, and a = A) will be equal in all 

4-rc|pcds', provided the angles .jic and ABC (= 

ADE) arc cither both lefs, or both greater than 

right-angles. Therefore, Once the latter of thefc , 

equal triangles (,j^f, ADE) is equiangular to ABC, 

the propoQtion is tnanifcft. 

THEOREM XVII. ■ .- 

If two triangles (ABC, abc) bave all their -fides^ 
re/peffively proportional (AC : ac : : AB : ab : : CB 
: cb) then are thofe triat^les equiangular. 

In AC and AB, take AE =: ac, and AD s= 

ab, and join E^ D. , 
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ABC, ADE, are equiangular ° ; hence CB i.ED : : ' 'S- 4- 

AB : AD ' {aP) : : CB : c* " ; and confcquently ' '4- 4- 
ED = cb' '• therefore the triangles abc, ADE, » Ax.4. ^ 
being mutually equilateral, they muft alfo be tnu- 
tually equiangular * ; and confequently iJ^r, aswelP>4-'- 
as ADE, equiangular Co ABC. 

THEOREM XVIII. 

jlrigbt-Hne (Ct)} 'TnfeHing any angle (ACB) ef ' 
a trianglt (ABC) divi^s the eppofitefide (AB) ints 
twofegmtnfs (AD, BD) having tke fume ratio witb 
tbe^des {ACyCB) centmoing ibat -angle. 

Let AE and BF be 
.perpeodicular to CDE. 
.Then the triangles ACE,- 
CBF, and ADE, BDF 
being, rcfpeflivdy, equi- . 
angular', it will be AD : 
BD :: AE: BF»:: AC 
:BC. 

THEOREM XIX. 
A perpendicular (CD) let fall frem the right-angle 
<C) upon the bypotbenufe (AB) ef 4 rigbt-anSt4 
triangle (ABC) will he a mean prpprtional between 
tbe two fegmetils (ADyBD) of 'the bypotbenufe : and 
«acb bf the fides containing tbe rigbt-angU, will be a 
man proportional between iff a^acenf fegmtnt-, and 
tbe vfbole bypotbenufe. 
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* Ax. 7. 



•Cor. J. 
" to iq. 1 



Bkmntj of Geotrtttiy, 

Fofi fmce the angle BDC 

Is =:"BCA ', and B cotwnon, 

the trianglcB SpC, BCA are 

equiangular": after the fame 

manner ADC and ABC ap- tr- 

f)ea( to bp equiangular. 

Therefore, by theor- XIV. 
M3 : CD : : CD ! AD 
AB:BC:;BC:BD- 
AB : AC : : AC : AD- 




COROLLARY. 

Beciiufe the angle in a feaii-drcle is a n^t-r 

• 13. 3. angle ', it follows, that, if from aoy pc^nt C, in 

the pajphery of a femi-ciniic ACB, a peraendi- 

cular CD be let fall upon ^ diameter AB, an4 

from the fame point C, to the extfemitiet of that 

diameter, two chords CAi CB be drawn; thelquare 

of that perpendicular will be equal to a is^aF^e 

under the two - fegment$ cf -the distmeter } and 

the fqijare of each chord, equal to a reftangle 

under the ^^hote diameter and its adjacent fegmenc : 

■' for, becaufe of the above proportions, we have 

. CD* = BD X AD, BC* = AB X BD, aD4 Ap = 

416.4. ^ABxAP, 

THEOREM XX: 

}f, tnjimilar tria^Us (ABC, EFG) from m^ 
(*o eqt^al angles (ACB, EGF) rt the oppojite _fiiieu 
izvo rigbt-Un^s (CD, GH) ht drawn^ making equal 
angles with the hgmobgous fides (CB, GF)l j thpjk 
'right-Unes will have the'. fame ratio as the fides (AE(, 
,^r) on which they fdlU and shiU qlfo divi4e theft 
fides jjroportienalfy. ' - ■ 

* D,r,i^=d-,Google 
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For, the mangles At)C, EttG, and BDC, FHG 
(as well IS the wirfa ABC, EFG) being equi- 
angular % ' Hjrp. 
thence is • AB : EF (: : AC : EG) : : CD : GH i ' "^ 4- 
and AD:EH(;:bfc:HG) ::BD:FH. "^'^ 



THEOREM XXI. 

If iit two trimfks (ABC, ABD) bimni imjtii 
( ABj camimn to hvtb, from tori point H in thatji^, 
two Urns CHF, HG) rcffcHrnil] fariilkl lo two 
contiguous fidts (BC, BD) te irmm, to Itrminau 
in tbg titSo tmmtdng fidts (AC, AD) j thofe linn 
(HF, HG) wiU kme the fame ratio as tU Mti 
(BC, |BD) J» tMch thg ariparaUtl. 

For, AB:AH::BC 
:HF', and AB: AH:: 
BD : HG ■ i therefore, 
by eqiialhy, BC : HF ., 
: : BD : HG ; whence, -^ 
alternately, BC : BD : ; 
HF, HG'. 

COROLLARY. 
Hence, if BC = BD, then alfo will HF = HC, 
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EJemetits of Geometry* 

THEOREM XXII. 

Ift at awy two feints (F, G) in two lines (AB, ' 
AC) Pieetitig each etba-y.tm perpendituhrs (FD, 
GD) be ereliedy fo as to meet each ether ; the difiance 
{ AP) of their cencBurfe from that of thep-opefed lines, 
will be tb_ the dijiattce (FG) ef the two points them- 
J^iiy in the ratio ef one of the faid Hnes (AC) 
/? a perpendicular {Q%) falling from the sxtftme 
tbeteef ^on ibe ether (AB). 

Let FD be produced to meet AC in H, 

- Sincii the angles AFD 

and AGD are right - 

onei 'i the drcumfe- 

rence of a circle will 

pafi thro* all. the four 

points A, F, DjG'i 

and fo the angles GFD, ' 

GAD, ftanding on the Jifi^ 
^ fame fubtenfc GD, will . ' - . 

be equal * ; and conlcquehtly the triangles AHD, 

FHG equiangular' : thereJforc AD : FG : : AH : 
i.HF«::AC:CE. 

, THEORfe'M xixiIL 

If thro' anyfoint (P) in a triangle (ABC) three 
right-lines (AE, BF, CD) be drawn, from the an- 
gular points to cut the opp^te fides^ the foments 
(AD, fib) of arq me fide (ABywill he to each 
ether, as the reffangles ( AF x CE, BE x CF) under 
tbefegmenti of the other ^des taken alternately. 
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Let GCHte pandltl 
Tto AB, and -let AE and 
BF be produced to meet' 
it in H and G. 

It is fnanirefl, that tlie 
trianglcj FBA, FCG i 
EAB, EHC i APB, ^ 
GPH,are equiangular^: 

Tlicrefore AF: CF ; : AB: CG', 
CE:BE::CH:AB'. 

Wlicoce AF x CE : CF X BE : : CH X AB : CG 
xAB>:iCH:CG'i butCH:CG : ; AD:BD-i' 11.4. 
(ncfSiiK, Ijy eaoality.-AFx.CE: CF x BE ::?•♦• 
AD:iBP. , ,. ■. . , . i' . ! ; ,. "■■•■ 

'. .; : ;*,)C:PSOtllARY.' •■■. 

• Hence, if at) ^ BD, tlicii kifo will AF x CE 
= CF X BE, and thcfefore AP ; CF,: : BE : CE ■. ■ 10. 4; 

TrHE;OREt(i jcxiy. ; ; 

forlu>i tevxediitiiifri as t^: flares, {AKtEM)^<!f '• ' 
Ibeir kmolegfiti jUts. 

Upon AB and 
EF let fall the 
perpendiculars 
CD and GH, 
and let iht dia- 
gonals BI, FL 
be drawn. 

Becaufe ABC : ABI : : CD : AI (AB) • : : GH : » • I. * 
EF (EL) : : EFG : EFL " 1 therefore, alternately, ' "■ ■(• 
ABC:EFG:: ABI : EFL'T : AK : EM'. '^'^,, 

THEO- toa.a. 
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THEOREM XXV. 

rria^Ta (ABCDEF) hrdug au mtU (A) 4.1 
Ibt ene, Kfolte mt ai%lt (D) in tht tlltr, <r< « 1 
llx rmic cj tht riamgUi (AC k AB, PF x DE) am- 
' tthild miier thi/ida intln&ll tbiijiul sitiltt. 




Upon AB rad DE, let btl the perptudiailat 

CPandFQ. Then ACx AB : CPx AB :: AC: 

•7-4- CP'::DF:FCt.'::DF i DE : FQx DE'i 

■ it,*; whence, altenately, AC x AB : DF x DE ; : CP 

JT ■ xABiFQxDE::triangIeABC:triaiigleDEF'. 

COROLLARY. 

Hence, if the K^ttngles of the iidc*. containing 

the equal angles, be equal, or the lidei tbemfelves 

;io.4. reciprocally proponiooal ', the triangles will he 

equal. The ianie aflb holds in parallektgrain], 

bein^ the doiibles of foch trianglesr 
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THEOREM XXVI. 

' ^lljimharright-lmdjisiiris (ABCDE,FGHIK) 
S>rf in propcrtion to mt amthtr as thefijimjis ^ t^eir 
fksmoUgeitsJidet (AB, ¥G), 



9» 




Prw the right-linn BE, BD, GK,<3L 

BecaufeA=F, andAB: AE::FG:FK', the'Drf-i*. 
triangles BAE, GFK arc equiangular' i therefore, "^ ^• 
if from AED ^ FKI ", there be taken AEB ="S-4- 
FKG, the remainders BED, GKI will alfo be equal '. ■ Ax. s- 
Wherefore, fmce ED : KI (: : E A : KF •) ; : EB "f '• 
; KG ', the triang^ EBD, KGI are likcwUe ^clui- * 14. 4* 
ai^iar '. In the iame manner it will appear, that 
DfiC, IGH are alfa equiangular. 

Therefore, becaufc ABE : GFK (: : • BE" : GK') ■ 14. 4. 
: : BED : GKI (: : • BD' : GI-) : : ' BDC : GIH, 
it is evident, that the fum of all the antecedents 
(ABCDE) is to the fum of all the confequents 
(FGHIK) as the lirft antecedent ABE is to the 
lilft confequent GFK ^ or as AB* to ■ FG* j vihich * Cor. to 
vtas toil demon^ratt4, ^- 4- 



THEO. 
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THEOREM XXVII. 
If thru risbt-lims (AB, DE, PQ) art frofx^ 
Umit, Ibi riihllimil JIgwt (ABC) iifo. lii Jlr/lM 
mil it IS frtperliim It Ibi fimlar, and fiml^fy di\ 
firiliid, fiHTt (DEF) nlht fiomi, as Ibt frjt limt 
(AB) It Ibi tbiri (PQ). ' ' \ 

For, AB : PO 
: : AB- : AB X 
PQ- ('DE'): 
ABt:DEF*. 



Mid 10. 



/s 
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COROLLARY. 
Hence, limilar right-lined figures, treinthedu- 
'■ plicate titioof their homologous fidei '. 

THEOREM XXVIII. 
1! fm rigbt-Um! (AB, CD, EF, GH) i, pro- 
ftrlinul, Ibi T^bl-liMdJigarctdifmbtdMpmi tbm, 
bring likt, <md in Hit fart Jiliult, fitll M hi tri- 
ptrlimd (ABI : CDK ; : EM : GO). 



For,ABI:CDK 0:IAB'CD' 
:EM:GO'. 



FCi H 

:EF":GH-') 
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THEORK.M XXIX.. 

Kf upon the three Jides ef a right-angled triangle 

IbC) ar-maii) right-lined fguris (CD, BE, BF) 

fke, and alike Jituate. te defcribed. that (CD) upon 

mhe hjpbthamfe (AC) vtill be eipid to both the other 

\wo (%%%¥) taken together. 



For, BE : BF : : AB- 
^ : • BC* i therefore (by com- 
poficion) BE + BF : BE 
::AB'+BC'(="AC') 
: AB':iCD:BE'i and 
conrequently BE + BF 
= CD". 




^ht End of the Fourth Bmk. 
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PROBLEM I. 

FROM the gfeater 
(AB) of two unequal 
lines CAB, CD) te 
tut off', or take awaj a 
part (A£) equd to the 
» k^r (CD). 

From A as a center^ 

with a raiKtn cqnsl ta 

CD, let the circumference 

» Prf. 3. of a circle be defcribed ', 

! Ax. X. cutting ^ AB in E J and the tlmg u done. 

PROBLEM n. 

Jlt a groen pint (A) t» tm^t line (AB) epul 
fa a given line (CD). 
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C . D ' Draw the widcfioice 

A ■ — ■ F fine AF ■ » ft»m wMch « Poft. i, 

B take wmj AB wCD*i ^ "^ *. 

Wani the thing is ^ne. '■ S- 

PROBLEM in. 

Jit a pven peintiA) in trt i^mtt r^ht-Uiu^ (PQJ 
r t» ereS a perpendicular. 

In the line pro- 

|)oundcd, take 
two equal dif- 
taiices AC. and , , ^ 

the centenC \ A/ J JSf: 

aiKJDSwkhany \ \y ^ . 

equal radii great- 
er than AC (or AD), l€t,two drclci EMR and FN$ 
bcdefcribed { which will cut each other: and,if from 
the ptnnt B of their imerfe&ion, you draw BA, 
the thing is done. 

For, let the pqints R, E, and F, S, be ihofe 
wherein the in^pMe Ij^nc PQ^ mtcrfeas the circum- 
ferences of th<Ptwo circles EMR and FNS •• : -then '■ Ax. *. 
AF being rf FD - (or CR ') "3 AR S and AS c * Hyp. 
DS " (or CE ') c- AE % the point F falls within, 
and the poinc S without the circle. EMR % and i(> 
the two circles cut each other'. If i&cceforQ, frojo "^IW. ti.. 
the point of inter!fedion, BC and BD be wawn i , ?f ^l. 
then the triangle CBD being ifofcejcs", the angles a„dDcf 
BCD, BDC at the bale thereof^ wUl be equd'; ^.o£il 
and fo, CA being = AD ^ apd CB =. BD ", t^c ' 04/^ "» 
. vglq CAB is alfcr = DAB\ ' ' ^ ^^"^ 

• 'Ax. 10, 

■ Otherwifs. 

nr„i",i-,Goo(^le 
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Elements of. GeofHetry. 



Otherwife. 



From any point 
D above the line 




ing PQ in £ ' ; draw the diameter EDB, «nd alfo 
BA'i Hicn the angle EAB, bring in the femi- 
circle EAB \ is a right-angle ; which wot to he 
dene. 

COROLLARY. 

From the former of the& conftrut^ions it ap< 
pears, that, if from any two pdnts, with two 
equal radii, greater, each, than half the diftance of 
thofe points, two circles be defcribed ; thofe circles 
will cut each other. 

PROBLEM IV. 

From a given point (A) upon an infinite rigbt'Unt 
(PQ) to kt fall a perpendicular {AS). 

From the given point 
A,, *s a center, let art 
arch of a circle be de- 
fcribed, fo as to pafs be- 
low PQt iirtd Interfax it 
in MairaN; from which p.; 
points, with any equal 
radii, greater than half 
MN> let two other 
arches be alfo defcribed, 4 
and from the point of 

fhdr 
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Boat tie Fifth. 

rs interfedion C^ let the right-line CBA^ be 
firtwn i which will be perpendicular to PQ^ 
For, let AM, AN, CM, and CN be drawn; 
■ tlien AM being = AN", and MC = NC", the- 
anrie AMB is = ANB ", and CMB = CNB " i, 
and confcquendy AMC = ANC ^ : whence, (as 
AM = AN, and MC = NC) the triangles AMC, 
ANC arc equal in all rcfpedts * ; and fo, the angle ' 
MAB being = NAB, the angle MBA is liltewife ^ 
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= NBA' 



SJ. I. 

01/. ml 

Ax. lo. 

Ax. 4. 

•Ax. 10, 



The fame atheranfe. 




-Q 



' ■ From any point C 

in the line PQ, as a 

center, let the cir- 
■ cumftrenceof acircle 
" be defaibed thro' the 

given point As in- 

icrfeaingPQ^inD'i 

and from the center 

D, with.a radius equal 

to the diftance of the pcunts A and D, let another 

circle jbEb tiealfo defcribed, cutting die former 

ADE in E i~ then draw ABE for the perpendicular 

required. 
. For, conceiving right-lines to be drawn from 

C and Dj to A and E, the triangles ACE, ADE 

will he both of them ifofceles " ; and fo the dcmon- 

ftration is the fame with that of the preccdiqg 

method. ■ "^ 

PROBLEM V. 

Te tifeS,^ or divide into noo equal partJt an;/ given 
': T^ht-^ined angle {^hQ),-^ 
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In tht Vats cont&in- 

inj; the given angle, • 
.•1:5. trfteAC = ADVi iDd 

opon the centers C and 

D, with any equal ra- 
dii, let two drdas be 
f Fkft. s- dKfcribQd ^ fo « «o 

imerfddt eadi other •, 

and from the point of 

interledion £ draw EA, and the thing is dcnei 
•Poft. I. For, let CI>, CE, and DE be drawn '; then, 
' ^^''jS^V thc.trianglcs ACD and ECD beingboth ifcfceles % 
« o?i;*« a^ei* ACD will be = AJOq and ECD == 
<Ax!io. EDC'i and confequcntly the wliole angle ACE 
kAjc.*. = the whole angle ADE^j whence (AC beiqg 

= AD, and EC = ED), the angle CAE is a^ 

^ the angle DAE '. 



PROBLEM VI. 

To hifeU a given rigbf-iim (AB^. 

Pfom 'the exiremes 
Af'B, olf the ^ven lino, 
V/i<Ai equal radu, de- 
fcribe two- ci|-oteSt §0 as 
"to Cut each other 'i and 
'bbtween Ifhe two points 
of intetiefliondraw CD^ 
■Ciitlirig -AB in £ j W 
the thing is doat. 

For, if AC. AD, BC«na BD be drawn, the 
triangles AC*B, ADB beit^ ifofcelea'^ thence is 
the wigle CAB tn GBA", and DAB ^ t©A ' 1 
and confequcntly CAD.ii= CBD": whence <he 
triangles ACD and BCD are equal in all rcfpedb' ; 
and io the angle ACE,being = BCE, AC = BC, 
And C£ comaioo, tbMce is A£ alfo = BE '. 

COROlr 
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• Poft. 3. 
sod Cor. 
to 3. of 



k Confc . 
andDef. 
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. Book xbe Fifth,- 

COROi.LA,RY, . , 
"Hence,' it is maniftft, that CD Jiot only bife^s 
AB, tiiK 4S alio pcrpendiciibr Co it ". ' 

PROBLEM VH. 

Frjm-^pven point (A) in a given ri^bt-line (A<},), 
' fo^rawa line (AK) v^iihfthallmake with the former 
«s 9'^kt ^e^ual to an angle ffvm (HBG). 

In BG and ' AQ_ take two 
equai diflaticcs BC, AD " j and 
at C and D ereift tihe two 
perpendiculars CI and DF to 
"BG and fta'j ^nd in DF 
take DfE cqud to the parte©-" 
of the ibnTier, intercepted by 
the lines containing -^e'^^n 
angle HBG •• j theix thro' E 
draw AEK % *Wit/i4»f )u 

SCHOLIUM. 
Havit^, . in the &ycn prqn^g pioblcntSt ^e£ked 
and dcmonftraied, by means of the axioms enljfy what-, 
ever was affumcd in the fourth poftulate, .as barely ; 
peJJ^lt ; we are now authorifed, by the moll rigid 
laws of geometrical reasoning, to make ufe of any 
theorem or conclufion, whatlbcver, derived in the 
preceding books, in virtue of thofe. aGlimptionS} 
by which the procefs and refult can be rendered the 
nioft obvious and eli^ble.->- Accordingly, by having 
recourfe here to Xheorcm XIV. of the firft book, 
we fbalt be able to arrive at a conftniAion of the 
lafl: problem, better adapted to pradice than that 
above laid down. 
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' Ax. 10. 
andDe£ 
S-ofi. 
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Frorn the centers A and 

, ^ B, at any eq6al diftanccs 

' AD, BF, lee two arcs of 

, . circles, FC, DR, be dc- 

•Poij. fcribed ', interi"«aing the 

raven lines in D* F, and ^ 
:^ C ; alfo from D, with a ^ 
radius equal to the diftance 
of ihc points F, C,' let 
another circular arcJipErbC; 
- ilcferiWd, cutting the for- ^_^ 
mer<I)R, in E ; ttjen draw A 
AEK; atid the thing is dme. , . ,. 
.; .: 1 ;-. For, conceiving right-lines to be drawn from 
V to C, and from D to E, the triangles BFC and 
-"At^ will be equilateral to each other, ^ confiruC' 
■14.. I. tioTtf and therefore/ equiaJagiilar alfo'- 

,*. ■ - ;■ PROBLEM VIJK. ^ 




r % 



To defcriht a triangle^ wbofe three fides 'fi>aU 'it 
tfod to three given lines "( A , ff, C) j provided airf fttw 
'■■'of ibtntitaien iogttber, bt-grtattr than the tBncd. 




• j.5. Make FG = B ", and from the centers F and 
<• Gf with the interMli,' or diftanccs A and C, lee 
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Bcok the Fiftk '■ \ xat 

itwo circles DKL, HKL be defcribed's which 'Pofl-* 
' will cue each other ; and, if from' che point of 
,interfedlion K, the lines KF and KG be drawn, 
then will FKG be the triangte required. 

■ For, the diftanee FG of the two centers,- is Icfs 
than the fum of the radii A and C ; .and greater'' Ax^ ft- 1* 
than their difference (bccaufe B + A being zr C %.* I^yp< 
thence is B c~ C — A') ; therefore the two circles^ ^ 
cat each other ' 1 confcquently FK = A, FG =i B, ^\ ' 
and GK = C ". 

P R O B L E M IX. 

fbrottgh .a given point, (A), to draw a right-lint 
(RS) parallel to a given rigbt-line fPQ). 

At any point B In 
the -given line, make 
BC equal to the ditlance 
of the points' A and 
•B ' i and from the cen- 
ters AandC, with an p v, ,, ^■ 
interval equal to CB, let ^ "^ ^ ^ 
twocirclcsbcdefcribed*, * Poft. 3. 
then, thro* their inceriwftjon D, lee th« line RS be 
drawn, and the (king is done. 

Let AB, and AC be drawn «. It is plain that • poft. i. 
the two circles will cut each other ', bccaufe the ' 9. 3. 
fum of their fcmi-diameters (= AB + BC •) isiConftr. 
greater than AC ^ : therefore, if ADS and CD be i- 19. i. 
alio drawn, then Mil AB r; BC = CD = DA ',' Ax. 1. 
and therefore RS .parallel to ■PQ^\ 'aj. i. 

Tbefam etberwife. 

From A, to any point in PQ, draw AB ' } make > Poft. i. 
the angle SAB = FBA -"i and then AS .will be " 7- S- 
parallel to PQ^'. ^ •».,. 

H3 PRO- 
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*<?3 Elements of Geometry* 

PROBLEM X. 

Vponagiven line {KB) U> difcrihe a fiuare (ABCD). 

Make AC perpendicular, 
*5* 5- «n^ and equal, to AB ' ; and from 
*■ 5- the centers B and C, let two 
circles, with the radius AB 
or AC, be dcfcribed ', inter- 
le£ting each other ^ in D } 
from which point draw DB 
and DC, am the thing h 
A>ne. 

For, all the four fides being equal, by conffruC' 
tion, the 6gure is a parallelogram ' } ana therefore, 
the angle A being a right-angle ', the other three 
will be all right-angles ', and ACDB a fquare '. 

'• SCHOLIUM. 

Bjr the fame method a rectangle may be dt* 
fcribed, the fides thereof being giten. , 

PROBLEM XI. 

Ti Mvide s given liiu (,hR) iwto atty profofid mm' 
her 9f equal parls. 



From the extremes . 
of the ^ven. line 
AB, draw two inde- 
finite lines AP, BQ^ 
parallel to each o* 
th^ ■ ; in each of -A' 
which lines let time 
be o^en as many 
equal drltancei AM, 
MN,NO,OC( B»iQ^ 
«ffj nm, AM, (of any 
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B<ft?k the Fffik ; .igj 

Bgth at pleafurc) as you would have AB (Jiwded 
^to'i then draw Mm, Ns* Oo, tncerlo^tiDg AB * i.5< 
a E, F, G, and the thing U dene. 

For, MN and mn telng equal and parsmd '» ". Conflr. 
FN will be paralfel to EM ' j and in the famc^^f'-'- 
manner will GO be parallel to FN : thercfoft, 
AM, MN, NO, &?f. being all equ4 % A4 ^x 
FG, will likewife be equal ". " Co^. (, , 

^ ■ va'tj.u 

irhe fam otberw'tfe. ^ 

■ In apy rj^t'line 
AP drawn m>m A, 
take as many equal 
diftanccs(AM,MN, 
_ NO) wantinr one, 

as you would have . 

AB divided into ; -*- 

then, having drawn 

the indefinite line 

OBQ, in it take an 

equal number of parts or dlftances OBi BC, CD, 

each of the lengtti of OB, and lat DN be ^rawo, 

cuttii^ AB in G ; make GF, F£» «ach equal to 

BG, and tie thing is done. 

Fori if AD and BN be drawn, they wpl be 
paiallel ' (bccaufc OA : ON : : OD : OB *) i and • Cot. y, 
fo, the triangles BNG, ADG, being cqut^ngular % ',»■ 4' 
it will be BG : AG : :.BN : AD * : : ON : OA '- , t"*^" 
Therefcre »G is the (aijie part of AG, as ON is t j, 
ofOA. '1^4- 

I 
PROBLEM Xir. 
To two given lines (A'Rt BC) tt JSad 4 t^4-^9r 
portienal. 
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From any potDt 
At draw two in- 
definite lines AP, 
AQ; in which 
take hb = AB, 
Ac = BC, and 
*D=BC'idraw 
hc^ and parallel 
to he, draw DE \ 
cutting AQ inEj then cEwill be the third- 
proportional requited: for, hb fABl : At (BC) 
:: to CBC):<-E». ' ■ 

PROBLEM XIII. 

To <ir« ghx* Urns (AB, AC, BD) to /»i < 
feurlb-proportisttal. ' 

Having drawn AP 
and AQ, as in the J^ 
preceding problem, A 
take therein A^ == b 
AB, Ac = AC, and 
iD = BD ' 5 draw . 
hCy arid parallel to > 
it, draw DJi ', inter- ^ 
fefling AQ^in Ei ^ 
then is cE the fourth Jrroportional rtquirtd. 
for, Ah (AB) : Ac (AC) : : ba (BD) : cE-. 

PROBLEM XIV. 

Bilwtm twogivm Km (AB, BC) lafnda man- 
profarlienaL 
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Fin the IndeBnite line 
RP, take A* = AB, 

J'and iC—BC " i bi- 

ffea AC id E", and 
from the center E, at 
the diftance of £A, 
or EC, let a femi- 
drcle ADC be de- r- 

fcribed ' ; ereft *D "^ -"^ . , 

perpendicuUr to AC, cutting the circumferencci 
in D i then jvill ^D be the mean-proportional re- 
quired. 

For, A4 (AB) : JD : : *D : iC (BC) ■. 

PROBLEM XVv 

To divide a^ivmlim (AC) into two parts {AB, 
BC) having the fame proportion as two given lines 
(AM, AN). -. ■ 

From A drav AD, making 
ariy angle with AB ; in which 
take A« = AM, and mn = 
MN ■ ! draw «C, and «iB /if 
parallel thereto ', meeting 
AC in B. Then will AB : 
BC::AM(AM):m»'(MN). 
Which was to he done. 



rot.]. 

J-S- 




PROBLEM XVI. 
Te add a line (BC) to a Hue given (AB), fi that ■ 
the whole compounded line (AC) Jhall he in prcfortion 
It the f$rt addedt as one given line (AN) it to ano- 
ther (MN). 



FiDm 
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, - - . King 

cny an^ with BA ; in whicn 
.takcA»=AN'i »nd»»i=; M' 
.KM i dfxw ffiB, uid »C pa- A 
raltel theitto % meeting AB 
produced, in C : then will 
AC: EC:: An (AN) mm' 
(MN;. >md> mi It It 
aone, 

PROBLEM XVU. 
9ff ifiwi/f tf^fvra line (AB) ijtfo twofuc^ f4rt$ 
(AC, BQ l&u ;i> riOmllt <maiui mdir Ibm, 
fijall it emiat tt tht Tt£i angle under tv!t given linu 
(PM, MN) i fravUid thai tbegivm re&angle is not 
frltntr Aan lit fjiun tf lulf lit liMt (AB) u tt 
iiwdtd. 

Between PM 
and MN take 
a mean-propoi 
tional M(i.' , j-f^ 
make BD per- 



'AC OCBSM N 



■Hy,. 



19.4. 
•Hyp. 
and lb. 



pcndiculaf to AB, and eqind to MQ,; bifed AS 
in O •, from which, m a center, let a ftmi-circle' 
be deicribed % and draw DE parallel to BA K 
which (becauTe BD is teia than the radius *) wlU 
tacxx. the circle ih fome point £ ; from which, 
upon AB let fall the perpendicular EC : fo Ihair 
ACxBC«*EC*s=DB* (=QM') = PM x 
MN '. m>icb was ttk dptu, 

PROBLEM XVilL 
?0 a given line (AB) tt add another Jbu (BCX 
fucb, that the reSiaagU wider the whale compounded 
line (AC) and the part added, JhaU be equal to a 
.rM3m£le under two given lines (^M, MN). ' 

Between 
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itwcenPMandMN 

t a mcan-proporlio- 
RS ' I make BD 
trpendicular to A6S 
6id equal to RS'-, bifcS 
^B in O ', diaw OD, 

1 take OC=0D": 

hallACxBC^PM Hh 
f%MHt as was to be dom. 

For, if thro' A and B, from the center O, the 
circumference of l circle be defcribed, cutting 
DO in E, and E, C be joined v then, the triangles 
OCE, ODB (having OE = OB, OC =OD',«ConOr. 
and the angle £OB commoii) vill be equal in all 
refpefts ' ; and fo, EC .being a * tangent t» th4' Ax. io.~ 
circle in E, we have • AC x BC = Cf = • BD" "^i J- 
= RS'=PMxMN'. j"-," 

PROBLEM XIX. 'li'i- 

To dtvitie a giVin. lint (BH) intt) two fach parts, 
' ibu the fqvart of tin otto X^C) jhaU ie e^itat to the ' 
rtttaugle under the otiir (CH) and a fecend gtveet 
Hue (AB).. ' 



Taking B A in the lame 
ftrail line withBH, between 
thetn let a mean-piopor- 
tioilal BD be found * } bi- 
feaABinO'i drawOD, 
and make OC = OD s fo A 
(hall BC» -CH» ABj 
as was to be dsite. v ' 

For, by the demonflration of the precedent, 
AC X BC (= CE- = BD") = AB X BH i from each 
of which taking ai^ly aB x BC, there remains 
BO = ABxCH:. 

; COROL- 




iif.' 
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COROLLARY. 

If AB = BH, then mil BC* = BH X CH ?, 

, ' which cafe the line BH is faid to be divided 4 
cording to extreme and meJui-proportion. 

PROBLEM XX. 

In a ghett circle, to appfyf or infcnke a tine (ABJ 
equal ta a given line (Cb), Iffs than the diameter e; 
the circle. 

From any pdnt A in 
the drcumference, with 

the radius CE, letacircu- 
« Port. 3. lar arch mn be defcribcd % 
■•9. 3. cutting the given circle in 

B ■ ; then draw AB, and the 
• Def. 3 J. thing is done '. 
"^ at I. 

PROBLEM XXr. 

To draw a tat^eitt to a ghen circle (C) thrt* • 
given point (A). 








CasE'I. If the given point be in the circum- 
ference ) then, to the center C, draw AC, ^^ 
, perpendicular to AC 'draw BAD i which wUi touch 
the circle « A", 

. ' CasbM. 
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Easi IL If the point A be without the circum- 
encc; then draw AC, which biied in P^t and* 6. 5. 
Cm the center F, at the diftaocc of AP, or CP, 
;t a fcmi-drclc AEC be defcribed % cutting the • Ppfi. j. 
I^ven circle in £' ^ then draw AED, which will be' 9* 3- 
Fthe tangent »quir^* ; becaufe (C£ being drawn) * 6. 3. 
f AEC is a right-angle ^ * »3- i- 

PROBLEM XXIL 



Upon a given line (PQ) ta defcribe afegmna of a 
ir<rZf(PEQ) ■ ■"" 

ar^U (BACJ. 



oTcU (PEQ) to contain an angle (£) e^utSta agivm 
ACJ. ' 




Make AD perjicn- _ _ 

dicular to AB » j alfo E \ * 3- S- 

roakcPQp,andQPO. 
.-each, equal to DAC" 
(the difference 'be- 
. tween the givep angle 
,and a right one) i.- 
then upon the piMnt 
of intcrfcdUon O, as 
a center, at the;dif- 

tance of OP (or OQ), let a circle be dcTcribed % 
and the thing is done. 

For the angi)^ E = right-angle -|- W3 ' = » 16, 3. 
DAB + DAC^ =: BAG. » Conflr. 

SCHOLIUM. 
In the fame manner the problem may be con- 
ftru£ted, when the given angle is acute; only the ' 
lines PO, QO moft then be drawn on the other 
£de of (PQ) as is manifeft from the 16th theorem 
of the 5d book. - - 



PRO: 
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Let XTf twofideit 

A£aadAC,be'|»ifao 

ted by two perpcndi- 
'fi-S- culars DF and kPS^ 
^ which wiir in&rfdS 

.each other id the center 

.{f^ of the required 

• Proof of cirde ' i from whence 

*9- 3- the circle may be dc- 
fcribed. 

SCHO 

■: . ■ By the feme cncthodj 
circle may >bc defcribei 
points, not fimafC in 

from hence, the center oi »• uituk irny vcjuuih 
by having a lament of -the circle given. ■ 

, . PROBLEM XXIV*. 

TV infcrihe a circU in a 'given firiongle (ABC), 

Bifcftanytwo 
of the angles, A 
and B, by th« 
_Bn(» »AD and 

* $.$• .H> *, meeting 

each other in Pi 
.'jnake DE per- 
' pendicular to 
•4.5. AB'i then, if 
from the center 
_JP, Bt<he diftance of DE, a circle be defcribed, it 
will touch all the fides of the triangle. 

Fob, 
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jFor, Iet-DG«idDF be pcgwadkular to AC 
Rd BC ' i then Ac rrianglcs ADE, ADG, having ' ^ S- 
no at^s equii) each to nch <by cooflru^on) 
Kand AD comtaoo, wilt not oafy be «quiai%pilu: \ ^ ^^- '- 
*■ but alfo have DE = DG '. By the fame argu- , J" "; '• 
mcnt DE ^ DF ; therefore the circumference of 
the circle alfo piSsi through G and F * -, but it ' Def. 33. 
touches the fides of the triangle in thofe points '» , 5^ '* 
' bccaufc G and F arc right-angles ". , C^jr. 

/PROBLEM XXV. 

In agivvH drck{AFB) U defaibt a triangle^ eqtdr 
angular te a given iriat^U ,(PQR). 

From the cenier C, 

<diaw die xadii CAt — 
- CE, CB, making the ^ 

angles ACE ardfiCE /\ 

equal, each, to the / , \ ^^ 

anaJcR'i jcwi A, B, p Q, 

aad make the angle 
;ABF=:.(>',andirom 

the point F, where BF cuts the circle, dnw FA j 

Ho mall AFB be the triaijglc required. 
.For, ABF = Q^% f ^= ACE ') = R ■ * and « Coafr, 

eonfequcfltly BAF = P *. * ^ 5- 

Conflr. 
« C«. I. 

»TO. I. 




PJIO- 
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PROBLEM ^XXVr. 

About a gives circle (O), to defirike a tria 
. eqtaai^ular ta a given triangle ( ABCJ, 




Produce out the fide AB both ways i and draw 
the radii OP, OR, GQ, fo as to make the angle 

• 7. ;. . f OR ■= EBC, and POQ = DAC • j then draw 

three right-lines to touch the circle in the points 
^2i-S« P. Qand K\.' and the thing is done,- ■ 

■ ''- ' For, if PQ be dt'awn, the angles' SQP and SPQ, 
'Axi. 1.*'" ^ '^'"s than the two right-angles SQO and 

ande.j.SPO'i.and. fo P? and QS, ttot being parallels % 

* Cor. j_- they will meet each". other * -,- therefore, as the like 
to^. i. jjjjy (jg inferred with regard to PT and .RT, fcfc. 

■ cof .to i^ " manifeft that the three tangents form a triangle 
■ (.1" STH. Now, POR + T being = two righc- 

.' Cm. J. angles ' - ABC + EBC % and POR = EBC ' j 
^ toii.i-thencewill T = ABC : and» by the fame argu- 
"t conftr, °^'="''' S = ^AC i whence alfo H = C. 

PROBLEM XXVII. 
In a circle given (ABCD) to infmbe a fquare. 

^Draw two diameters AC and BD perpendicular 
kj.j. ■'-^o'ea^h other *i then draw AB, BC, CD andDAj 
fo (hall ABCD be a fquare inferred in the circle. 

For, 
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iFor, the angles AOB, 
JDC, DOCand'DOA 
llswellasThe fidesOA, 
DB, OC, op, contaiD- 
^ing them) being equal', 
the oppofite fides AB, aP 
BC, CD. DA 5viil like- ^ 
wife be equal ^ : and the 
angles ABC, BCD.CDA, 
DAB, are all of them 
right-angl^ ', and there- 
'iofe «e equal. 

/ SCHOLIUM. 
If two other dUmcters ac-, hd be drawn (hy 
froh.^.)^k»(eet the angles AOB, BOC, a regular 
ocftagon KdQhQcDd may be infcrlbed in the circle. 
And if all the angles ac the center O, be :^ain tu- 
fcfted, a regular polygon of fixteen fides, may in like 
.manner be dcLermined; and lb on, ac pleafure. 

: PROBLEM XXVIIL 

In. a circle ^ven (ABGE) to in/criit « regiij^ 
feni»£p». 

At the center O, upon 
the diameter .FG, cre^^ - 
the perpendicular OB", 
meeting the circutnfe- A 
rence in B j divide OG 
in H (^ proh. iQ.) fo 
thatOH»=GHxO(;; 
tkui3yt^eOR^;Of, 
and JiH m.diftiAB; 
ThBndrai<i:JBHt which 
ttiU:he -equal CO tbe.fiide.Df ifaepcBC9||oo''i frotn* iS. i. 
'Wfaou^ithe figiae itfelf .any .be dcioitod. uai.^. 

'■:: i I ' SGHO" 
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Elements of Geometry. 
SCHOLIUM. 
Hence a regular decagon may be infcribed ig 
dw circle j the fide thcreot being = OH *. 
PROBLEM XXIX. 
In a eirck giveny to iiifirik a regular hexagon 
(ABCDEF). , 

From tjw extremes 
of any diameter AD, 
apply AB, AF. DC, 
and DE equal, each, to 
the radius AG ' j then 
join B, C, and E, F v 
and the thing is done. 

For, if the radii OB, 
OC, OE.OFbedrawni 
the triangles A'OB and 

DOC, being equilateral ', will alfo have the an- 
gle OAB = DOC*i whence AB is parallel (as 
welt as equal) to OC * ■, and confequently BC and 
AO are Hkewite eqi^al, and parallel': There- 
fore, feeing; the wian^es AOB, EOC, COD, fci'r. 
are equilateral, and alike in all refpcAs t not only 
the fides, but alfo the angles ABC, BCD, He. of 
•the hexagqp, will be equal among themfclvcs '. 

COROLLARY. 
Hpnce it appears^ that the fide of a regular 
heicagop, ii)fcribcd in a circle, is eqv.al to the 
Jemi-diameter^ .or .radius. • 

" SCHOLIUM, 

Bcfidej the figurp^^ confttu£tcd in the -fircwding 
problcma, ftftd thofe arifinafrom thence by con- 
tinual bifcftions, or taking the differences, ho other 
regular polygcn can be d^ibcd, from ariy known 
xax:t\i(Ai pvrefy geanc^rieek by roeaQ«cif.iri^»frlitws 
and circles onlr. 
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p:. PROBLEM XXX. 

E/^»/ a given cireU lo defcribe a regular polygon, . 

_.y ^ the fame number of ftdti W}tb a regular puygon < 

g '(ABCDEF) inferred in the circle. 

From the center O, ^ A 

to the angles of the in* 
fcribed polygon, draw 
OA,OB,OC,yf.and 
perpendicular thereto V/l 
draw PAQ, QBR, 
RCS'. fcftf. interfer- 
ing "in P,Q,R,S,T, 
v., fo (hall PQRSTV 
be the polygon that 
W4S to be defcribed. 

For, by taking away the equal "angles OAF," 
OAB, OBA, OBC, ^c. from the equal (right^ 
angles OAF, OAQ, OBQ, OBR, fcfc. the re- 
mainders FAP, BAQj ABQj CBR, tfc. will alfo . 
appear to be equal " : therefore the triangles FAP, * Aat.^, i. 
ABQ, BRC, Qc. (havinc alfo FA = 'AB =: BC, 
^c.) are equal in all re^£b'i and fo the angles t.i^. i, 
•p, Qj R, i^£. as well ai the fides PQ, QR, KS, 
C^c. *re equal among themfelves*. ■ "Ax.4. 1. 

PROBLEM XXXI. 

^tty two circles (ACE, ace) being given, to dtfcrOe 
a polygon in, or about the one (ace) thatfiall be finals 
to any polygon defcribed in^ or about the other (ACE). 

Firft, having drawn ^ ^ / 

the radii OA, OB, fc?fi jR /%. /J\ 
totheanglesofthejpven (/ \/ \i^v , 
4nfc.polyg.ABCDEFs 
make, at the center «, 
^ angle aeb := AOQ, t*" 
ioc == BOC % tff . Then, the chords 'ah, hc^ cd, &c. " 7. j. 
t>eingdrawn, I fay, the polygon n^ft^will be fimi- 
la Uf 
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ti6 ■ Ekfkenti, of. G^a^netry. 

lar to ihe g^ven- ooe ABCDEF. For, the triang 
»Cor. I. AOB, aob', BOC'Aor-, Sic. being equiangular^T 
to lo. I. angles ABC, dhe mull alfo be 6qual ''i and •" AB : 

•"ax "'I*'^- '■ °* • ^^\ ■ ■ ^^ ■' *^- ^"'*^ *"*""*= manner, the othei^' 

* j/i. " correfponding angles a'rtf equal, and 'the fides con- 

taining chcm proportional : Therefore the two po- 
*1W. 14. lygons arc amil2r%- 
^ Again, hiring 

drawn the radii 4-/ 

OA»OB,OC,£#f. ^ ^ 

to x!tM prants of ^ 

conta^l of the ^ven yV 

circumfcribing po- 
lygon PQRS TU i 

draw likewife die radii 02, 1 
» 7. J. the angle «* — AOB. hoc = BGC', &c. pcrpeodi- 
» J. 5. cular to wMch » draw ^j, jr, «, &c. fo Ihall tncjx)- 

^gon ^j/v be fimilar to the given one PQRSTU. 

f br, ihe angles OAQ, OBQ', oaq^ ehj, being ^1 
» Ax. 7. 1 . equal •■, and AOB alfo = aa^ '» the remaining angles 
,'<>*r, AQB, dqi of the two quadriiiterals AOBQ, aeij 
k I,. ,, muft be equal *i as muft likewtfe their halves OQB, 
, and Alt. «yi (f6r the ri^t*anglcd triangles OAQ, OBQ, 
S- ■ haviag OA =;OB, and OQ common, ha^^e aib 
'i«.i: OQA = OQB'). lathe feme manner is ORB = 
- erl>. Sec. whwce,, the triangles POQ, poq ; QOR, 
■ 14. 4- qor, &c. being equiangular,!! FoUows"that PQj/? 

('.:OQiaf)::G^:qr: Atid fo ef the reft. There- 
"Def. 14- fore PQRSTU indpqrstv arefimilar". 

* 'COR OLLARY. , . , 

It appears frotn hertce, that the fimUar ihfcribed 
polygons, as well as the circumfctilHng ones, are io 
proportion, as the fquares of the radii of thcjr re- 
fpedUve circles. For, in the foriper cafe, AO*:,ao*;: 

• '4' 4- 'AB': ai* : : ' ABCDEF : ai'cd^^izad^ in ihe'Iatter, 

fzLi^^ttv . ■_ ■ r.;,. . ; ,„. ^ ; , 

_.^ The End of til Fifj^ Bo9K. 
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BOOK VI. 



PROBLEM L 

^0 makt a future equal to eghtn re^angk (ABCD).] 

IN one fiile AB, of' 
the waapgre, ■jwo- 
duccd, take BE = 
the other fide BC i.bifeft 
A^ in O " ( and. from Ji^ _ 
the center O* at .;thc 
diftance of OA, or OE, D L 
let a femi-cirde AFE be 
.dcfcrjbed ;, aiid let'CB bp produced to meet the 
cif^mference thereof ih F : thena fquare dcfcribed 
on BF {iy ro. e.) will be equal to the given hCor.«» 
tcAanglc ABCD >. 19.4- 




E'S.j. 



I3 PRO- 
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ii8 ^kments of Geomettyi. 

PRpBLEftl- If. 

Ta make o f^jUtre epuJ to tht fi(m ^ Mu j 

Jqaara. " ' ■ 

Let AB and PC be 

the nd^ of the two £^ven A.- 

fquares. ^ B - 

Draw tffo indefinite^ t5- 

Uiics BP, BQt at right- 
' )■ 5: angles to each other * } iq 

which take BA = BA, 

BC=:BC,andjpin A,Ci p . ^ / 

thpo a fquare • defcribea A ■ E 

on AC (ly 10. s-) will 

be equal to the (am of the t«o Iquatt^ <lcff^m 
*»■»• ^ponABandBC^ 

SCHOLIUM. 

In the &me manner a fquare npay beniade equal 
to the turn pf three, or nior^ given fquares : fo^ 
if Afi, JBC. CE be taken a^ the fides of the given 
fquares, then, by making BH ;p AC, BE == CE, 
and drawing EH> it is evident that a ^uare iipoti 
EH will be' equal to the lum of the three fqtfarcs 
Wpott AB, BC, and CE -, or that, EH' = BH» 
^A9')-f BE'=:AB» + ItC\4;CE». - 

.PROBLEM in. ,; , 
j To maif a ^uare e^ te the ^fferoue ^ ^ , 

■'.-. ■ pwA^^^-^ i'" ' " ■' ' ' " 
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Bo^ the Sixth. 
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t AB and BC (taken 
J the fame ftraifUne) be 
Iqoal to the fides ' of the 
\ two ^ven fquaies. 

Upon the center B^ with 
the radius BA, let a circle ' 
be defcribed, and make C£ 
perpendicular toBC, meeting the circumferentt'j. ;. 
thereof in £ : fb ihdl a fquare deferibed on C£ 
(hyio-S-) be equal to BE' (fiA'}— 'BO. fCor.w 

*. «• 
PROBLEM IV. 
Ttf make a trianik equal to a given quaMIatersl 
(ABCD). . 

Draw the diagonal AC, 
ilfo draw D£ parallel to 
AC ', meetiog BA {pro- 
duced in E, ' and join 
CE i tbeit will the triangle 
■BCE -= thc^ven quadri- 
lateral ABCD. , 

For, the triangles ACE, 
-ACD, being upon the 
fame bafe AC, and between the fame parallels AC 
and ED, are equal ^} therefore, if ABC be added » Cor. t, 
to each, then alfo will BC£ ss ABCD '. «>' >. I > 




u 



PRO- 



T,Goo(^le 



jao 



fSti: 



•Cor. I. 
fox. a. 

£Ax.4.i. 
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Etemenis of Geotnetry^ 

PROBLENIV. 

TV rHttke a triangle eauai- t» d tiven ptntag^ 
(ABCDE). * •»" 6/^6 

Draw DA and DB, 
and alfo EH and CF 
parallel lo them *; 
meeting AB pro- 
duced, in H - and F \ 
then draw DH and 
DFi fo Mi the .,. 
triangle DHF = the ^ "^^^ 
pentagon ABCDE. 

For the triangle DHA is = DEA ', aiidDFB 
= DCB ' ; therefore DHF (= DHA + DAB + 
DEB = DEA + DAB + DCB) - ABCDE \. 

PROBLEM VI. 

Upon a ghm Uae (EF)« t$ make a reffau^lt ejuai 
to a given triangle (ABC). 

Thro* C, the 
vertex of the iri- ^ 
angle, draw KN 
pandleltothebafe 
AB"; andbifea 
AB with the per- 
pendicular LQ% ^ jf' 
meeting KN in 
K} alio draw BP 

perpcndicutar to AB % interfefting KN in I i then 
iri AB, produced, take BM = EF, and draw 
MIQ. cutting LQ^ia;Q_; draw Qp and MO, 
parallel to AM and LQ^*, ' meeting each other 
la O : then will INOP be the reftii'igle required. 
For.. 




■,Goo(^le 




• BM the iSixtS, 

Toe, it; jsevidcpt; th« L]f,' lO.ind LO are all 
iangics ' ; tjiertfore IN =i BM ' is EF ', and * 

' The fame o^ftronft. 
From the vertex - >*P 

C, upon the bale 
AB, let fat! thtf 
perpendicular CD'(: __ 
mike EH peif>ttJ- A 
dJcular[oEF?,ahd-',. : -■ ■ ": ? 

equal to a fouRh>-jtfoportional to zEF, AB, and' 
CD ' : then- the rectangle EG contained under EF ' 
■ and EH wilt b«i equal cd tli6 ttiirnle ABC. 
- For, fince, by conftru^on',' fliEF : AB : ,: CD i. 
EH, thereforeis aEF x EHx^ AB x CD% and' 
confeqocmly EFxEHi3.iABxCD=ABC\ .' 

SCHOLIUM. 
By dther of the two preceding methods, a pa^ 
«^lle^9g^ani living a ^Ven angle may be de- 
f^fibed, upon a given line, equal to a given tri-. 
angle -, if, inftcad of MBP, MLQj or BDC, FEH 
being right- angles, you make them all equal to the 
angle given : the reft of the conilru£iion being 
the fame. 

PROBLEM VII. 

Vpm a given line (AB) to defcribe a reSlangU 
ijuaf to a givpi r^ht-Uned fgure (tQRSj. , 



C«. to 
24.1. . 
H- '- 

Cbnftr. 



IC 




45- 

13' S- 



10.4. 
Cor. 3. 
to 3.a> 



Let the given 
&gui:e be divided 
into triang. PQR, C 
PRS ; and upon' 
the ^ven line AB a >. n 

f by the DFecedcnt) ^ o V 

let a re&angle ABIX^, equal to the triangle FQR, 
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122 EUttunH of GioffHtrj, 

he d^fcribed » alla.upoD CD make the re&i^ 
COFE equil to tbe bangle PRS : fo fhall ABE^ 
which' i» a re^ngte (bccaufe both ACE, a 
^ ': 1- 6DE are cononued right^lines ^) be = FQR -f>l 
.' J^3-, PRS* = EQRSi wki0 vmto hJme. 

SCHOLIUM. 

When the figure girai has not more than lir^ 
£des> the conftruftion will be mqre eafy, bjr firft, 
finding a triangle equal to it (ly prei. 4. er 5.)' 
vnd then making a reoangle equal to that triai^, 
But if the figure b« » imnan^ the eaCeft way of, 
oU, will be to take a, fourtn-pnwoctional BF (o 
the ^ven line AB and the two fidea PQ^ and PS 
cf ihe given rectangle (iy 13. 5)1 which fourth- 
' proportional will be che altitutu of the re&aag^» 
rcqnired. For, fince AB : PQ_ : : PS : BF (iji. 
Qmjir.) therefore (iy 10.4.) ABxBFssPQxPS. 

PROB^eM VIH. 

' To defcrihe a reSangle equal to the /urn, or diftretufi 
tf fafp given r^bt'^d figures. ■■ ■ '• 

■ Let the two 
^*crv figurei bu 
ABN and P. 

By the prfce- 
dcnt, let two rec- . 
tangles AD and 
AF, refpcdHrely 
equal to ABN and 
P, be defcribed, 
on the fame, or different fides of AB, according 
as the difference, or fum, of the two figures Uf 
required : then will the redangle CF be equal to, 
tAx. 4,wthat fuip or difference'. 
S'h , COROl** 
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{^d}(^ two IfUCB having the iame ratio with 
two given right-lined $gui«9, are determined : fol 



Ac : A£ : : AD 

PROBLEM TX. 
^niM (ABCDF), 



!7f 



70 >»fijt« « /ffKir« eqtial to am mbt-Htui figure 



Uppn AB dcr 

firibe a reftaiigle 
AE «]ual,to ABC 
PF ■ i then make 
a fquare BH equa) 
to that rectangle ^, 
fitdtbet^ilgudime. 



.»7.'6. 
»i.6. 



SCHOLIUM. 

, After the fame manner (fromfroh. 8.) a fquare 
"piay be defcribed equal to the Turn, or difiereac^ 
(}f any two ^ven rjght-ljned figures. 



PRO- 
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iif Elements ifGearHetry. 

PROBLEM X. 
. tt itfmk afiurl (FGHIK) tmal, mi firiba'^ 
<» ii giva righi-litti if «.< t ABCCE). . 




■..J. 



; Ai. Id. 
I. 

f Ax. 4-1 



■ Drf. 14, 



Draw AC and AD, and aIfo.FG equal to AB' j 
make the angle GFH = BAC*, HFI =CAD, 
'and IFK = DAE ' i likcwifc make FH =; AC, 
FI = AD, and FK = AE ' -, then draw GH, pi, 
IK. and KFt tifd the thing is diHe. ■ 

For, fince the triangle FGH = ABC ' and 
FHI = ACD ', lie 1 therefore is the whole po- 
lygon FGHIK, aifo, equal to the whole polygon 
ABCDE". :.'; <■': ■ .; .; 

Moreover, thpfc equal trianglss bein^ alfo tsqui- 
angular ', it iS liianifeft, that G = B, GHl = BCD", 
HIK = ODE, and fo on ■, therefore, FG being alfo 
= AB, GH = BC, HI = CD ', iii. the two 
polygons ABCDE, FGHIK are fimilar to each 
other ". 

SCHOLIUM. 
The figure FGHIK may be otherwife con- 
ftrii^ted, by making the triangles FGH, FHI, &?f. 
tefpcf^vely equilateral to ABC, ACD, lie. as is 
evident from 14. 1. and Ax. 4. 



PRO- 



D,o,i,7?d-,Google 



BoA Ae SixtL. 



PROBLEM; XL' 



tti 



^•'Vpm a given Unt (AB) ft dtfirihe a fyttre 
^ ABCDE) Jmiiar to s fi«» right -laud figtre ' 
' (PQRST). 




DcT. 14: 
of 4- 



alio draw rs and st, ptraHel to RS and ST*« in- 
tciie^ng PS and PT in j and *i then upon AB, 
^ tht freceient, dcfcribe a polygon equal and 
fimilar to F^j/j and the thing is &ne. 

For, Zrxfi any angle BCD (gr j) of the polygon 
ABCDE, is equal to its corrdpondent QRS ' i > 
Ud alio CB (jr) : CD (rs) : : RQj RS ', there- 
fore the two polygons ABCDE, PQRST are like 
to each other '. ; 

SCHOLIUM. 

This lift problem may be otherwile conllru£lcd,' 
by making the triangles ABC, ACD, AD£ equi- 
angular to the triangles PQR, PRS, PST, re- 
fpeftivcly. 

For, then the angle BCD being = QRS, CDE 
= RST-, &c; andalfoBe:QR (: : AC : PR) . A1.4. «. 
: : CD ; RS ', i^e. the two polygons muil theivfore ' >4~- 4- 
be fimilar to each other ". " ^- '*■ 

FRO- 



ii6 



* 12. 'J. 



'.'f'l' 



Mlmhti of Gemitryi 

PROBLEM xn. 

*» iif&iii i ffitn, firMUr ft a Hthl-Umi ftlvf' 
thtu (PQRST), »iiVi /ball k Ic il h d j ' 
ratit of one right-line ti anetbet. 

In PQ (prodattti if n^- 
txl&ry) take F» to FQ M 
the g^ven ratio of die figui^ 
to.be defcribed to the figure . 
and, in the umc % 



One 



PQj take Pj equal to a 



mean-proportional between 
Fa and FQ ' i upon which 
(hy the frtcidmt) let Pjrjr, 
fimilar to PQRST, be de- 
fcribed, »nd the thimis done. 
For, fincc P»:P}:: Pj 
therefore P» : FQj " 




PjrrtiFQRSX'i 



PROBLEM Jtni. 

... n itfiriit a\fiuri that Jbalt it tqut it mi- 
rigtt-Smd fpn pmi (P)j md fimiltr ti nitiliif 
(ABCD)i 

Upon A B 

make the rcc« 

tangle ABFG 
!?.6. - ABCD -, 

and upon AG 

make the rec- 

ungle AGNE 

a= P ■ i in AB 

take AI equal 

to a mean-pto'- 

portional be* 

tween AB and 
•14.5. A£ • i and upon AI let AIKH be defcribed lllni- 

lat. 
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Buok the Sixtl. 
', ind alike fituatc. to ABCD *, mt lit lHv ' 
f dene. • 
For ABCD (AF) : P (AN) : : AB : AE' (: ; ' 
i" AB- : AB X AE- =' AI") : : ABCD : AIKH'i 
and thet^}re AIKH =i f . 

PROBLEM XIV. 

So dcfcriit M fgmjimhr It d ^<ia riihtUnt^ 
figuri (ABCD), iMih ]bdl be It autbtr givt* 
righl-lmidfiiure (P) inagmn rttit tf ime rigbl- 
Une (S) It amber (R). 



147 

■I.e. 



'26.4. 

Ax. 4.4. 




Make the rcOangle ABFG = ABCD', and dlei7.s. 
reflangle AGNE>= P'l alfo in AE,.prodaced, 
lake AQ.= a. fourtli-proportional to R, S and 
.AE*"! then, Jy Ibe prtcedetit, make AIKH fimi-kij.j. 
lar to ABCD, and equal to the rectangle AG x 
AQ : then will AIKH (AG x AQ) :1> (AG x 
AE') :: AQj AE»i:S;R'j mfcVi wis It h'Cmb. 
4mc. ' ? 7- 4- 



fie End tf Ibe Sixth Book. 
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BOOK VII. 



DEFINITIONS. 

'fi A Right-line is, fud to be perpendicular 
£\ to a plane> when it is perpendicular to 
X J^ all right-lines, that can 'be drawa in 
that plane^ from the point on which it infjfts. 

s. One plane is laid to be perpendicular to 
another, when all right-lines drawn in the one, ■ per- 
pendicular to the Common fedion, are perpen- 
dicular to the other. 

3. Parallel planes are thofe, which are every 
where equally diftant* the one from the other. 

4. A Solid is that, which has length, breadth, 
and chicknefs. 

5. Similar folids are fuch, as are bounded by 
.an equal number of fimilar planes. 

6. A Prirm 
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, Book the Seventh* 

e. A PHim is a folid, whereof 

u planes of the fides are parallelo* 

gramsj and v^hereof the two ends, or 

•Dppofiie bafes, are plane, reftilinear 

figures, parallel b each other. 



189 



7. A Parallelepipedoh fs d 
folid bounded by fik parallelo- 
grams, whereof the oppofite 
bnes are parallel, equal, and 
like to each bther. 

8. An upright prifni,or parallelepipedon,is thaiv 
Whereof the planes of th£ fides are perpoidkular 
to the plane of the bafe. 

9- A reftangular parol' 
idepipedon is that, whofe 
boiling places are all redl- 
angte^ and which fiand at 
right-angles one ro another. 

10. When all the bounding pli^ies 
aVe fquares, the pdrallelepipfaon \\ 
calkd a cube; 

11. A Pytlmid is a fo^ 
. liavwhofebafeisanyright- 

lined plane Bgure, and 

whofe lidc3 are ttianglesj 

having all thtir vertices 

United in a pointy above 

the bafe, called die vertex B 

trf the pyramid. Thus 

ABCLE reprcfents a pyramid, whofe vertex is A, 

and bafe BCLE. 

w K 12. A 
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Elements of GeomeirJ. 




12. A Cylinder (\Ked) is a 
folkl generated br the rotation 
of a rcftanglc ACfDB about ont 
of its fides AB, fuppofed at 
refti which quieicent fide AE 
is odled the axis of tiie cylin> 
der. d 



13. A Cone (ACr) is a 
foUd generattd by the rota- 
tion of a righc-angled tri- 
angle ABC about its per- 
pendicular AB, caliel the 
axis of the cone. 



14. A Sphere is a -fotid generated b; the rota* 
tion of a femi-drcle about its diameter. 

15. The Fruftum of a pyramid, or cone, is 
that part which reniains, when any part next the 
vertex, cut off. by a plane paiallel to the bafe, is 
taken away. 

16. The Altitude of a pyramid,, or prifm, is the 
perpendicular diftancc of the vertex, or upper plane 
thereof, from the plane of .the bafe. 

ly. Every re^angular pasallelepipedon isfaid to 
be contained under die three right-lines that are the 
length, breadth, and altitude .thereof. 

1 8. A Plane is faid to be extended (or to i»fs> by 
a right-line, when every part of the latter is placed 
in, or louched by, the former. 
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-4» A X I O M. 

Upright prifiiis (AjJcCBA, D^fc/FED) of the 
Kiune altiti^e, ftahding upon bafes (ABC, DEF) 
tqual and like to each other, arc themfelvesequal. 

To fee the evidence f 
of tins Ax^oM in the /f^ 
firof^ejt ligbtt eonceivea f \ ^ 
a right -Uned plane fi- 
gure PQR tt be form- 
ed, equal and like in all /^^ 
rejpe£tsto the bafes fiSCy A ^ 
I>EF ef tie two prifmsi 
upon wbicb, conceive tbepriftns to be placed^ one after 
another, fo that their bafes may coincide therewith : 
Then, becaufe the planes ef the fides ftand^ in both 
cafes-, -perpendicular to the plane of the bafe^ upon the 
fame lines PQ^ QR, PR, and are carried op to the 
farhe height, it isjnamfefi, that the hounds ef the two 
folidsy when thus placed, have the very fame pefition ; 
end, cenfequently, that thefolids themfehes, occupying 
(fucc^ffively) tie fame identical fpace, are equal the 
one to the other. 

A POSTULATE. 
That by any two right-lines (AB, AC) meeting 
in a point, a plane may be extended. 

In order the better to 
■comprehend the fenfe and 
dejign of this Poftulate, 
/(* a plane BDEC, ex- 
tended by the right- line 
joining the points B and C, 
be conceived to be revolved 
about upon that line, till it meets with, or takes in^ the 
point A i then, the plane includingy in that pefttion^ all 
K 2 the 
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23* Ekments of Gemetty. 

the thru points B, C, and A, it alfi includes, erj^ 
extended by, the right-lines AB, AC, ^Cjmning tboji 
points i which are in the fame plant with tbar «r-l 
tremes (iy Def. 6. i). 

Hence it appears, that, by atrf three points^ a plans 
may be extended ; and that all the three fides of avf 
right-lined triar^le, are in the fame plane. 

THEOREM I. 

ne cenmonfeBion of two plants (AB, Ct>) it a 
right-line. 

For, between the two ex- A 
trcme points E, F of the 
common fe£tion> lee a right- 



fcDef.6.i 
snd Ax. 
8.1. 



c 






/ 


/v 


/ 






B 



line EF be drawn'! then, that / 
.. line being in the plane AB'' ^ 
and alfo in the plane CD*, ''.. 
mull;, of confequence, be the commoo fe£tion of 
them both. 

THEOREM II. 

If a right-line (AB) he perpendicular to two other 
right-lines (CE, DF) cutting each ether, at the com- 
mon feBion (A), it will he perpendicular to the plane 
(CD£F) paj^i^ ly thofe two tines. 



Take ACi AD, AE, AF 
all equal to one another ; and, 
having joined CD, DE, EF, 
CF, let there be drawn thro* 
A, in the plane CDEF, any 
right-line GH, meeting CF 
and DE in G and H t and 
let BC, BG, BF, BD, BH, 
and BE be -alfo joined. 




Becaule 
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' Bccaufe AC = AE = AD = AF, and C AF s=* Conftr. 

_DAES therefore is CF=DES and the angleFCA" j-i. 
{orGCA) = DEA (or HEA); andfo,GACbcing'^-»*'- 
Jikewife =HAE'andAC=AE', ihencewiU AG 
= AH*andGC-HE. •ij.i. 

A^in, luice the right-angled triangles CAB, 
DAB, EAB, FAB have their bafes all equalSand'Hyp. 
the perpendicular AB common, their hypothenufes 
BC, BD, BE, BF will be equal too j and thtrefore, 
the triangles CBF, DEE being mutually equilateral, 
the angle FCB (or GCB) muft be = DEB (or 
HEB'); whence, GC being alfo = HE, and BC =« i+. i; 
BE, thence is BG = BH': Therefore, AG being 

, likewife (as is proved above)"= AH, and AB com- 
mon, the angles GAB, HAB are equal, and con- 
fequently righc-angles-\ In the fame manner, AB^ Def. 8. 
is perpendicular (o every other right-Ui»c drawn of'* 
thro* A in the plane CDEF j whkit was to he dc' ' Def, i. 
motf/irated*, "f?- 

COROLLARY. 
Hetice it will appear, that, if, one right-line 
(AB), meeting feveral others (AF, AE, &c.) in 
fix faine point (A), is perpendicular to them all; 
thefe laft mill be all in the fame -plane. Becaufe 
^t is impofTible for a right-line (Ab) drawn from 
A, outof the plane (FEDC) of the. two former 
jof thefe, to be perpendicular to AB; feeing the 
»ng)c BA.b is lefs, or greater, than a right -angle (or 
BAH*), according as AA is pofiicd above, or be-* 1.7. 
low the faid plane FEDC '. > Ax. 2. 1. 

THEOREM Iir. 

Jf thro* ary given pcini (A), in a plane given (BCD)t 
a line (CD) ke drawn, and perpendicular to that 
line, at the fame point {A), two other /(«ej (AB, AE) 
ke alfo drawn, (be one (AB) in the plane given 
(BCD), and the other in an^ other plane (CDEy 
Kg ?«#»£ 



13+ 



■Hyp. 




^le^tents of Oem^i^. 

f^gb^ ly tbejirfi tint (CD)-, tbetty I fgyt tbat\ 
ri^bt-Une (AF) drawn frem tht pyen pant (A), i 
nrift-Mgles to' the jirfi perpendicular <AB) in tB^m 
pUae (BAE) of ibe tviPy ' vsill Be perpetiditulat- to tte^ 
j^enplm (BCD) at the given point (A). 

ForCA being perpen- 
dicular both to AB arid 
A£% it wHl likcwile be; 
perpendicular to AF " j 
and fo FA, being per- 
pendicular to AB" fas' 
*cll as to CA) is alfo 
perpendicular tptheplane 
BCD. in which ABan^ 
CA are drawn". 

SCHOLIUM. 

In this laft Theorem, the manner of eret^g ^ 
perpendicular to a plane, at a point given, i^ 
indicated, and the confidence of the j£ry^i(i^»if/0n, 
of this book, evinced,/". / "r' ' ■ ' 



THEOREM IVv 

Two rigbt-lines (AB, CD), perpendicular, to tbi, 
fame plane (EF), are parallel tp eatb etber. 

Draw, in the plane EF, the 
right-line AD, and alfo DC per- ^ ^>. '^ " 
pendicular to AD i make DG = ''/"Tx 
AB, and let AG, BG, and BD jK 

be drawn. ' " ■ 

The triangles BAD, ADG, 
"Conftr. having AB = DG% AD com- 
'Def.1.7. jnori, and the angle BAD (== right-angle P) = 
'Ax. 1 0.1. ADG », will alfo have BD = AG^: Andfo.tbe. 
triangles BDG, BAG being mutually equilateraJ, 
' 14. 1, the angle 'BDG muft be = BAG = 'right-angle: 
' But the line CD (as well as BD and AD) Being per- 
jcndicular 



? 
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fendicular to DG', it is therefore in the fame 'Drf 1.7. 
|>Iane(CD AB) with BD ind AD 'j and confcqutntly, 'C«. » 
. ^as ths angles BAD, CDA are both right-ones ', it '* '' 
' puft be alfo parallel to BA '. ! ♦• »• 

COROLLARY. 

Hence It follows, that from the ^me^ven point, 
(6 one and the fame plane, more than one porpen- 
'^icular right-line canndt poflibly be drawn : Be- 
Caule all perpendiculars to the fame plane, arc pa- 
rallels ; but tines drawn from the fi^me point arp 
not parallel?. 

THEOREM V, 

If, e/twoparalleirigbt-rmesiABXP) ti>e<me(AB) 
p perpendicular to any plane (EF), the cibtr (CD) 
fiail alfo he perpendicular to thfame plane (EF). 

The conftniftiop pf DG, AG, ^ = c 

^c. being fuppoftd the feme here ^ '"' 
.M in the 'preceding Theorem ; }t /*. 
appnrs from thence, that ADG /AS. 
and BDG are both right-angles : 
And, becauje BD ia in the plane I 



A 



(S the propoled parallels BA^ 
CD *. the angle CDG is aUb a right-one % as is « 
Jptewlfc the angle CDA'. Therefore CD is per- 
pendicular to the plane ADG *. 

THEOREM VI. 

Jj^ a r-igbt-tine (PQ) heperpenMcular to a plane 
(AB), atry plane (ED) pajjtng by that Hntt will be 
Perpen^cular to tbefame plane (AB). 



Def.6.|. 

»-7- 



i)ef.i. 
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In the plane FD, ffon» E P 

•ny jpoint K, draw KI pert ^ 

pencTicular co the comiDon 

iaaionCD: Then, the an- \ 

gle piK being a right-ap- ^ 
TDcf.i.7.gIc = DQP% IK will be 
' 4, 1. p^allcl to PQ1% and there- 
*5. 7. forc- perpendicular tp the plane AR*. Bjrthe fam^i 

inference, all other eight-lines drawn in t^e plan(i 

ED, perpendicular to the common feflion Cp, arft 

alfo perpendicular to the plane AB. Thereforethf 
*. Drf. 2.7. plane ED iifclf is perpendicular to the plane AB '. 

COROLLARY 1, 

Hence it will awear, that the plane AB (acr 

cording to the fcnle M the definition) is perpen-:, 

dicular to the plane ED : For a right-line QR drawn 

in the former, perpendicular to the common fedloQ 

•Hyp-tnd CD, being alfo ' perpendicular to PQ, it * (and con- 

pef. 1.7. fequently the plane AB in whi£h it Vf) will be 

• 6 7' perpendicular to the plane ED \ ' " 

COROLLARY II. 

Hence it alfo appears, that a line ftandi^g at 

right-angles to one of two perpendicular planes at 

any point (I) in the common feiftion (CD), muft be 

in the oiher plane: For the line IK; in" the plane 

ED, is perpendicular to the plane AB j bcfides 

i^Fhich line, another perpendicular to Alp, from the 

' Cor. to famf poipt I, canqot be drawn '. 

4-7- "■ " 

THEOREM VII. 
Planes (EF, GH) to wbicb one and the fame right- 
line (ABJ (J perpmdiculary art pttralkl to each other. 
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Def. 24. 



J5off^ /(6e Seventh. 

From any point C, in the 
Bane EF, Ice CD be drawn 
Pparallcl to AB j which (fi5 

weij as AB) will be perpen- 

dicuUr to both the planes * \ 

and fo the angles A, B, C, 

D (when AC and BD am 
' joined) being all right-ones'', 

the figure ABDq (whereof the Oi^es AC, BD 

ate in the fame pj^ne with the parallels AB, 

CD ') will therefore be a reft^ngular parallelo- 

fram''j and confcquently CD =A6 ', By the 
cry fame argument, ail gthep perpendicujftrs, ter- 
minated t^ the two planes, are £:qual among thenir ■"*' '" 
fcives J which Vio's to be dmon^ratei". , ■ Def. 3. 

CQHOLLARY. 

Hence, all rigjij-liincs perpcpdicylir to one of two ■ 
parallel planes, are ^Ifo perpendicular to the other. ' 

SCHOLIUM. 

From the two laft Thporenis, the fenfe,and pro- 
priety of the twodefinitionj of perpendicuUr, and 
parallel planes* appear maniftft. 

THEOREM VIH. 

Bight-lines (AB, CD) parallel to one and tbefam 
right-line {KV), tbo' net in the- fanU plfmt with if, 
Mre alfofafaUel to each other. 

X^t GH and Gl be drawn \ jj 
perpendicular to EF, in the 
planes AF and ED of the pro- E • \G 
pofed parallels. Then ■■ mall 
GF be pcfpandicular to the *^ 
plane paffing by HGI •, and ■ *■ 

HB, ID will alfo be perpendicular to the fame o.^ 
plane % and therefore paralicl to each other '. ' 4. 7 
THEp- 

nr„i^=<i-,Got)'^le 



13? 



Ekmn$s ef Qeometrj^ 



THEOREM IX. 

If tVDO right-lines (AB, AC) meeting eaeb otber^ 
^e refpeSlivefy faralkl ta two ether right-lines (DE, 
PF) alfo pieetitig lack ether, and xct' heitig in t&« 
jpme flane with thm j the angles (^AC, EDF) f$n-. 
t^nea iy theff linest vnll ie equai 

Take AB, AC, DE, DF ^I fouaj A 
to each otli?r, and let BE, AD, CF, 
BC, EF be drawn. Then, AB and 
ED, as well as AC and DF, being 

~'~ ' "^wh! 



^lyp. and equal, and parallel ', BE and CF 
^Conftr. beboth equal, and parallel, to AD', 
■ " ' '■ and therefore equal, and parallel, to 
*Ax.i. each other') wlwnce BC is alfo e^al 
•^^- ?• to EF'v and fo, the triangles ABC, E 

DEF being mutually equilateral, the 
' 14. \. angles BAC, EDF are lifcewife equal '. 



lAJ 



THEOREM X. - 

Ift-m right-lines (AB, AC) meeting each otlur, i$ . 
refpeaively paraltei to two ether right-lines (DE, DP) 
alfo mteting each other t and not ieing in the fame plane 
tnue than, the pkntl (BAC, EDF) extended hj lbo{e 
ffgejt miH he peraHelt. 

Let AG be perpendicular tfi 
the pUne BAC, mseting the A 
plane EDF in G ; inwhiqh laft 
plane, let GH antl GI be drawn 
parallel to ED and DF ■, and „' 
they will alfo be parallel to AB 
■ ». 7. and AC • 1 whence, feeing the 

• ConHr. angles GAB and GAC areTjoth right ', AGH and 

• s- 1. AGI muft likewife be right-aflglcs " i '■>" '"> AG 

bf'ng 
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Jng perpendicular to iht plane EDF ■ (as well as' *• ?• 
I BAG *), the two planes 9r? p«allcl to pach ' Ooafc 

THEOgiMXI. 
The femotn^ (EF, GH) maJe hy a ^ane ^FHG) 
. ^t'ting two pardlel pU^ei (AB, CD), are al/i farM- 
► i/, /itf tfOT X(? ;ic other, - " 



Let £0 and FH be 

drawn parallel to each other, 
in the pUne EFHG i alfq 
Jet EJ, FK be perpendicu- 
lar to the plane CD, and 1^ 
|0,KH bcJQipcd;^hen. 
EGbfliigpar^ltoFH^ 
and EI tf» FK*, the angle 
dEli8 = I^FK'i but flic 
angle EIG w alfo = FKH, being both right-an- 
gl<:i ' i and EI i( ^FK": Therefore EG wW be 
equal ' (as w^U as pati(]lel) to FH -, and cpnfe- 
^gcntly . EF lilwwifc parallel to G H ^ 




'9-7- 



iDcf.I.T.. 

■ Dcf.3.7. 



p 9 ^ O L L A R Y. 
''It app^s ^oifi hencf, that parallel lines, termi- 
nated by the fame pvallel planes* are equal' to 
each Qthef.' ' ' ' ■ ' 

THEOREM XK. 

Jft fr<m the two extremes of a rigbt'Une ( AB) car.- 
t^ttg a plane (CD), tvjo perpendicu}ars ( AF, BG) he 
drawn te the plane; the right-line'iFG) Joining the- 
pants where ihey meet the plane, will pap thr^ the 
point (E) in which the propofed line (AB) cuts the 
plane, fo as to he drtdded by it into two parts (F£, 
EG), having Jhe fame ratio to each ether as tbofe 
two perpaidicularj (AF, BGJ, 

' 'For, 
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'Hyp. 
• 4.7- 




Elements of Geometry, 

For* if AF be produced 

to /, the lines A/ and BG 

(which are both perpendicu- 
lar to the plane CD') will 

bQ parallel to eacli other * ; 

therefore AB and FG being 

both in the fame plane with 

thele parallels, in which their 
"D«f.6.i«tremea are pofited", they 

mull nece0iirily (as they are 

not themfelves parallels) in- 

terfeft each othor : And fo 
«^, ,, the alternate angles FA£,GBE being equal*, as 
f . ,1 well as the oppofitc ones FEA, GEA', thence will 
,,4.4,. FE; EG:; AF: BG^'j wbieh VfCt to h demn- 
■ Jiraud, 

COROLLARY; 
Hence, if in the plane CD, the tines FC» GD be 

madti paralld, the one to the other, and in them be 

taken F<i = FA, and Gb = QB -, then will the line 

{ab) joining the points fi ^nd by cytFO in the very 

fame point in which it is cut by AB. For, if ^ be 

-JCsken as, die interfe£Uon of o^ and FG, the trian- 

'1. andr^glo* <*Ff, Gf^ will be equiangular ' -, whence F# : 

Sfi. eG:: F<j(FA):'GA(OB)::FE:EG'. Ther*- 

' 14- 4* fore, feeing FG is divided in one and the fame ratio, 

* '* 7" both by e and E, thefe points roilft. neceflarily co- 

"Ax.z.andJncideS 

S-^4- ■ . ' 

THEOREM xm, 

Jf two fhnes ( AB, CD) cutting each others ha both 
-fsrptn^iular to a third plane (GH); their commnt 
.feliion will alfo be perftnditular. to the. fame plane 
(GH). - 



Fo?, 
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tmm the aitreme 
k F of the common fee- A 
let tbe t^t-line FE 
E ereSed pcrpcodicuUr to 
e plane GH : which line 
eing in both the pltnes 
fl.B, CDi, it muftnccefla- 
Irily be their comtnon fedtion. Therefore the com- 
PiDon ledion is perpendicular to the plane GH'. 

THEOREM XIV. 

If, from the angular fmnts (A, z)of two equal 
si)S^j(BAC,bac), two rigbt-litus (AD, ad) bedrawn^ 
or elevated on bigh, above tbe planes of tbe faid an- 
^lest fo as to form equal angles witb tbe lines frfi 
given, each to its eorre^n£nt (DAB = dab, DAC 
^dac), and iff from any points (M, qi) in tbofe 
ekvated lines, perpendiculars (MN, mnf be let fall 
ufmt tbe planes (BAC, bac) of tbe jirjl-mention'd an- 
gles i theje perpendiculars will be, in proportion^ as tbe 
parts (AM, am] of tbe elevated Unes included between 
tbem and tbe angular points (A^ 3.) ^Ji named. 

Make AD and ad equal iq each other t and in 
the planes ADB, ADC, adb^ adc, draw DE, DF, 
(/«, (^perpendicular to ADq^d A^i and from their 
inteneitions with AB, AC, db-, ac, draw EF and ef, 
meeting AN and an (produced) in G and f , and 
let D, G, and d, g be joined^ 
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to 6. 7. 
"ConOr. 
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142 k/mifft'n ojt Qeometfy-; 

■ Cooftr. tbt angles ADE, ADF beina both right-on^ 

* «• 7- not onlv the line AD*, but tEe plane ADG i 
*6.j. ttadcd by it, is pCTpendicuIir to the plane EDF*! 

But the fame plane ADG is alfo perpcnaicuUr to th^ ^ 
plane EAF ' : Therefore the common fedUon EF 

* I'S- 7- IS likew% perpendicular to die plane ADG ^ } and 

* I>ef.i.?.(ooo&quently the angle EGA a right-one'. By the 
very fatne argument, ega is a right-an^e. Now the 
triangles ADE, ade i ADF, e^ being equal in all 
irefpefts', and the angle EAF =eaf't the triangle* 

AEF, aef are alfo equal and alike <■ % and fo, the 
angle AEG being =: «^, EGA = egSt and AE = 
at, thence is AG z=i ag% and the angle DAG 
(MAN) = 'ddg (ffla»), bccaufe ADC, *f are both * 
right-angles'. Therefore MN : m» ; : AM : atn^. 

COROLLAltT. 

Hence the two perpendiculars' MN» tnn fubtend 
equal angles at the points (A, a) from whence the 
two elevated (or Inclining) lines arc drawn. 

THEOREf^ XV. 

If aayfolid (Ac), having a re8ilituer iafe (ABCB), 
vshereof /be planes ( Ab, Be, C'd, Ad) 0/ the fiiti are 
parallelograms^ be cut by a plane parallel to the hajty 
thefiaion (EFGH) -will he equaly tndfimilar to the 
baft. 

For,&e plane EFGH being paral- (• 
le! to ABCD% EF is therefore pa- 
rallel to AB * i and fo, AF being a 
' Dcf. 24. parallelogram \ EF is equal (as well 
^'^'' u parallel) to AB^ In die fame e 

* '^ '* manner is FG equal, and parallel to 

FG, y^. Whence alio the angle 

* a. 7. EFG is = the angle ABC * ; and fo 

of the reft. Therefore EFGH is 

both equilateral and equiangular to ABCD. 

COROL- 



-Hyp. 
« 1 1. 7. 



/_s 
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C0ROL,LARY. 

'£"" *= "PP"'"'" l^fra of a prifm aic equal 
finuUr (as well as parallel) to each other. 

THEOREM XVI. 

; J/, frmmcsf ,ht ttipdar ftiMs (A) of tm m- 

t<iri{hQ)lbm icfcnhti, wilt i, , torJuiepiptd^. 

For AE, BF, CG, DH 
wng all parallel to each 
«hers AE and BF are in 
Oe fame plane', as ^^ ,jf 
AE amlbH, (£,.. There- 
tore, all thefe lines being ■ 
equal among themfelres, AF — 
AH,DG, andBG are paral-' -^ 




'Da:,.' 

of 7. 

COROL- 

r : ,G(Ki^le 
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COROLLARYi 
If the angle A of the parallelogram AC L 
fight-^oni^v and AE be ereoed pcrpefidicalarr col 
plane ACj then will the parallelepipedon be i 
re&angular one: -For, all the three contiguouj 
•HjTiand planes AC, AF, AH bctiig reftangular ", their op^ 
34- >• pofites will be reftangulstr likewHe <*: And fo, thJ 
' '^- 7- angles HGF, HGC being right-ones, H6 will b| 
1 2. 7. perpendicular to the plane GR^ ; and coAfequcntlyfl 
E>oth the planes EG and DG likewife' perpendiculUfl 
» 6. 7. to the plane BG '. And fo of the reft* 

SCHOLIUM. 
In this Theorem, a way to defcribe a parallet" 
epipedon of any given -dimenrions, is indicated f 
and the confiftence of the 7th and 9th definitions 
evinced. 

THEOREM XVII, 

ReftanguUr pdrallelepipedens (AG, ag) Jla»ding 
ttpon equal bafes ( AC, ac), 'uKd having equal tititudes 
(AE, ac), are equal- 

Let the redangles OK 
. ^and KL, equal and like ,/ 
v^ito the bafes AC and ac ^ 

of the two folids, be fo 

formed, that NK may be 

in the fame ftrait line ^ 

with KM; then (ball PK 

be alfo in the fame Ibrait 
!>•!■ line wich KI'; and the 

figures NI, PM, OL, 

formed by producing the 

fides of the two redan- 



«Cor.t 

34. I 



gles, will likewiTe be rectangles '. 
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l^ow, HK and QK being drawn, the triangle 
flK= IHK", PKQ=:MKQ\ and thcredangle- 24. ,. 
C = LK • J and confeqiiently (by the addition of* Hyp. 
|equals)OQKH = LQKH. Therefore, HKC^bc- 
ing a diagonal to the reftangleOL*, dividing it'z4.i.«ad 
into^two equal, and like triangles OQH, LQH% ■**■ ^• 
if upon thcfe, as bafes, two upr^t priitns be con- 
ceived to be erefted, of the fame common alti- 
tude (KA) with the propofed folids, thefc prifms 
will alfo be equal ^ But the former of thefc is com- ' Ax. i. f. 
pofed - of three prifms, on the bafes OFKN, NHK, ' Cor. to 
KPQ ; and the latter of three others, on KMLI, '8, 7. 
HIK, KMQ i whereof the fccond and third, in 
both ranks, are refpcftively equal ''. Therefore the 
remaining two, on the bafes OPKN, KMLI muft 
' alfo be ' equal. But the former of thefe is = ' Ax. 5. 
AG', and the latter = <7^ : Therefore, alio, is 

AGt=tf£». "Ax.!- 



THEOREM XVIII, 

Tft at the angular feints of any given right^litft,^ 
ftwff (ABCD), equal perpenditulars (Aa, Bb, Cc» 
Dd) he ereifed to the. plane thereof ^ and-tbe extremes 
cf thefe (a, b; b, c &?f.) he. joined; an upright prifm 
; (AabcdDCBA) on. the given hafe (ABCD) vjill 
thereby be formed. 



For, Aa, B^, Cc, Hd being 
all equal ^ and parallel *, it is 
evident thai AabBs B^cC^ i^c. 
are parallelograms '' ; and that 
the planes ofihefe arc alt per- 
pendicular to that of the bale 
ABCD • (fince A<j, B*, Ct are 
ib, by conftruftion). More- 
over it will appear, that abed p^ 
is one plane figure, parallel to 



^ 
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ABCD t fer, tine lines ac, AC (when Uy c and \ 
f *6. 1, are joined) being parallels'^ (as wdl as a*. J 

ad\ AD), the plaoe abc is, therefore, parallel 
» 10- 7- ABC » (or ABCD) ; and- acd h likewjfe parallcjl 

ABCD. But'K^c and acd are in one plaoe; be^ 

Cot. to caufe A« being perpendicular, to both of them '',■ 

tjJef'i.^. and' confequcntly to alllhe lines di, aCy ad; thcfej 

* Cor. to muA necei^ily be all in one '' plane, parallel caj 
^7; AJBCDj tvbuifwasto he danonftraud\ 
Pet. 6- 

COROLLARY. 

It appears from hence, that, if upon all the parts 
ABC, ACD, into which any reaUineal figure ABCD 
is divided, upright prifms (A^XB, A<3i:iDC) of 
the fame altitude be confticuted ; thefe prifnos wUl 
form one prifm, on the (whole) given bafe ABCD; 
ieoing that ahc and acd form one continued plane 

• 1%. 7. fuperficies abed "", parallel to ABCD. 

SCHOLIUM. 

After the fame way, a .prifm, any how inclining 
on the given bafi: ABCD, may be conftruSed ; by 

tiving to Atf the propofcd inclination, and then 
rawing B*, Cc, Dd parallel, and equal thereto. 
For Atf^B, B*fC, tJ'f. wHI (Jiill) be parallelograms': 
And, that atcd is one plane, parallel to ABCD, will 
alfo appear (in the fame manner) ; if a perpendicular 
from a to the plane ABCD, \x conceived to be 
drawn, 

THEOREM XIX. 

If, en tqua} hafes (ABC, PQRS), an upright trt- 
^ng^lar prifm, and d reSangular faraltelepipeden he 
^e£ie4, of the fame alliiude j the two folidsy tbem- 
fihss, vtH he equal. 

Let 
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B B P 



AMU 



'Hyp! 
'Cor. to 
18.7. 
l'Ax.24.1. 
* Ax. I. 7. 
^Ax. 4.1. 
' Ajt.3. I. 
' '7- 7- 



xt CD be pcrpcn- e 

blar to AB, aoa let 

i redtanglcs ADCE, 

DCF be completed t 

■ alfo let GH be drawn a 

parallel to AE, bifedl- 

ing- AB in Gi fo fliall ACHE = iABFE «• = 
ACB'zsPQRS". Now, the two prifms on ADC 
and BDC, into which, that on ABC may be di- 
vided % will be rcfpeftively equal to two others, 
on the equal and fimilar ' bafes AEC and BFC".: 
and conlequently the prifm on ACB = half the 
prifm on AEFB '' = half the two prifms on AGHE 
and BGHF ' = the prifin on AGHE = the prifm 
on^Pt^S*. 

THEOREM XX. . 
Every upright prifm (AaccA) is equal to a re3- 
ttngular parmelepipedtm (Fk) of egual hafe^ and al- 
titude. 

tetAC^cAD, 
ed be drawn ; and 
in the bafe FK of 
the parallelepipc- 
don,letHL,lM. 
be drawn parallel 
to FG, in fuch _ 
fort that the reft- -^ 
angles FH, HM, 

IN may be refpcdively equal to the triangles ABC, 
ACD, ADE " : Then alfo Ihall the prifm ( Aii^cCBA) ' ^ 6. 

' In tUt Thiertm, tht reprifintatiins ef ih frifm an nat df 
JcribtJ; hieaitfi a grttU mtdtipbcitj ef linti,iaiJ3 to produce itnfujktt 
is the mini of a Uarnir; i/peciaUy. lubere filids ta-i rUn/inltd. 
The /cheats, hfwt^er, way ht feriBed, at largi, fy tta/e •wha 
think fraftr ta do it : But tvny litlle ef tht Att^^ratiett 'will 

La «a 
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on ABC, be equal to the parallelepipedon (F^ 
1 19- 7- FH ' 1 and the prifm (AdfJDCA) on ACD, d 
to' the parallelepipedon (L() on LI'-, and col 
quently the whole prrfm (AaceA) on ABCDB 
equal to all the paralleleptpedons on FK, whicl|| 
form one parallelepipedon (Pi)-, becaufe L/, Mm ai 



to 6. 7. 



COROLLARY. 



Hence all upright prifms, having equal hafes, j 
and altitudes, are equal among themfelves. 
SCHOLIUM. 

In the very fame - manner, the segregate of any 
number of prifms, of one common altitude, will ap- 
pear to be equal to one fingle prifm, or paraiicJepi* 
pedon, of the fame altitude, whole bale is equa| 

to the fum of ail theirs. 

THEOREM XXI. 

ReBangular paralleleptpedons (Ac, Df) having 
equal altitudes (Aa, Dd) ari in the fame proportion 
as their bafes (AC, DF). 

Let the pro- / ( V^ S ^ ^ 

portion of the / ^ * 

bafeACtothe ^ - 
bafe DF, be 
that of any one 
number /»'(3) . ^ 
to any other ■"■ 
number «(2). 
Let AC be divided into m (?) equal parts (or refl- 
angles) AL, IM, KC (by dividing AD into that 
number of equal parts ", and drawing IL, KM pa- 
rallel to AS)" : And let DF be divided, in Hkc 
manner, fnto » (2) equal parts, or rectangles, DP, 
NF: Which parts, taken fingly, will be equal, ii 




'Hyp. and _ . ^ ^ . 

Ax. 8. 4. niagnitude, to thofe of the former divifion" ; and 
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iarallelepipedons upon them (A/, Iw, K>, Dp; 
will likewife be all equal ^ : Therefore the folid » 17. 7. 
sin proportion to the folid D/, as the number of 
s in Ac to the number of equal parts in D/', or' Ax. 8. 7, 
s the number of parts in AC to the number of equal 
f parts in DF, that is, as AC to DF'.— If the bafes - 
r are fuppofed to be incommenfurahk, the folids will 
\ ftill be in the fame ratio with them 1 as appears 
I from the reafonina laid down in the Scholium ta 
Tbe»r. VII. Book fV. \ which is equally applicable 
ia this ca&, 

THEOREM XXII. 

ReEiai^ular paralUlepipedons (Ac, Eg) fianding 
upon equal hafes (AC, EG_) have the fame ratio as 
their allituJes{Ai,Et). 

Lrt AO be / 
a parallelepipedon /, / 
on the bafc AC, 
whereof the alti- 
tude AM is equal ^ 
to that {Ee) of 
the parallelepipe- A 
don E^.- So Ihall 

the folid AO = the folid E^'. Biit (if Ah and ' 
AN be confidered as bafes) it will be Ar : AO (or 
E^J : : Ai : AN ' : : A J : AM " (or E() : which was ' 
to ie proved.- ■ 

COROLLARY. 

Hence, and from the preceding Theorem, it fol- 
lows, that all upright prifms are, alfo, as the bafes, 
when the altitudes are equal 1 and as the alritudcs, 
when the bafes are equal ; all fuch folids being (iy 
Theor. XX.) equal to reftangular parallclepipcdons 
of equal bafe and altitude. 

L3 THEO^ 
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• ti. 7. 

» 11. 7. 

•Ax. 4. 



THEOREM XXni. 

Upriebt prifnu and paraUsl^ipedmi (Ac, 
Vlhicb hfvt tbtir bafa and allitvdes reciprecaitf pro^ 
fcnioMl ( AC ; EG : : Ee : Aa), m (Jiui Id acb^ 
tibtr, 

■• Let AO bt a i, 
ptiim on the bafi: 
AC, wbttraf cbe 
alcicude AM is ^ 
equal to that (E») ^ 
ot the priitn Eg. 

ThenAO:*^:: J^ 
AC:EG-::E< " ' " 

(AM) :'Aa: : AO : ' Af i aiid coniequently E^ 
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THEOREM ICXIV. 

Similar upright prifms and paralltlep^dms (AG^ 
Bg) are, to one amtber, in the trifUc^e retii ef tkir 
dtftudti (A£^ ae). 

Having made AH 
= iV.ukeAE,AH, 
AI^AK in continued 
proportion ' i and let 
AM be a prifm tin n 
the bafe AC, whereof 
the altitude is AK. 
Then (becaufe of the 
'fimilar planes) it will 
> :be AC : « : : ^ AB* : <ii* : ; « AE" : «*» (AH») 
:: AH>:'AI*: : AH \ae): AK ' i and lb, tlai 
liafes and altitudes of the folids AM*. 0^ beit^ 
leciprocally proportional, the folids tbemf^ves are 
equal i. 
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j and therefore, AG i ag:i AG: AM ' : : ' *3' 7- 
: AK' : But the. ratio of AE to Alt is tri-'-*' '■ "* 
Jfate to ' that of AE to ' AH (or d(). There- k ^ ,_ 
KKydc. 'Dtf.j.af 

COROLLARY I. ■*■ 

Hence, cubes ar^ in the triplicate ratio of.tbd( 
Cdes, or altitudes. 

COROLLARY n. 

Hence, alfo, all fimilar upright-pri£ns, ore Vi 
one another, as the cubes of their altitudes; fiiice- 
both prifms and cubes, arc in Ha/ame triplicate rft: 
tio of the altitudes. 

THEOREM XXV. 
RiSangular paralltlepiptdonSy contained undtr ^ 
torre/ponding lines of three ranks of praportianaUt art 
tbemfehes proportionals. 

f AB:FG:: KL : OP, 
Iftn, ./< AC : HF : : MK : QO, 
IaD: FI: : KN:OR, 
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ihenjhall tbefoUd (Cc), contained under the three ja-^ 
antecedents^ he to that (Hh) contained under their 
three confequenti ; as the foUd (Mm) contained under 
the three other antecedents, is to that (Qa) contained 
under the three remaining con/equents. 
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Let Hr and Qj be panllelepipedons on die b1 
HI and .QR, of the {ame altitude with Cc : 
Mm, refpeaively. 
*i.7. Then fhall O : Hr : : bafe CD : bafe HI*i 

A^dMOT:Q£::bafcMN;ba^e(iR^ Butl 

the four bafes, becaule of the proportionality of 1 

*■■ 4- their lides, are themfelves proportionals ' : And fo, 

by equality, the ratio of Ce ro Hr, is the fame as 

the ratio of Mm to Qj. And the ratio of Hr to ■ 

Hb is likewife the fame as that of Qs to Q^ (be- 

- «. 7. caufe Hr : Hi : ; F/(AB) : FG" : : KL {Oo) : 

•Hyp. Op':: Qs: Qq"). Therefore (hall the ratio of 

Cc tp Hh, be aifo the fame, as the rado of M« 

'S'4- toQ5». 

COROLLARY. 

Hence, the cubes of four proportional lines ate 
^oportionaL 
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POSTULATES. 

HAT, of any two unequal magnitudes^ 
of the fame kind, the lets may be 



multiplied fo often, till ic 
greater. 

2. That, a right-line may be taken fo fmaU^ 
that the'fquare thereof fliall ije lefi than any fupcr^ 
ficies afligned. 

3. That, the circumference of a circle is greater 
than the perimeter (or the fum of all the fides) of 
any infcribed polygon; and Icfs than the perimeter 
of any polygon defcribcd about the drcle. 

^hat is required to he granted, in tie fecond of 
't tbefe three PeJiulaleSt might be effeBed and proved^ 
in form, hy means of the Firfi ; but being itfelf more 
vhvious (ifpoJfMe) than even that, // feemd ttnnecef- 
Jary to make it depend thereon, 
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LEMMA V. 
Jf from the greater iAQ) of two unequal magrt^ 
tudes (AQ, CD) there he Men the half (PQ), and 
from the remmnder { AP) be again taken the half (PO), . 
^fi on, eontimt^ly; there Jball at length he Irft a ' 
maemtude^ lefi than the leafi (CD) of the two magni- 
tgdes frft propotmded. 

TakcDE= O^ P o 

CD.EF=CD. rf '- ^— ^^ 

aod let this be g J j; p 
lb often done, ■ *■ ■■■■ tf* ■« — **-= ( 



till the mulu- 
• ftft. I. pic CF exceed AQ^'. Let the propofed bifedions 

of AQ, AP, fcff. be continued i;ill. the parts PQ, 

OP, AO beeqiial in nambcr to ^e parts EF, DE, 
fcHyp. CE. Now AP C4-AQ')-DiCF''TCE. And. 

in dK &fnt manfter, AO (^AP) -3 ^CE (CD) & 

tthiih was ta he ■done. 

SCHOLIUM. 

When the magnitudes ^vem (AQ^ CD) are 
H^glit-liries, a p'art, or meafure (AS) of the one, le& 

' 11. $. than the oCher, may be found at one' operation * % 
by taking AS the fame part of AQ, as CD is of 
CF'. For, the whole AO being lc6 than the 
whole CF *, the part AS wUT alfo be lels than tlw 

* Cor. I. +. part CDs 



, THEOREM L 

T^* p^gefts nuTj/ he formed-, the one »'«, the other 
^h^fiit agl'den eir^le, which pail differ lefs from eadb 
■dfhtr (tttid £6t^queHtfy front the circle itfeif) than ly 
■M^ t^K^ iH^heik CQ) Mwt^/er JmaS. 
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aTbeihe 
^ofafquare B, 
^ud to» orQ 
%is than Q^i 
f and ia the cir- 
;cle apriy A» 
t= TM and, 
having driiwn tf 
the two per- if 
peniKculardi- 
aoKters A£, 
CG, proceed by a CDnt'inual bife£H6n of dw ai^es 
at the center, till you arrive at an angle AOB lels 
than the angle AO» fubtcnded by A» • : InfcribeJy.j.wJ 
the regular '' polygon ABCDEFGH, by making the l<m. i. 
angles BOC, COD, &?c. equal to AOB: and let ^ '**• 
' another regular polygon QMNPRSTU, of the fame *' '* 
iiumBer <w fides, * be defcribed about the circle i ' 30. j. 
which will exc^ the infcribed one by a magnitude 
■ iefi than Q^ 

For, if ID any angle N of the greater, ON be 
dra:wn, it will bifed the fame S and will cut the^ie. 1; 
fide CD of the infcribed polygon at right- angles ''Cor. ta 
(in v) : And. fo, the triangles OCN, vCN being »!• 1. 
equiangular ", they (and confeqoently their dou- • ig. 4. 
bles OCNDO, CN D) will be in proportion to each 
. other, as " OC to Cv% br as • AE* to AB*. And • s+. 4. 
it is manifeft, that the whole ch-cumfcriUng poly-* >• 4< 
. gon COCND + ODPE 6?f.) muft be to its whole 
excefs (CKD + DPE fffc.) above the infcribed one, 
■ in the fame " proporrion of AE' to AB». But the 
iirft antecedent is lefs than the fetendy or than s 
fquare defcribed about the circle ' : Thoefore the p Ax. s. 
' firft eoH/equentiCm) + DPE ^f.) is alfo n ■■ AB» « z. 4. 
f3'A»*(T») TQ^ ' ' "• i- 

■ Other - 
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Otherah 
Let AIO be one quadrant 

of the propofed circle ; iind 
« 7. 6. on the radius OI, make ' the 

reftaoglc OMNI = iT', 

(T being as before) : Take 

OD a part of OA, lefe than 
■ Lem. OM'-, and, having made 

AB, BC, &?c. each = OD, 

draw AP.BFQ.CGR, DHS 
»3. ;. perpendicular" to AO,meet- 

ing the circumference in A, 

• g. 5. F, G, H 1 through which p 

draw PF/, QG«, RH», mee 
in P. Q, R : Join PQ, QF 
FG, GH, HI. TheB wi 
OAFGHl and OAPQRSI 
and the other -greater chan 
lefs- from each other, than 
quantity Q^ 
For, that the former OAFGHl is kfs than the 
TAx»2. quadrant, in which it is infcribed, is manifeft^: 
And, that the latter is greater than the quadrant, 
will alfo plainly appear ; feeing two fides A P, SI, 

• 6.3. only, touch the circumference''; all the reft PQ, 

QR, RS, falling wholly above it, as being fides of 
triangles PFQ, QGR, RHS formed out of the cir- 

• Conftr. cle '. Now the cxcefi of the polygon OAPQRSI 
and Ax.2- above OAFGHl, is compofed of the triangle PAF 

(— JODp/) and of all the parallelograms PFGQ, 
►Aj£.3. QGHR", RHIS {for they are fuch% becaufe PF 

- pjftr (AB), QG (BC) are equ^l, as well as parallel'). 
wTd 26:1. Therefore PFGa being = plmq % C^HR = 

• Cor. z. qmnli *, &?£. the faid excefs will confequendy be ■ 
^to 2. 2. ~ ^Dpl + ipSl " -^ ODSl •■ -3 OMNI (iTO 

M. I. --J ^Qi. latulr was to be done. — This laft con- 

- ^^" ftruftion is equally applicable to other curvilincal 

figures } the former is peculiar to the circle. 

COR 01^ 
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JFoIlows from hence, that a magnitude, whicl^ 
fcater than any polygon that can be defcribed 
Fand lefs than any polygon that can be formed 
fout a given circle, muft be equal to the circle 
elf : feeing that a polygon may be infcribcd,- 
fchtch (as well as that formed about the circle) 
thai! exceed any quantity lefs than the circle ,ilfelf, 
' e the ditFerence ever fo fmall ; and becaufe a po- 
/gon may be formed about the circle, which (as 
' well as that in the circle) fliall be lefs than any 
quantity that exceeds the circle. 

THEOREM II. 

Every circle (ACE) is eg«al to a re^angk (ORST) 
wwfcr the radiui thereof (OR) and a right-line (OT) 
t fid to half the circun^ertnce. 

It is evident, in the firft place, that the pro- 
pofed reftangle ORST is greater than any poly-. 




gon ABCDEF that cao be defcribed in the cir- 
cle : For, drawing OA, OB, &?c. and alfo Ov per- 
pendicular to AB i it is plain, th^t the triangle 
AOB Q'Qvx 4.AB) will be lefs than ' OA x 4AB " Cor. to 
(or OR X 4-AB) : And, in the fame manner, BOG ^- *■ 
"3 OR x-iBC, (£c. Confequently, the whole poly- ^''•'•"'xl 
gon ABCDEF is lefs than ^ OR x -^AB + OR x ^^ \ , 
tBC, l£c. that is', lefs than a redtangle (Ow)'s.3 
under OR and Of = half the perimeter ( AB + BC 
+ CD fcfc.) But this rcaangle(0«») is, itfclf, lefs 
thaa 
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than OS, becaufe Op (half the perimeter t 
polygon) IS lelt than OT " (half xm citcumfen 
of the circle). Cenieguently th« pojygw ABCE 
is le{3 than the tc^angle OS- 

But, fecondly, it will appear, th« the &m? re4 
at)^ ORST is kfs tfetai^ any pplygoo HIKLM^ 
that can be dofb-tljed abou^ the circle : For, i. 
QH, 01, fc?<. bfl joinfd, wl the radius Op bpl 
dra^D to chc poinE of conta^b of HI \ then will the j 

•Cor. ta trias^e HOI - "'OP x iHI (b> OR x iHI). I« " 
*• 2- th? vf ry fane isaoner lOK 5s OH x 4IK^» €#<■• 
a«d therefore tl« vhole pelygflB HIKLMN ?= 

•Ax.4. 1.- OR X iHI + OR ¥ ilK, £^f. SB <■ a reftangic 

' 5- *• (0») under OR and Oj =: half the perimeter (Hi 
-f IK + KL, &fcO i wWd» redanglc is, mani- 
f<(ftly. effat«r than Q3, fwee 0!?(s3 half the pe- 

« Poft. 5. ripioter rf (be pw^gon) i> grearw ihao OT^. 

Seeing, therefore, that tha rc£Uqg]f OS is greasar • 
th^ at); polygon that can be dc&ribcd in the qr- 
cl^, ^pd lets than any polygon that can be defcrihed 

' Cor. to about the circle j ic muft be ^quai to the circle '. 

1. 8. 

THEOREM m. 

All tirclaj (ACE, ace) are in propttrtion to (pu a»- 
etbert at the Jguares of their radii (AO*, ao*). 

iM. Q : circle ace : : AO' ao* ; Acn I fay, that 
<i = circle ACE. For, firft, it is evident that Q. 
ig gre^Bsr fhap any polygon ABCDEF that can bc' 
■t^5 K 
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fhii in the circle ACE : Becaufe, if another 
^on ahdef, fioiilar thcr^, ^ 'dcfcribcd in the ' 3i-5* 
JRe ace ; then will polyg. ABCDEF : polyg. 
Wdtfli: : ' AO' :«*):: Ci.: "eiiide acei where the * C«. to 
tft ccjtfequtut (polyg. aiaitf) bping Ws than the .^-S- 
Uecond (or, than the circle in which it is infcribcd ') , ^'^ . 
fit is manifeft, that the firft mueadent ABCDEF 
mult alfo be lefs than the fecond -Q^". '* i. 4. 

Id the fatne manner it wilt appear, that O is 
leis than any polygon HIKL'MN that can poffiraj 
be dcfcribed about the circle ACE 1 For, if about 
the other circle dcf, a £milar pdygon hikltm be dc- 
fcribed ^ i then will HIKLMN : biidm (i : ' AO* : ' jr. y: 
<7o*) : : Q : ' circle ace ; where the firft (mftqueht ' Cof^ to 
^{biidmH) being greater than the (econd (ace) \ the 5*- 5* 
£rft MteadeHt HIKLMN muft tlierefoce be alfeb^]^ 
greater than the ' fccond Q^ < a. 4. 

TherefOTa, ieeing that Q is greater than any po- 
jygon that can be defcribeqln the circle AGE, and 
leS than any polygon that can be diiferibed ^xnit ^ 
the circle j it muft be equal to the circle ^ . "^ * 

SCHOLIUM. 
After the fame mann«-, other ftmilar curvIliDCal 
figures are proved to be in proportion, as thp 
fquares of their diameters, or other homologcMM 
^menfions ; by means of the fecond. conftructioa 
of the iirft propofition ; it being very eafy to de- 
monftrate, that the polygons formed from thence, 
whether both within, or both without two fimilar 
figures, will themfelves be fimilar. 
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THE 

The .clrcumfertKes 
are in the famfrepan 

• Ijo. OE. m be 
fquares on the radii 
OB,ff^;andletCXS, 
€g t>e two rectangles 
contained under the 
iame radii and right- 
, lines OHi ff/», rcfpec- 
tivcly equal to the 
femi-circumferences J 
angles being equal I 
will therefore be, O 
this fame ratio are ' a 
whence (by fquaUiy a 
. {ob) : : OH '. ob : : % 
fcircun)/, sl/cd]. . 

L E 

Ifaf6Hd(AC)ge> 
plane figure (EBCB) 
tut by a plane perpem 

will be a circle, having its center in the, point (OJ 
where it meets the axis. 

For, frpm O, in the- 
generating plane EBCF, 
draw OR perpendicular 
to the axis EF, meeting 
BC in R. 

Then, ftnce this line 
ORi during the whole 
revolution, every-whcre i? 
pre&rves its perpendicu- 




D,o,i,7?<i'T,Google 



Blmk the Eighth. i6i 

^ to the axis EF, it is therefore always in the 
e palling through © perpendicular to the faid 
'' : and confequeritly , as the length thereof alfo * Cor. to 
jHtinucs the fame in every pofition, the line )i.rrrr '■ 7- 
lefcribcd, in that plane, by the extreme point R, 
hy which the feflion is bounded, muft be the cir- 
Pt:cumfcrcncc of a Circle ', whereof the point O is the' Dcf. 33. 
Center. '• 

COROLLARY. 
Hence, not only the bafes of cylinders and cones, 
but all fedions paraJlel to them, are circles. 

L E M MA 3. 
^ rizbt-Une (PQ) ftanding perpeiub'cular to the 
plane tj a cylinder's baft (and not exceeding the axis 
CF) falls wholly within, or wholly without the cylin- 
der, according 04 the point (P) on which it in^fts, is 
fituate witbin, or without the circumference of tbt 
baft. 

From the center C, to the 
given point P, diaw CP-, uke, 
in CF and PQ, any two equal 
diftances CI^ PN, and let l,N 
be drawn, meeting the furface 
of the cylinder in M. 

Becaufe CL and PN are pa- 
rallel ', and therefore both in 
the lame plane ', LN is parallel, 
and equal to CP ". Therefore, 
yhen CP is lefs than the radius CG, LN will be lefs 
than CG, or than ics equal LM " \ and fo the ' 
p^int N muft fall within the cylinder V And the 
iacne is equally true with regard 10 any other point' 
in the line PQ^ But, when CP is greater than 
CG, LN will alfo be greater than HG {LM)j 
and the pdnt N will then fall out of the cylinder '. 

M ' THEO- 
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' Def. II. 
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Ax-i. I. 
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Every eylindfr it eqwtl 
fedott oft^ualbafe and ai 

1 fay, if the bafe eue ' 
to thebafelKLMof-tt 
don IP, and the altitudi 
equal to the ^titude K 
two foUds will be equal 

For, firft, it is eviden 
any parallclcpipedon (1^ 
tude, whofe bafe Ikhn 




' Cor 2. 
to 6. 7. 



'21.7. 
» Ax. :. 



the cylinder : Eocaufc a polygon (ab''edsf) may he 
defcribed in the circle ace, that lliall exceed IKYn ^i 
Ufjon which, an upright prifm (of the given aiti-' 
tude) may be confthuted "^ \ which wilt be lefs thaa 
the Cylinder, as bekig wholly contained tbcrcio; 
fince (by Lemmor 5.) all right-lines drawn perpen- 
dicular 10 the bafe, in the planes of the Odes', 
from any points in u^, he &c. fsH wholly withiK thit 
<^lindcr, afld confequentty the planes ehetnlelves, 
in which they are. But this contained prifm is 
greater than the -parallelepipedon I^': Tnarefore 
the cyfinder it&lf mu^ neeeifiariiy, be gjeatci 
than If V 
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1 Hke manner it will appear, that the cylinder 
fcfs than atiy parallelepipedon Ir (of the fame 
Jftude) whofe bafe IKtj/ exceeds that of the cy- ■ 
pder : For a polygon (ABCDEF) may be de- 
^ribed about the circle tue that fhall be lefs than 
Rfttw ' \ upon which a prifm-may be conftituted "," i. %. 
i^i^ich, the' Wi than Ir % will, ncverrhelefs, exceed " '8- 7- 
ritrc cylinder '> Vt2'm> 

"Therefore, leeing that the cylinder can nilthct 
be lefi, nor greater than' IP; it muft nccclTarily 
be equal to it. - 

COROLLARY. 
Hence, whatever is demonftrated in the 2 1 ft* 22d, 
and-ajd Theorems z^ the preceding Bo(^, with ra- 
fped to the proportions of prifms, holds equally 
true in cylinder^ alio > being 0qUaJ to prifms of 
equal bafe and altitude *. *Jld / 8. 

SCHOLIUM. 

From the fame demonlliation, it will likewifc 
appear, that every regular fohd, whofe feftions, 
fay planes perpendicular 10 the bafc, are all reift- 
angles \ is equal to a parallelepipedon of equal bale 
,Bnd altitude i and confcquejitly, that all folids of 
this kind (which may be comprehended under the 
name of Cylinderoids) will be equal among them- 
ielves, when their altitudes, as well as bafes, are 
equal. 

If MO folids (HAH, hah) of the fame tdtHude^ 
.bave ii>€ir felons by planes psralkl to the bafes, at 
til equal d^ances therefrom, equai to each other % it 
is froptftd to dtma^ate (rnitr certain refhiSimS 
fptc^d btrufter) that the folids tben^ehsi will bt 
ami. 
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L«II,KK&c.«,U 

folida by planes parallt 

dividing the aliitudes AI 

6c, cd &LC. all mutqally < 

" Hyp every two Correfpondir 

(HH-^i,I( = H.&c.) 

bnnh i 1001, ieoi Sic. k 

■ ao. 7. refpcclively, equal one 

and' Sch. be prifms, cylinders, or 

5- ^- ther ihe fcftions ihemfc] 

circles, or curvitincal fit 



Hi 

Now, if ihefe fcftions HH, II t?c. be fuppofed 
to decreafe, from the bafe upwards, fo that the fo- 
lids CHNNH, 1001 tff.) formed upon them may 
exceed the correfjwndenc parts (HIIH, IKKl &c.) 
of the given folid HAH ; it is manifeft, that the 
fum of all the faid fulids {HNNH 4. lOOI fc?c.) 

• Ax. 2. will likewife exceed the whole propofed folid HAH". 

But, if within HAH, on the fame fcftions (but on 

contrary fides thereof) another feries of fuch fo- 

, lids IRRl, KSSK ^c. be formed 1 the fum of all 

thcfe will, manif^Iy, be lefs than the propofed folid 

» Ax ,4. HAH, in which they are contained ' : A nd it is alfo 

evident, that this Uft feries will be lefs than the 

former (HNNH + lOOI &fc.) by the greateft of 

tbcfc 
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Rbtids HNNH } becaufe (tfiis one, alone, be- 
lexcepted) to every other folid of the rank, an 
it, in the coniained rank, may be allignedi and 
\ verjd : For " IRRl = lOOI, KSSK = KPFK, 1 to. 7. 
.rTL=LQQL. ' ""dSch. 

-^ Now, fince the altitude BC, of the folid HNNH S" ^■■ 
Htiercby the contained, and containing ferles* differ 
WS^tn each other, may be taken fo fmall a part of 
r^A, that the folid iifelf (hall be Icfs than any af- 
figned magnitude whatever ' ; it is manifcft (from' Lem. t. 
the reafoning in Corol. toTheor.,1.) thatamagni- ^adix.j. 
_ tude, which is axutr than any feries of Ibltds (of 
the kind above fpectfied) that can be formed within 
the propofed folid HAH, and lefs than any fe- 
ries that" can be formed about HAH, muft be 
equal to HAH. But ihe folid bah, being greater 
than any feries of fo'ids (irri~\- hsk &cc.) contained 
therein % is ihcteforc greater thitn any feries of fo- ' Ax. *- 
lids UiKI + KSSK trc) contained in HAH (the/e, 
being, rffpeittvety, equal to ibofe): And the fame' 
folid h^, being lefs than any feries of folids {bnnb 
4- iooi &€.) formed about it, is alfo lefs than any 
feries of folids (HNNH + lOOl ^c.) that can be 
formed about HAH. Therefore the folid hab is 
equal to HAH. 

In this dcmonftration, the ftflions are fuppofed 
to decreafe, continually, from the bales upwards ; v 
lb as to have the fides of the upright folids formed 
thereon, placed wholly without, or wholly within, 
the fupergcies of the given folids HAH, hah: 
Which can only be the cafe, when all perpendicu- 
lars, from any points in the furface of cither, to 
the plane of the bafe, fall wiihtn the limits of the 
bale. If, however, the fedions be fuppofcd to de- 
creafe to a certain diftance, only, and then to in- 
creafe again ; the two folids will, tlill, appear to 
be equal : Becaufe the parts of the one, terminated 

M 3 '^y 
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Elkmtnti of Geometry, 
^ fbdi limits of decrcafe, or incretfe, wilf| 
, the U.WXL demonftration) be refpc^tiTcly cquu 
(he correfpoodent pans of the other. But, as 
fuch lolids have- a place in the Elements ef C 
taetry, to fay more about them bcre, would 
improper. 

I EMMA 5. ■ . ' 
1/ pyramds and ctnet tABCDEFG. TPQRSf 
having efuai altitudes (AM, TN), h (ut by planet 
faralki t« the bdfej \ tbefe£lious (bcdefg, pqrs}* gt 
all tquai aUituda (Mm, Nn)* will he i» the fawu 
froportiw «u the hafei. 

For, the plane bciefg being parallel to BCDEFG, 
thence is be parallel to BC % bg to BG, i^(. aiul 
confcquently the angle £3g= CBG^ bed -: BCP, 
i^c. Alfo be :'BC (: : A^ : AB ') : : ^F : BG. And, 
in the ^amc manner, the fides about the other equal 
angles arc proportional. Therefore, the twopo' 




* Def. M. 

• «5 4 'ygons bcdefg, BCDEFG being fimilar % they are 
' Cor. to 'f* proportion ', as bc^ to BC', or as Ai' to *" AB", 

11. 4. or, iaftly, as Aw* to * AM'; bccaufe (BM and htt 

I Cor. to being drawn) the angles AMB, Amb will be right- 

J' '; ones K and ^,-ff, therefore, parallel to BM*. 

+• '■ But 
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t the feiftion f^s is atfo to the bafe PQRS tii 
■.fiTfte proportion of Am' (Trt*) tO AM* ( rN')i 
Kaure pjrj, PQRS, being 'circles, they areas theiLem.2. 
ares of their radii />«, PN \ and confequetitiy as " 3. 8. 
• to ' TN\ Therefore, feeing that the two fee- ' Cor. to 
tiftfts hatffe both the fame ratio to their rcJpeaive i> ♦• 
twfes, the {M-opofuion is manifcft ". " 2- 4- 

. COROLLARY. 

It apj»e*rs from hence, that the IHtidn of any 
pyMitiJU, b; a plane parallel tb the bafe. Is HmUtf 
to the bd&. 



THEOREM VL 

jill pyramids «/ ii?e fame altitude., ftandtjig updn 
itqual triattgular hafes^ an equal atitong ihemfelves ; 
and evtrj fiitb fyramid (ABCD) is e^ual tt a cow 
<<JRSTU) iftqual iJtJe and attitude. 

Cas* I. If the perpendicular, let f^l from thte 
▼ertex D of the pyramid upon the plane of the bafe 
ABC, fails notour T)f the bafe, or beyond the li- 
mits of the triangle : Then it is inanife{l, from 
temma 4, feeing uie iefUons of the foltds ABCD, 




1 68 Elements of Geometry- 

QRSTLT, at all equal diftances frpcn the bafet/ 

* Lea. 5. be equal ', that the rolids tbemfelves will likeW 
be equal. 

Case II. If , the perpendicular (DE) from th^ 
vertex to the plane ol thf bale, falls beyond the H-'S 
mit% of the triangle : Then, to the ppiqt E wb^cl 
it meets the plane. Jet BE aqd C£ be drawn; and 7. 
on BE let a triangle £BF be delcribed equal XX^\ 

■Lea. 4. ABC (or QRST), and lefF, D be joined. So^q 
Ihall the pyramid CBFED, ftanding on the bife 
CBFE, be equal to the pyramid CABED, ftand- 

*Ax. 5. ing on the equal bale CABE";. frptn each of 
which) let the common pyramid CBED bfc taken 
away \ and there will then remain the pyramid 

1 ^ , BFED — pyramid ABCD ' : But the former of 
thcfe is. (^ Cafe 1.) equal to the cone QRSTU \ 
therefore it is evident, that the latter ABCP will 
atfo be equal to the '<one QRSTU t find, coofe- 
quently, that all pyramids of the fame altitude 
uanding on equal triangular bales, will be equ^ 
' among themfelvcs " ; feeing every fuch pyramid is 
equal to a cone (QRSl U) of equal bale and al< 
litude. 

THEOREM VII. 

Every prifm (ABCDEFA) having a triat^ikr 
h^t ( A FE) is equal to the U ifle of a fyramU of the 
fame bafe and altitude. 

In the planes of the three fides, 
let the diagonals BE, BF, FD be 
drawn. '1 hen will the parrFBCD £ 
of the prifm cut off by a plane 
extended by FB and FD, be a 
pyramid on the bafe BCD, hav- 

rDsf'16 '"S ^''^ ^^^^ altitude with the 
^. ' prifm itfclf, both folids being 

' t;cf.6.7. contained between the lame * pa- 
rallel planes Af E, BCD. More- ^ 
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lac remun'uig part FABDE of the prifm, if 
e be extended by FB and FE, will be divided 
p [he two pyrauiids FBAE, FDBE, which are 
lial to each other *, as ftandina on the equal ^ tri- * ^- '- 
pgular bafes ABE, BDE. But the former of M- '■ 
Kthele pyramids FBAE, if B be now conGdered as 
r the veriex thereof, will appear, alfo, to be equal 
r to the firft mcntiMi'd pyramid FBCD% the two 
*:- bafes AFE, BCD (as veil as the altitudes) being 
equal ''. Therefore, fince the three triangular py- 
ramids (FBCD. FAB£, FBDE) intD which the 
prifm U rdolved, are all equal to each others the 
' proportion U manifcft. 

COROLLARY. 
Hence, every prilpi having, if trianeular bafe, ia 
equal to the triple of any pyranjid of flielameaJti*^ 
tude, (tanding upon an equal triangular bafe*. iuf'i 



THEOREM VIII. 

1/ a prifm (AbcE) and 4 prmU (PQRSTU) 
fitntd open equal, end Jimlar hafts (aBCDE* 
PQRST), and have htb the fame altitude j the 
prifm will be equal to the triple tf the pyramid. 

If the bafes 
be rcfolve 
triangles, 
ACD idc. 
manifell , that 
B^arCAwillbea 
prifm,onthebafe 
ABC i becaufe 
Cf being equal 



and parallel to \ 
' Aoy AacC wiU * 

be a parallelogram * Cas lyell as B^tf A and BivC '). 
There- 



K bales ^,.i^~^ J 

i^cd into /^-V ^^f 

.. ABC. r/ ^ 

^c. it is . \^ / 





' Def.6.7. 
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Thntfsrfi BAnCA Is equal to the triple t 

« Cor. to pyraiKrid BC^U *, ftanding tm sm equal 
7; 8. {PQJl). And,- in Aft fttnt manner, the 
A? AiciiDC, *n the bsfe ACD, is flquA! tb thA 1 

«f the pyrirtrid PRSU, on the equil tafc PR^ 
Wu! ft> on. Thcfefwe, Jiifo, feiS\ the i^ole ^ ' 
Aif, on the birfc ABCDE, be eqo^ to the t 
of the «rlio1e pyrkmtd PQRSTU, on the equal t: 
PQXST. 

COROLLARY I. 

Hence. &n {>yt!titi1di h»ihg t^e fame h& and 
iltitude, are equal \ beit^ like patts of ooe axid 
the fame prifm., , 

COROLLARY H. 

' Hence, alf6, all prifms having the TaoK ba{c ' 
and Mtitude, are equ^ ; being equimultiples 6f one 
and the fame pyramid. 

COROLLARY in. 

Tlierefore it appeara> that every prifm incUniw 

'on ks bafe, as well as every upright one, is equn 

to i. reflangular parallclepipedon of - tqual bale 

and attitude^; and, confequently, that a]I prifois 

'' "• ?■ whatever, having equal bales, and altitudes, are 

"^^''■'* equal to each other ^: which muft be alfo tn* 

in pynnrids and cones, every fuch iblid being fttb> 

. triple to a prifm, or cylinder, of the &me bafe Atld 

'«J:="'^altitude'. 

COROLLARY IV. 

Hence it alfo follows, that whatever is demon- 
flratedinthe 2ift,22d, and 23d Theorems of the 
preceding Book, concerning the proportion of 
prifms, holds equally in pyramids and cones; the[e 
being like parts of (fc/f V 

COROL- 
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COROLtARY. V. 
t follows, monover, that ill concipoDdln^ Fru- 
» of pyramids «nd ceoec of the faoie aluuide* 
: ftlfot in proportion, as their bafes. For, the 
jFiediant, U all«<}uai aititwlee, being in that propor- 
tion", tha parB cut off (as well the wholes] willaieu.<. 
Ih in the lame proportion " » aad, coiifequoncly, the ■ Cor. 4.' 
ren^aiaing parc» Ukewile ^ * j, 4. 

COR.OX.LART VI. 
I^fily. It will appear, that all conei, which bare 
tfaeir tltitudes atid the ^anaetm of their baies 4i* 
jvBtXy proportionaJ, ate ia the tripUcate ratio of 
t^Bdr ahiti^es ' -, bang to each other in the famcp 24. 7. 
proportion with priTms t)f equal bate and aldcudc*^ t^w- 3- 
whereof they are like parts '. afcdCor. 

THEOREM IX. 
^l^ilar frifm, and ^ramiMi *rt in the trifli- 
fott rati* ^ Unir aitiiiidu. 

From the extfemes cf the homologous fides Arf* 
Eif, upon the bafcB ABCD, EPGH of the pte- 
pofed Iblids Ar, E^, let fall the perpoidkrulan 




iP, *Q:. The angle BAD being t= FEH, BAa[^^f^- 
= FE*, and DAa = HE< ', thence Is tfP : K^: :. ]^ef.'n. 
«A : (E« ; ; AB : EF! : : AD ; EH'. Therefore 4- 

two 
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Elements of Geometry. 
two upright prifms conftituted on the bafes A^ 
EFGH, of the fame altitudes {aV\ iQ) vmh (( 
two Tolids Ar, E^, will be limilar, the one to tb 
other'; and, therefore, in the cHplicate ratio of t(i 
altitudes'. But the folids Ar, E^, when uken t 
prifnu, are refpeAively equal to the faid upr^il 
ones ; and, when taken as pyramids, are tike pArcfl 
of them '. Therefore the iblids A^, ^g arc alfo i 
the triplicate ratio of the altittxks «P and <QJ. 

COROLLARY. 

Becaufc a? : KJ^: : Aj : E* : : AB : EF 6ff, 
follows, that all flmilar prifms, and pyramids, are 
to one another, in the triplicate ratio of the ho- 
^Cor. t. niolc^iis fides of the Uke planes by which they 
to ;. 4. Kt bounded '. 

THEOREM X. 

The fruftum {hQCOE'? h) of am pyramid Bavin^ 
a triangular hafs, is equal to a whole pyramid^ of the 
fame bafe and allitudfy together with two other fr/r*- 
mids that are., in proportion thereto 1 the one, as ai^ 
Jide (BDJ of the upper bafe (BCD) w to its correfpm' 
dfol (AE) of tbt levoer bafe ( AFE) 1 and the ofh&, 
as the fquare of the •former Jidt is to the fquare of 
the latter. 

In the planes of the three 

fides, let the diagonals BE, BF, 

FD be drawn. Then will the £ 

part FBCD of the fruftwn, 

cut off by a plane extended by 

FB and FD, be a pyramicj, 

on the bafe BCD, having the 

fame altitude with the fruftum , 
'Def 16. ^f^if .^ ijoth fyiids being con- a!< 
• jief. le tained between the fame " pa- 
7. ■ ^"rallci planes AFE, BCD. 
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irCoVer, the remaining part FABDE gf the 
rum, if a plane be extended by FB and FE, 
'1 be divided into the two pyramids FBDE, 
^iBE, having the fame ratio, one to the other, as 
leir bafes BED, ABE ^ or as BD to AE^ But b z%. 7. 
r-«^latter of theft pyramids (BAFE), taking B m "ndCor. 
the vertex thereof, has ihefame bafe and altitude ,+**®^**' 
with the fruftum given: And the pyramid FBCD* ^*,^ 
(firft mentioned) is therefoi^, in proportion thereto, and Cor. 
as the bafe BCD to the bafe AFE% that is (be- ^.to%.i. 
caufe the bafcs are fimilar "), as BD' to' AE" : 'g*- " ' 
whence the fropcfitioH is ntamfefl. 1 ^^'^' 

COROLLARY. 
.Since, of the three folids (FABE, FBDE, 
FBCD) into which the propofcd fruftum is di- 
vided, the ratio of the firlt and third, is the dupH- 
cate of that of AE to BD, or of the ratio of the 
firft: to the fecond * ; it is evident, that thcfe three * Cor. t* ■ 
folids arc proportionals \ From whence it appears, ^^•,** 
that the fruftum of any triangular pyramid is * '^ ■** 
equal to two (whole) pyramids of the fame alti- 
tude, on bafes equal to the two oppofite bafcs of 
the fruftum, and to a third pyramid, which is a 
mean proportional between the two former. And 
it is alfo evident, that whatever is above demon- 
ftrated, in rcladon to triangular pyramids, mult 
hold equally in all pyramids and cones, whatever: 
Becaofc every fuch folid is equal to a triangular 
pyramid, of equal" bafe and altitude ' j and every • Cor. 3. 
fruftuoi of the one, alfo equal to the correfponding to 8. s. 
fruftum of the other *. * Cor. c- 

L E M MA 6. 
If with radii, refptSi-vely equal to the three Jides of 
mrf right-angltd triangle, three circles he defirihedi 
that wheje radius is equal te the bypothem^e^ vnill be 
t^uaf^to mb the other twe^ taken together. 

It 
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It his been proved ("i 
aie ia proportion; as i\x 
thci^or« the demonftra 
&ine« as in fimiiar right 
Baak 4-) : Which (if ne 
full. 

THEOR 

BvayJ^ere is two-tbh 
Under {Or, ef a eylt/ider < 
tifttde.) 

Let AB be the axis E 
about which the fpherc 
and cjrtinder are geoc- 
ratedi by the revolu- 
tion of the femi-circle _ 
AGB and the re^ngle / 
1 Def. 11. ADCB ■ 1 let HL be 
aad 14. jny ri^t-linc perpon- 
diciUar to AB, meet- 
ing DC in L, and the F 
periphery of the fcrai- 

dnde in K ; and from the ernter O, let OK and 

OD, interfiiling HL iol, be drawn. 

- Hyp. Sktas AO is = AD ■", and HI parallel to AD ', 

• +. 1 . therefore ii HI = OH ° : But OHI being rjght-an- 

' '+■ 4- gied a: H, the circle whofe radius it OH lor HI) 

will (fy the f receding Lem. and Ax. 5.) be equ^ to the 

di^reace of the two cirdes wbi^ radii are OS 

r Lem. 6. (HL) and HK : Or, in other words* the: drcle ' 

defcribcd by H[, or the feiftion of the cone gene* 

rated by the triangle AOD, in its revolution about 

, the axis AB, wiH be equal co the difierence of the 

two d>rcte3 generated by HL and HK ; that is, 

,A^ J , equal to the onw/iM defcnbed by K.L% or the 

feftioo of the foUd which reoiuna, when the febe« 

is taken ottC of the cyli,fidef. Thoclpr^ ituwp 
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, wo feftions «reii every^wJicie, equal to each 
, the folids tbemfclvcs will likewifc be equal '; ' ^nn. 4. 
is, the cone (EOD) will be equal to the ex- 
] of the eylioder (GDEj) above the tnlcribecl . 
(lifphcre (GAj) : whence, as the cone, or ex- 
pis. is gne third part of the cylinder', the he- '^' 8. and 
lifphcre muft neceflarily be equal to the two re- *-**'• 3- 
paining thirds. And what is here proved, with 
Jefpcd to the halves of the propofed folids, holds 
Jrqually in the wholes. Therefore every fpherc i» 
Ftwor-third» of' its circumfcribi^ ejiltfidtr. 

COROLLARY L 
Herice^ a cone, hemi-fphcre aod cylinder, of the 
fame altitude, and ftanding upon equal bdles, are 
in proportitH), as the numbers i, 2 and 3, respec- 
tively. 

COROLLARY II. 

Hence it alfo appears, that all fpheres are to each 
other in tli« triplicate ratio of their diameters ' •, be- ' Cbr. to 
ing in the fame proportion as the drcumfctibing S- *■ *"* 
cylinders, whereof they are like parts. *"^" 



End of the Elements. 
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EVER Y quanticy is meafured By fome other 
quanticy of the fame kind i as a line by a , 
line, a. furiace by a furface, and a foJid by 
a folid : And the number which flicws how often 
the leller, called the meafuring tmit, is contained la 
the greater, or quantity mca^red, is called the con- 
tent of the ^aantitffg meafured. Thus, if the quan* 
tity to be meafured be the re^angle ABCD, and 
the little fquare £, whofe fide is one inch, be the 
meafuring unit propounded i thai, as often as the 
faid little fquare is contained in the reftangle, fo 
many fquare inches the redangle is faid to contain : 
So that, if the length DC be fuppofed 5 inches, 
and the breadth AD 3 inc^s i the content of the 
redangle 
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Pgie will be 3 times 5, or 15 fquare inches: 

. ule, if lines be drawn parallel to the (icltSi 

Jan inch diftanCe one from another, ihey will di- 

pe. the whole reitanglc ABCD into 3 times 5, 

15, equal pacts, of one inch each. And, gene- 

a!!y^ whatever the tjieafuces of the two fides may 

l)e, it is evident (from £?. 7. of 4.) that the refl-.. 

flhgle will contain the fquafc E, as rflany cimes as 

■the bafe AB contains the bate' of the fqaare, re- ' 

f pcated as often as the altitude AD contains the, 

altitude of the fquare, Thcrefori*, la find the con- 

.-. tent of any reSlangle-, muttipfy the baft iy the altiluJe^ 

and the produSl xoill be the anfwer. Thus, let the, - 

length be 18 irichest',and the breadth 151 then 

the content will be 15 times iS, or 270 fquare 

inches. 

The method of firtd- 
iog the content of a 
re^ngle being thus 
knowHa the content 
ti any parallelo^am 
ABCD> or triangle 
ABD, will alfo be 
known; the former of 
thcfc figures being equal to a feftangle of the latrtc 
bafe and altitude \ ^ii the latter equal to the half 
of fuch a re<Sangle (by Cor. 2. to 2. zO There- 
fore, multiply the bafe by the perpendicular, for the 
taittnt efairy parallelogram -, dnd the in^e by half tBe 
perpendicular, for that of air^ triangle. Thus, for 
«ample, let the bafe AB be 18 feet, and the per- 
pendicular DE 12 feet ; then the concent of thp 
parallelogram will be 216, and that of the triangle 
108, fquare feet. 
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From, the manner of 
finding the area of a '. 
triangle, the area of any 
righc-Iined plain figure, 
as ABCDE, may be dc- . 
termined, by dividing 
the whole into triangles 
and finding the content 
of each triangle. Thus, 
AC and AD, be 20 and i( 
pcndiculars BF, DG, EH, 
■ and 10, refpeftivcly j then, 

{ABCT 
ACD |. heir 
ADEJ 

dent, that the content of 
be the fum of all thefe. 
But, when the given lines 
tlons, or very large numl 
fotrtewhat fliqrtened, by 1 
every two triangles, havinj 
operation ; that is, by firfl 

pcndiculars together, and then multiplying bait 
their fum by the common bale of the two tri- 
angles. Thus, in the laft example, the half- 
-fum of the two perpendiculars BF and DG be- 
ing 10, if this number be, therefore, multiplied 
by 20 the meafure of the common bafe AC, ch« 
produ£t, which is 200, will be the content <rf 
Th"e trapezium ABCDA j to which 80, the coi*- 
tent of the triangle ADE, being added ; the fua 
will be 2S0, the fame as before.. But, if lh« po- 
lygon propofed be a regular one, that is, cmc 
vnofe udes, and angles are all equal, the Ihoiteft 
way 
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7 of aU, is, to multiply half the fum of all the 

%s by the kijglb of the line drawn from the m'ddle 

^ any fide to the center of the polygon. The rea- 

|en of which is obvious^ from the demonllradon 

^to'Iheor.W. 5. VIII.. ': 

Having (hewn how the area of any right-lined 
\ figure may be computed* it will be proper here» 
" y fomediing with regard to the area, and pe- 
riphery, of the circle. ' , 

It is weH kiwfwn, that to determine ifae true 
area of a circle, acd to firai a right-line exa^f 
equal to the circuoifeiencc theitof» are Isoked 
' upon, by mathetniuicians, as abfolately icnpolS* 
ble': Bur, tbottgh neither the one ner the other 
can be accurattly known^ yet fbvcrai Ways ha.t* 
been invented by which itey ' may be approxj* 
mated* to any affigoet^ degree of txadnelsi 
That* which 1 aoi^ iio4^ g'cang> to. lay do^vns, 
though lc& ocpedttious tt^f) &))Bde others, feem«i 
neverthelefs, to be the moft proper for this place, 
as depending, on the ipoQ: Cmple and evidenc 
principles: I ihall itWrcfoni begjn with premiQng 
the foUowuig 

t'E M M J. ■' ' ... 

If AD h s diameter^ and AB, BG t^o epttl 
arcs ^ 'the faiAe- eirrle, end if the tbsfdf DB, i>C 
'he dntm 1 therf, /_^, f*«r-DB* = iAD x DC -f 
4AD\ 



N 2 * For, 
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For, if in DA produced, there be taken AF : 
DC, and BF, BA, BC and the radius BE be 
drawn ; then, the exteriial angle FAB, of the 
trapeiium ABCD, being equal to the internal op- 
pmxc angle DCB (hy 17. y) alfo AF = DC, and 
AB = CB (^ Hyp.) j it is evident, that FB is 
(Ufo = DB, and confequently the angle F = FDB 
kDBE: And fo the ifoli^es triangles DEB, 
IDBF beiag equiaogular, it will be as DE (4AD) : 
DB : : DB : DF (DC + AD) > and confequently' 
DB« = iAD X DC + iAD*. ^E.D. 



COROLLARY. 

' Hence, if the diameter AD be denoted bf 
the n umber g. the chord DB will be denoted 
by V DC 4" » • whence, it appears, that, if 
the meafurt-^ tht fitfflemenlal-chord if any artb 
he inereafid iy the nitmber 2, tbt fquart-reot if 
theftm wili ie 4be fi^pkmentMl-cbord of iMdf tiat 

Now, to apply this to tiie matter propoled, diat 
Is, to the finding of the area iuid drcutnferCDce 
of the circle ; let the arch ABC be taken equal 
to T of the iexni-peripbery ACD } then will the 
ctiord AC bt equal to tl« ndius A£ (ly 99. 5.) -, 
aod. 
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rcfbre, fmce ACD is a right-angle (by 

I DC' (= AD« — AC, by 8. z.) will be 

- I, =:: 3 i and confcquently DC = v' 3 = 

^7320508075, fcff. WhCTcfore, feeing the fup- 

faemental-chord of f of 'the femi-periphcry is 

li»73205o8o75, wc fhaH, by the preceding Co- 

I'toUary, -- - 



V»+i.7320;o8<i'7S = '>93'8^i6sa^ 1 

^ /i+i,93i8^i6^t^ =: 1,9828897127 I 

^2+1,9828897^27 = 1,99^17846; I 

^^ 2+1,9957 1 7846; = :.r ,998939174.1 j 

^/ 2 + i,998qtQi74.T =: 1,5997322757 ; 
v/ 2+i,99ij732Z7;7 = 1,9999330573 
V 3+^999933°^— /3>99993 30678- 



" Now,thercforc,finccilis foundthat3,99g933o678 
is the Iquare of the ru^lemental-chord of ttt of 
the femi-periphM-y,' kt this number be fiibftraftcd 
from 4 the fquare of the diameter, and the re* 
mainder 0,0000669322 will be the fquare of the 
chord of the fame a^ch■^ the refore the chord it- 
felf being = ^0,0000669342 •= 0,00818121, let 
this number be multiplied by 768, or twice 384, 
and the product 6j2'i^iy will be the perimeter of 
a regular polygon of 768 fidss, infcribed in the 
circle i which, as the fides of the polygon very 
nearly coincide with the circumference 'of the cir- 
cle, muft alfo cxprefs the length of the circum- 
ference itfetf} very oearly. 



N3 



v«. 
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But, in order to 
flicw how near this 
is to the truth, lee 
AB reprelent one 
fide of a regular po- 
lygon of 768 fides, < 
Liliribedinthe circle 
[whoie Icnguh, we ■ 
have found above, 
to be 0,00818121) 
and let ch be a fide 
of another firtiilar 
polygon, defcribed 
abcut the circle ; ar 
be drawn, bileding 
Then, fince AM i: 
AO = I, it is plai 
will be = 0,99(5983; 
0,99999163 -, whenc 

angles AOB, (JO^, ijtl,. tn- lia.v. u,yyy^yi«< 

(OM) : I (ON) : : AB •, ah : : 6,28317 (the peri- 
meter of the infcribed polygon) ; 6,28322 the pe- 
rimeter of the circumfcribcd polygon. But the 
circumference of the cirde being greater than the 
perimeter of the infcribed polygMi, and Icfs than 
that of the circumfcribcd one, it miift, confe- 
qucntly, be greater than 6,28317, and lefs than 
■6,283221 and muft, therefore, be equal to 6,2^3^ 
very near; fince this number exceeds the perimeter 
of the infcribed polygon by no more than 0,00003, 
and is lefs than {■{le pejimeter of the circumfcribecl 
pne by o 00002, only. , 

From the periphery thus found, the area of the 
circle will alio be known ; being equal to the pro- 
du£l of half the periphery into the radius (^ 2, 8.) 
thV is, = ^,1416 X 1 =? ^.t-^i^- 
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tcrtfore, fincc it is proved (in Tbeor. 3 . a»i 4^ 

S.) tliac the peripheries of circles are in pro< 

tion as their diameters, and the circles them- 

^ves as the Iquares of thofe diameters ; it fol- 

Hs, that, as 2 is to 6,28j2i or as i to 3,1416: : 

E -diameter of iny circle to its periphery ; and 

^ as 4 to 3,1416, or as I to 017854 : : the fquare 

of the diameter to the area. 

3ut, if you had rather hare the proportions in 
whole numbers, and the cafe propofed does not 
require any great degree of accuracy ^ then, in- 
ftead of the foregoing, thofe of Arcbimtdes may be 
ufed, viz. 7 : 22 : : diam. : circumf. and 14 : 11 : : 
fquare diam. : area. Which proportions diSer but 
-little from thofe above, as will appear from the 
following example : wherein the diameter of 1 
circle being given iS, its circumference' and area 
are required. Here, according to the firft propor- 
tions, I multiply 28 by 3,1416 for the circum- 
ference, and the fquare of 28 (or 784) by 0,7854. 
for the area ; and there refults 87,964 and 615,75, 
rcfpeftively. But, according to tKe proportions of 
Archimedes, the circumference will be found equal 
to 88, and the area 6i^ i which differ, very littlo 
from the former. 

By knowing the proporticm between the diame- 
ter of a circle and the circumference, and between 
the fquare of the diameter and the area, the con- 
vex fuperficies of folid bodies may be determined. 
Thus, 

The convex fuperScies of a cylinder is found, 
iy jirfi finding the circumference of the baft, and then 
nadtiplyt^ ^ the altitude' ef' the folid. Therefore, 
if to that pToduA, the area of the two circulac 
ends be added, the fum will be the whole fupet- 
ficics of the cylinder. 

N4 To 
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To find the convex fuperficics of a coiw, 

ti^ly half the length, of tie fiant fide thereof iy l 
ttrcumfcretice of the bafe. 

The convex fiiperficies of any fruftum of this] 
folid is found, by tnuUiptying the fum of the peri"'^. 
pbtries of the two ends into half the length of theA 
fiantjide of the fruftum. 

To find the fuperficies of a fphere, multiply 
the periphery of the greatefi., or generating^ circle by 
ill dianifter : Or, multiply thtfquare of the diameter 

The conva fyperficies of any fegmert of a fphere 
is found, by nuiiiplying the periphery of the greatejl 
(ircle efihtfpbere into the altilnde of the Jfgfnent. 

The demonftration 0/ thefc laft rutes, for find- 
ing the curve furfacei of folid bodies (which is not 
given in the Ekmertt}, for rcafons mentioned hcre^ 
after) is inferted at the end of this Icdion. 



Of the Mensuration of Solips. 



As every 
Ibperficie's is 
ineafiircd by a jj; 
fquart, whefe 
fide is unicy 
(as one inch, 
one foot, one 
yard, (sc.} fo 
every folid is 
meafurcd by a 
cube whereof 
the fide is alfo A.' 
jUnunic Thus, 



^ 



ht 
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^c"*fblid to be meafurcd, be the reflangular 
Fallelepipedon AF, and let the cube F, whofc 
e is one-inch, be the meafuring unit ; alfo let the 
fcgth AB, of the bafe AC, be 4 inches, the 
readth BC,2 inches, and the altitude AH of the 
|)lid 5 inches : Then, becaiife the area of the bafe 
ABCJJ is 2 tirtes 4 (or ^) fquare inches, it is eafy 
lo conceive, that, if the folid were to be only on? 
Jincb high (inftead of 5), the content thereof woitld 
^' be juft the fame number (8) of cubical inches j 
becaufe then, upon the eight equal fquarea into 
which the whole bafe ABCU is, divifible, a cube of 
one inch might be ere^ed, fo as to compote a pa> 
ralleiepipedon on that bafe, of one inch high. 
Therefore, feeing that the content of the folid, at 
one inch high, is 8 cubical inches, the whole con- 
tent at 5 inches high, muft confequently be 5 
times 8, or 40 cubical inches (fince the whole fo- 
lid AF may be "confidercd, as ccmpofcd of 5 fuch 
heights of cubes, one ranged above another). And, 
generally, whatever the dimenfions may be, it is 
manifeft (frcm 2 1 and 22. of 7.) that the parallel- 
epipedon will contain the cube P, as many time* 
■as the baft ABCD contains the bafe of the cube» 
repeated as often as the altitude AH contains the 
aliitude of the cube. Therefore ibe content of aty 
paralklepipedon will he found, by muhipiying tbe ertt^ 
of the haft by the altitude of tbe paraHelepiprdoa. 
Thus, for example, if the two dimenfions of the 
bafe be 16 and :2 inches, and the height of the 
folid 10 inches i then, the area of the bafe being 
192, the content of the folid will be 1^20 cubtc^ 
inches. 

From the content of a parallelepipcdon, thus 
known, that of a prifm, or a cylinder, will like- 
wife be known j every fuch folid being (iy 20. y. 
fr ^. 9.) equal to a parallelepipcdon ot equal bafe, 
awl 
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asd altitude. Therefore, multiply tht area i 
htfe (found by the rules for fuperficies) i 
height of tbeprifittj or eylinder, and the freduSi o 
ie the cotaent. 

Hence the content oi any pyramid, or cone, ii 
alfo obtained ; being (hy Cor. ^.,to 8. 8.) equal « 
T part of a prifm, or cylinder, of the fame bat 
utd altitude. Therefore, multiply the area of tH 
hafe hy\of tht altitude^ aad the produH will be tbt\ 
anfwer. 

Every fphere bnng (by ii. 8.) equal to ^ parts 
of a cylinder of the fame diameter and altitude j 
the content of any fphere vptllj therefore, be founds 
by multiplying the area of iti greateft^ or generating., " 
tirde into \ of its diameter : Or (becauK the area 
of fuch circle is to the fquare of the diameter, in 
proportion as 0,7854 to i), let the cube of the dia- 
meter be multiplied by the fraSion ,5236 (= -J- of 
0,7854), and the preduSi will be the content. Thus, 
if the meafure of the diameter be zo, the cube 
thereof will be 8000 j which, multiplied by ,5236, 
will give 4188,8 for the meafure of the fpberc'& 
folidicy. 

The manner of finding the ~^ii 
content of any fruftums of '' 
the folids above determined, 
is collected from Theor. 10. 
andii.B.Vm. Letthefru- 
ftum f MN), firft propofed, be 
that of a pyramid ; then, hav- 
ing found the content of a 
whole pyramid, of the fame 
given bafe and altitude ; fay, ' 
as any fide A of the lower end or bafe, is to its 
correrpoadent B of the upper, fo is the faid con- - 
cent 
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: to a fourth "proportkitu}.; and, ai A it 
n) to B, fo h thie quantity \i£i ibund tD aa- 
I' proportional: whi<^ two pn^KHtioinUst add'* 
[ to die ccmttnc firft dctermiiMKi,' «tU ^ve die 
Oe content of the fruftum. But vhtn the op- 
lofKC bafes of the. fruftum are fquarea, the rule 
bill be more (imple, and put on a better form ; 
lor then the area of the bafc being A% the con- 
tent of a whole pyramid thereon, of the fame altj- 
hode with the fruftum> will be equal to the paral-- 
} IcI^pipedon C x A*, C being 7 of the given alti- 
tude of the fruftum. But A : B : : C x A' : C x 
A X B C^ 22. 7.) and A : B : r C K A X B : C X B*. 
Therefore CxA'+ CxAxB + C xBU=Cx 
A* + A X B + B», ^ Scbol. to 20. 7.) is the true 
content, in this cafe. 

Henoe, to:find the content of the frafium ef attf 
jnare-pyramid^ add the product cf the two fides of 
tbt lower.^md upper eadt to thejum of their fqtures, 
and then muJtifly the a^r^ale hy f ef iic £ff*i 
mid's heiiht. 

From the con- 
tent here found, tbta 
of any conical fru- 
ftum (PQ) is rca-. 
dily obtained ; be- 
ing in proponion 
to the content (C x 
A* + AxB4- B*) 
of the fruftum of a 
fquare pyramid cir- 

cumfcribing it^ as the bafe of the former is to the 
bafe of thelaeter {hy Cor. 5. to 5. 8. ), w as the frac- 
tion ,7854. is to uxity : And fo, will be equa l to the 
,7854 part of CxA»-|-AkB + B*=:Ex 
h* 4- AB + B' i by taking E = ,7854 x C = the 
»'^i8 part (£ tfae whole given altitude. Tbere- 
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lore, to jW tbi 
add the p-oduH 
the film of their 
hy the frujittnfi 
tbefroEiioH ,261 

Hence, and 
from Theor. 1 1. 
5.Vin. a Rule 
for finding the 
content oi any 
fcgment lAK of 
a fphere, may 
alfo be deduced: 
FcM", it appears, 
front thence^ that 
the fegment pre 
ference between 

Cylinder ECDG ui iii& lamt amtuut, iiaiiuiog u^ii 

a bafe, whofe radius CA is equal to that (AO) 
of the fphere itlelf. But the content of the fru- 
ftum FCDH, if the two diameters CD* FH be re- 
prefented (as above) by A and B, and the ,2618 
. part of the altitud e (D) by- E, will be =: E x 
A* + A X B -f B* (that it, equal to a paralleleja- 
pedon whole altitude is E, and bafe = A* -|- A x 
B + B'): And the content of the cylinder ECDG 
■will be = 3E X As or E X 3A*. Therefore the 
diffirrence (or the conten t ofthc fegment lAK) will 
"be = E X 2A* — Ax B — ^^(Scbol. to 20. j.and 
A*' 5. I.) But aA' — A X B — B' is compofed 
of A* — A X B and A* — B*; wh ereof the for- 
mer part A* — A X B is = A — B x A (hy 5. a.) 
= 2Dx A(becaufcA— B(orCD — FHJ=:FF 
+ HG := 2ABor_2D)i and the latter A* — B' = a 
A — B X A + B C*^ 7. 2.) 2D x sA — aU ; 
Whe nce the fum of both will confequently be =^ 
-oD X 9 A. ^ 2D ; «ad the content of the ^gmenc 
itfdf 
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r^E X »D X 3A— aD = ,5236 X D* X 
■1 « 2 D (bccaufe 2E = ,52360). 

eThcrefore, to find the tmtent of gjtf figment of a 
fhertt multiply the Jquare of the fegtnent's height by 
U>e excefs of thrice the Jphere*s diameter above the 
i^i^le of that height ; and then multifiy by the frac 

The demonftration of the rules for determining 
^'the ruperficial contenc of the cylinder, cone and 
" fphere, and of their feveral fegments, cr fruftums, i« 
collected from the two Lemmat here fubjoioed. 

L E M M J I. 

. fhe upper fitperficiest or the area of aU thefidti cf 
m regular pyramidt in winch a cone mayie infcribed-, 
is equal tt a reSangle under the perimeter of the baft 
snd half the length of the contfsflantfide. 

For.letBCDE. 
XSc be the bafe 
of the pyramid, 
and BFGM that 
of the inlcribed 
cone \ and from 
the vertex A to 
the point P where 
any fide DE of 
chepolyg.touchei 
the circle, let AP 
be drawn. Then, 
fince the triangle 
AD£ls=:iAP 
X DE = 4AB X 
DE i and at die 
like holds good 
with regard to 
enry ouier Gde 
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of the pyramid, it » cridein ttiat the fom or 
the fides, or the. whole fcpcrfickj erf the pyran^ 
(ea clofive of ifae bafc) will be equal » 4.AB _ 
DE + Ef!" + 5^c -, that », cqoalto a redangM 
imdcr iAB and the whole perimeter of the ba(e. ' 

COROLLARY I. 
Hcttcc h wiil ftltb appear, tbi« aU the fid^ 
of any ftuftiiBa,%of thq .pyfamtd^ wtti be eqoa, 
CD, a ro&Mgic snder half the leogfli of each fick^ 
and the fu«i of the peiiitieters of the two cndi 1 
For, the a rea of the fide DEgi^ being = \Vp x 
DE + de., or ^B^ x DE + de (by ^. 2-), the 
area of all the fides will, th erefore,; be = -J** x 
DE + ifc + liF -^^/+ &f<. 

COROLLARY n. 

Therefore, feeing that the foregwug conclufions 
hold univcrfally, whatever the number of t,he fidea 
may be i and as the pyramid, by increafmg the 
number of its fides, approaches nearer and nearer, 
continually, to the infcribcd cone, which is iu li- 
mit J thence will the upper fupcrficics of the confi 
(as well as that of the pyramid) be equal to a red- 
angle under half the length of its flant fx3e and the 
perimeter of its bale. And the convex fupetficics 
of any frullLim of the cone wiil, a//p, be equal ig 
a reftangle under half the length of its flant Ode 
and the fum of the peripheries of its two ent^ 
or bafcs : Whence it iikewife follows^ that the coa** 
vex lurface of a cylinder v^ill be cqwal to a-ie£t- 
angle under half its altitude' and twice the peri- 
phery of its bafe (or under the whole altitude and 
once chat periphery); becaufe then the two ends are 
equal. — From this Corollary, the rules for finding 
the fuperficiea of the cylinder and coee, are giveji. 
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;_ T/ a regular p«lyg*n ABCDE, &c, of an evett 
tumher of fidts, together loith Us infcribed circii 
RQSq, be fuppofed to revcliH about the (produeed) 
%£ameter RS, as an axis i ibefuperficies of the foM 
Y generated ly the polygon, will be equal to a reSiangle 
\ under its axis AF and a right line equal to the eir- 
'. eumference RQSq of the infcribed circle. 




Becaufe the folid generated by the plane BfoC 
is the fruftum erf a cone, the convex fupcrfieies 
thereof, generat«d by BC, is equal to a redangle 
un^er -iBC aod the fum of the peripheries of the 
two circles dcfcribotj by Bi and Cr (hy Cor.'2. Af 
the precedent) : But the fum of thefc two periphe- 
ries, as QP is an arithmetical mean between B^ 
and Cct is equal to twice the periphery Qq -, and 
^reWe the convex fuperfkies of the faid fruftum 
equal to iBC x 2 periph. Q^ = BC x periph. Qa. 
But, becaufe of the fimilar triangles OPQ, BNC, 
we have BC : BN (be) : : OQ : PQj : periph. 
RQS^ : periph. Qa (ly 4. 8.) ; and confequciitly 
BC K periph. Qj = ^c x periph. RQS^ = the fu- 
perficies 
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perficics generated by BC. By the very 6m? 
mimcnt, the fuperficics generated by any other / 
CD is = Ci/x periph. RQStf : Whence it i»inaii^ 
feft, that the fuperfic ies or the whole folid is = 
Ab -^ be + cd ■\- (^c. y periph. RQSj=:AFx^ 
periph. RQSy. 

CORQLLARY I. 

Since the fuperficies of the fol'id is, univerfally.^l 
equal to AFxperiph.RQSj, let ihc number of fides ^^ 
of the generating polygon be what it will ; and as 
the Olid fuperficies, by increafing the number of 
fides, approaches nearer and nearer, continually, to 
the fuperficies of the infcribed fpher^, which is Its 
limit ; thence will the fuperficies of the fphere, it- 
feir, be alfo equal to a redangle under its axis US. 
and periphery RQSq : And the convex fupetE' 
ciei of any fegment thereof vRw, will likewife be 
equal to a reoangle under its axis (or height) Rf 
and the fame periphery RQS9 \ lince it is proved, 
that the correfponding fuperocies of CBAML, is 
univerfally equal to Ac x periph. RQS;. 

CO R O L LARY II. 

Hence U alfo appears, that the fuperficies of everf 
fiibere is equal to four timet its generating drcle : 
Becaufe (iy 2. 8.) the circle RQSj =-iRS )(4-pciiph* 
RQSq = 4RS X periph. RQ%. 

In deriving thefe concluflons, as well as thofb de-. 
pending upon the preceding Lemma, the Reader 
muft have obferved, that lomething is alTutned^ 
which is not demonftrated in any pfirt of thefe Ele- 
ffimts. But this will not, 1 imagine, be confidered as 
a fault, by Thofe who know, that it is impoflible 
to prove in a manner perfmiy regular and geome- 
tric^, that a airvt furfact^ of any kind^ is equal 
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vplane-me of an affigned magnitude. Plane 
Races are compartd with one another, in virtue 
w^z.aotb Axiom \ in which, whatever relates to 
e equalitjr of pixne Hgures^ has it» original. Buc 
S principles have been yet admitted into the-ctito- 
ffl», or lower Geometry^ whereby a curve furface 
Bq be compared with a jJane one j nor even by 
phich the proportion of atly <nnc curve-line to a 
t%ht-line can be known : Nor can it be demon- 
ftrated by all the Geometry in Eucli^s Elements^ 
^thatthe periphery ofacijcfe'is lefs than the pai- ' 
meter of its circunifcribing fquare. — We can deter- 
mine the proportion of folids bounded by curve- 
furfaccs, by defcribing other folids in, and about 
them, fo as to differ lefs from ihcm, than by any 
aOigned part however fmall. But in comparing 
of the furfaces, this method fails ; becaufe, let the 
number of fides of the infcribcd, or circumfcribed 
folid be ever fo great, or let the folid itfelf ap- 
proach ever fo near to the propofcd one ; the tyia 
furfaces, after all, •mil have no part in cornmoH on 
which ft demonftratton can be formed, but will 
ftill be dill;in(% things. Before fuch a comparifonc^ 
poflibly be made, in a regular and fcientinc manner, . 
new principles mull be laid down : But tbefe belong 
to, and are belt fupplicd in the Modern Geometry^ 
ot A£ilbod of Fluxions. ■ 



OF 
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T H E O B 

Iffrmi tvtB gheis poims .., „, ^ j — ,y 

ox hul^ittte lint PQ (in Ibe fame plane mtb them) 
two linet AE, BE he dravdn to meet en, and mail 

ri atqlts AEQ, BEP with the fM lini PQ,i 
Unci fo A-onn, taken together, ptdl he left than, 
any other two AG, BG, drawn from the famt points 
to meet en the fame line PQ^ 

For.lttBNMbtper- B 
pendicular to PNQ, and 
let AE be produced to 
meet it in M, alTo let 
MG be drawn. p. 

Then the triangles 
MNE, BNE, having 
the angle MEN (= 
AEa')=BEN*,MNE 
= BNE%andNEcom. 
mon to both ; have alfo MN =: BN, and ME = 

BE 
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' I whence alfo MG = BG ' : Bgt AM (AK +« 15. i. 
Be) is left than AG + MG', or, than its P)U«i;*«'»'' 
RG + BG. g,£.D. '»•'■ 

THEOREM, ir. 
Of all rifht liiKi AP, BP I AQ, BQ, thai an U 
irawn from two givtn pointi A, B, /• «»«;, tvje i^ 
two, OH tht cmvexity of a ghei circle RPQRt Ihefi 
tiro AP, BP taitK together, Jball he the leajt, winch 
make equal amies with the tangent MPN (or wilh 
the raaiitt Di^ 'at tit point of toncaurfe P. 

For, if to any point » in ^ 
the part of the tangent in< 
tercepfcd by AC^and BQ^ 
there bedrawn Am andBff; ^^ 
then will AP+BP be lefs 
thanAff4.Bff(,apdAff+ 
B« left than AQ_+ BQ.': 
Confequemly AP + BP 
ia lefs than AQ + BQ, 
^E D. 

This demcmftration holds equzHy true, when the 
curve RPK is fuppofed of any other kind; pro- 
vided all tangents to it, fall imirely without the 
curve. 

THEOREM III. 

Ift in a given triangle ABC, a point is to he dsr 
Jerminedf fo that tie fum of ^11 the three lines (Iratvif 
from thence to the three angles,fhall be the leafipoJ^U j ' 
Ifajt the pcfisioH of t^at peint mujl be fueh^ that oil 
the angles formed about it iy tbofe linest fraU be equal 
among themfelvts. 




Oa If 
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.196 OftheMaxiftii 

'If you deny it, then 

let' fomc point E, at 

which the angles BEA, 

CEAaie unequal, be the 

required one. 

Upon the center A, 

thro' E, let th« circum- 
ference of a circle RER 

be dcfcribed ; and let D 

be that point in it, where 

the angle; ADB and AC 
iTheor.i. Becaufe BD -4- CD ii 

therefore is AD + BD H 
*Ax.6. i.BE-[-CE^l which is 

point at which the angles 

required one. ^ E. D. 

The Jamt otbcrvnje. 

Let the point P 
be that, at which all 
the angles APB, 
APC. BPC are 
equal * ; and from 
any other point Q, 
upoffthe lines form- 
ing them, let fall 
the three perpendi- 
culars Qfl, Q.^, Qc. ji" 
I fay, firft, that the 
fum of the three diftances ha, Bi, Cf, intercepted 
by thofe perpendiculars, and the three given points 
A, B, C, will be equal to the fum of the three 

• 7bt dtUrminatien of tie pefitioti ef a peinl, 4tt i»hi(h, limt 
irefom /rem thru givtn painti, foaU farm tmy givtn «»;&'» ' ( 

gitm MUng ttt Gumtfrieal CtnJinSitut, m tSt moct ftSion.. 

firft 
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^\ of Geometrical ^amities, 197 

: diftances AP + BP + CP. For, if thro* 
Rhe interfedion- M nf Pc and 3Q, ro be drawn 
bat'aliel to A<3, mceiing Bi (produced) in \\ and 
FS, parallel to tfQ. in S i it i9,cvidenc (becaijle the 
[ angle v = 'BPd = xiPM = 4-,of a right angle ") ' cor. lo 
[ that the triangle Pt;M is equilateral -, and chat the 8 i. 
right-angled triangles QMf, QMr, having QMf'Hyp. 
(= PM* = vUb) = QMr, have alfo cM = rM i 
I to which let MP ='Mif be added j lb fhall cV -^rv 
= aP-l-vS=«P-t-Pi. And, iftotheSrftandUft 
of thefe, AP-J- BP + O be(again) added ; then will 
AP + BP + CP = Atf + B* -f Cf, &i was af-. 
ferted : Whence the Theorem itfelf is exceedingly 
obvious : Fpr feeing that the fum AP + BP + CP 
is but equal to the Turn of the three bales An. B^* 
fZc, it muft ncccflarily be lels than that of the 
three hypothenufes AQ, BQjind CQ. ^ £. D. 

THEOREM IV. 

Tbegreattji triangle ABD that tanppffibly he con- 
tained under fwa rigbt~lines, given in length, and any 
other right line joining their extremes^v.'iU be when the two 
given lines ABf BD make rigbl- angles with each other. 

For, let BC be 
equal to BD, and 
the angle ABC ei- 
ther greater, or lefs 
than the right-angle 
ABD; let alfo CF 
be drawn parallel to 
AB, meeting BD 

.(produced, if neccfiary) in F, and let A, F, and A, 
Cbejoined. ' . 

ThcH the anglcBFCbcingaright-onc', it isevi-- -, ,. 

dent that BC (BD) is greater than BF " ; and there- » ao i 

.fore the triangle ABD, being greater than ABt ', ' A^- 

> alfo greiCter than its equal * AiiC. ^E.D, '^"■ 

O 3 THEO- ■ 
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tg% 0/ the Maxima and Mmiika 

THEOREM V. ., 

0/ all triangles ABC, ABD, having the fimt hafi'~ * 
AB, and the fum of tbeit other Jidei the fame^ the 
ifofieles one ACB, is the greateji. 

Let CH be perpendi- 
cular to AB, and DEF 
paralle! to AB, inicrfcft- 
ing HC(produced if need 
be) in E i likewife let AE 
and BE be drawn. 
■ It is manifeft that the . -r — 
'ffi.and angles AEF, BED are ^ 

equal ' ; therefore AE + BE is lefs than AD + 
BD ', or than its equal AC -|- BC ' ; ■and fo the 
triangle AEB, facing within the triangle ACB % 
muft be lefs than ACB'i and .therefore ADB (.= 




•Theor.i, 
•Hyp. 



AEB *) muft alfo be lefi than AC8. ^E.D.' 



THEOREM VI. 

0/ all triangles AZC, Pi.'BiD Jlanding' upon the fame 
iafe AB, ana having eijual vertical angles ACB, 
ADB, the ifofcehs one ACB is the greatep. 

Let ACDB be a C 

frgtnent of a cirde, 

in which the equal 

angles ACB, ADB 

•1 f 1. s- »re contMned'; ffiake 

•iidii.i.CEG perpendicular, 

and DE parallel, to Vy^ 
AB; from the center *^ 
O draw OD, agd let 
A, £ imd B, E be 
joined, . It is evident 
Vc \ *h" ^'^' "°* °"'f bife^s AB% but allbpalft^ 
Zt thfough tlw cffnw '. Therefore, CD (OC) br- 

ing 
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^ ^ eater than OE *, the frivigle ACB will alfo* : 
I greater than AEB, or Aan iB tqual ADB *. * ' 
KE.D. ' " 

THEOREM vn- 

Of an righf-lina DE, FQ that can be drawn to 
cut cffequtd areas ADE, AFG frvm ^ given triangle 
ABC, tSat D£ is the Itaft^ which makes the triangU 
ADE cut off MtJefceUi me. 

UtAFGbe 
the drcnmfe- 
renceofacirclc 
«aflingthKxi^ 
Oie three points 
A,F.Gi allb 
letPH bc|)cr- 
pendicutar tQ 
FG, at the mid- 
die point P, \ 
meeting j^cir- 
cumfeixnce in 
H.afidktFH 

Wid GH be drawn. 1\t triangle FHG, being, 
liblceW 't is thci#)re greater than FAG % or. 
than i^ equal 'ADE: Whence, as rcl^e triangles' 
FHGj.ADE are-equiarigularS the bsfc FG of the' 
s^calier, muft contequendy cacoeod dx-bafe DE of 
«bch#r. ^£.i). 




'Ax. 1 6. 
iThior.6. 
■Hyp. 
Hyp and 
Cor. to 



THEOREM VIII. 

Of dl righf-linej EF, GH, GH that eon he drawn 
tbrb a given point D, between (wo right-lines BA, 
BC given in portion i that EF which is bifeSIed hy 
the given ptint X), forms with them the leafl triangU 

<«aF> 

O 4 For, 
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aoo Of the Maxitna and Minima , 

For, if EI, parallel 
to BC, be drawn, meet- 

* 3. and ingGHinI;thc''cqui- 
?■ '■ angular trianglesDFH 

and DEI, having' DF 
'Hyp. rrDESwillbeequal"; 

* »S- 1- and DFH will there- 

fore be lefs, or greater 
\ hx. z. than DEG ', according 

as BG is greater or tels 

than BE. Id the for- 

mer cafe let DEBH AGE 

common, be added to 

both i fo ftall FH B be lefs than HOB ^ And if, 

in the latter cafe, DGBF be added, then- will HGB 
" Ax. 6. be greater than FEB" j and confequcnily FEB (in 

this cafe alfo) Icls than HG B. ^ E. D. 




COROLLARY. 

• If DM and DN be drawn parallel to BC ind 
BA i the two equal ■■ triangles DEM, DFN, taken 
together (fmccEM — DN -= MB') will be equal 
) to the paraltelogram DMBN » ; and confequemly 
the parallelogram DMBN = -JBEF 'n'iBGH. 
Whence it is uianifcft, that a parallelogram is al- 
ways lc& than half a triangle in which it is in- 
fcribed, except when the bafe of the one is half 
the bafe of the other ; in which cafe the parallelo- 
gram is jufi half the triangle. 



SCHO. 
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&f Gemttrkal ^amities: 

^ SCHOLIUM. 

K From the 

jreccding-Co- 

^^liary alone, 

V it may be very 
eaftly made to 
appear , that 
the leaft tri- 
angle EGM 
which can pof- 
fibly be de- 
fcribed about, ^ q- 
and theereat- 
eft ■ parallelogram EFBrf that can be defcribed in, 
any curve ABCD, concave to its mis AE, will Be 
when the fub-tangent FG is equal to half the bafe 
EG of the triangle; or , to the whbie bafe EF of 

' the parallelogram t and that the two figures will 
be in, the ratio of- two to ene. For let HN be a 
fide of any other circumfcribing triangle (EHN)_ 
touching the curve Jn C, and meeting FBr in r: 
Then, the curve Wing concave to its axis, the 
point r will fall above B ; whence, if rm be drawn 
parallel tp B«, then will EGM = 2BE "3 2rE -3 
EHN. Again, if IC, parallel to EM. be pro- 
duced to meet GM in p, and CK and pq be drawn 
parallel to AE ; then, alfo, will BE = 4EGM CT 
^E c" CE, as vaai to he fiiewn. 



THEOREM IX. 

Of aU rigit-Hried figures, aatamed umkr the fame 
number tf fidtf^ and iufaihed in the fame dreie, tbst 
^is tke greatefi vibefe fides are all ^nal. . 

Foii 
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aoa Of the Maxin 

For, if poJjOky lot 
fomc polygon ABCFE, 
whofe fides CF.EF arc 
tiDequaljbethcgreateft. 

Let CDE be an *■ 
ifbJceks triar^le de- 
fcribed in the fame 
lament wich CFE i 
wTiich being " greater 
'IS"!-,- than CFE ', the whole 
polygon ABCDE ^^1 
alfo be greater than 
the whole polygon ABI 
Therefore the polygpn 
£des are all equal. 

THEO] 

Cy ali rigia-iined^^ttr 
ftrimeter, Md number »f fiitit tiegrmtefiisy min 
ibtjiiti Mie ^ ejaal. 

For, if ABCDE • n 

be the |;reatefl: pof- 
£b]c, the triangle 
CDE maft. mani- ^ , 
feftly. be greater '^ 
Jtb^a any other tit- 
angle CFE upon the 
fame bafe, whereof 
the fum of the other 
fides is alio the 
fame. But, ly Theo- 
rm V, the igreateft iriangle, idien the 'iak >and 
.«be fotn of the fides 4He given, is^ax whd&fidts' 
are equal:. TfaenfoK DC and £D are«i{ual. -In 
the fame manner it appears that EC = CD, &ff . 

■ THEO 
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TJHEO-REM XL 

il/iUlhe Jidei ^ 4 polyiett, meft enty h^Siven 
W.letigti\ 4ad ihmr. fafitim it repdredjji at tt mth 
h polygon it/elf (be gtMt^ p^le ; I fity^ their 
9ofition tmfi he fucb, that two lines drawn from the 
%!tre^iet of 4bt »«bv^ fide it aw/ m^k ef She poly- 

For, if you would 
have the polygon 
ABCDEF w be 
thcgreaicftpoffible, 
and yet ADF, fub- 
tendcd by the un* 
known fide AF, not 
a right -angle :Thcn 
kl PSO be a f ight- 
anglccontaiaed ud- 
der ^.& c= AD» Ud 
OS 33 FDi a*d 
upon PS and OS, 
let the figures PS 
RQ_and OST be p 
defcribed equilate* 

ral, and equal, to ADCB and F0E'. < lo. 6. 

The triangle PSO js greater than ADF'j there- tTheor.4. 
- fore, PSRQ bring = ADCB, and OST = FDE "» « Conftr, 
the whole polygon PQRSTO is alfo greater than 
the whole polygon ABCDEF", wifcwAw repi^tutnli 'Ax.6.i. 

COR'OLLARY. 
ticnn, becauie the angle in a Jemi-circle is 4 
t'^ht'angle * ; it a^ais, that the greatefl poly-*' 3- 3* 
' goa that can be contained under any pn^led 
nuHiber of e^ven fides, and one other fide any hovr 
taken,'will be^ when it may be infcribcd in a fecni- 
tirclo, wherec^ the iodetermined liae will be the 
diameter. 

THEO^ 
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fl04. Ofih Maxim 

THEOK 

A polygon ABCDEA in 

ether poiygen PQRSTP, « 

fomt both in length and im 

Let AF be the diameh 
E. F ■, alfo make the ang 
EF, and let PO be draw 




Bccaufc AB = PQ, BC 
,Hyp. = ST,.andEF^TO', 

being iiifcribed in a lemi-circlfl, will be greater than 

• Theor. the polygon PQRSTO'i and, if from thefe, the 

' II. equal triangles AEF, PTO be taken away, there 

will remain ABCDEA tr PQRSTP. ^£. D. 

That the magnitude 
of the grcateft polygon, 
which can be contained ^ f 
under any number of 
unequal (ides, does not 
at all depend upon the 
order in which thofe 
lines are connefled to 
each other, will appear, 
thus. Let ABCDE be the grcateft, one way, or 
according to one order of the fides j and upon BD 
let a triangle BDF be conftiiuted whofe fides DF 
and BF are, refpeftively, equal to BC and DC j 
then, the triangles BCD, BFD being equal, die 
whole 
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'^ of Geometrical ^aniiiies, 

,., % polygons ABCDE and ABFDE will lite- 

l^e be equal, notyrithftanding their equal fides 

", DF, i^(. are placed according to different 
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THEOREM XIII. 

Of all polygons, contained under the fame perms' 
I tery and number of fides ; thai wbofefides^ and angUs^ 
Ware equal, is the greatefi. 

For, the greateft polygon that can be contained 
. under a ^vcn perimeter, is one whpfe Tides are all 
equal'. But, of all the polygons of this fort, that' Theor. 
»s thfi greateft which may be infcribed in a circle 'i^'^j^ 
Therefore the greateft of all, is that whofe (ides „. ' 
are alt equal, and which may be infcribed in a 
circle, or whereof the angles, as well as the fides, 
are all equal. ^£. £).'. 

T H E OR E M XIV. 

the greaieft area that can' poJJibJy he contained iy 
cue righf-line,- airf bow taken, and atrf ether line or 
tines, iotatever, whereof the Jam is given ; will he, 
token two right-lines drawn from the extremes of the 
unknown line firft mentioned, to meet an} where in the 
given hdundary^ make right-angles with each ether. 

For, if you would have the area ACDEBA, con- 
tained by fome right-line AB, and ACDEB where- 
of the length is given, to be the greateft poflible, 
and ADB, at the iame time, not a right-angle: 
Then, let PSQ_ be a right-angle, contained under 
PS = AD, and QS = BD i and, having joined 



5c — --. ^ 




PQ. 



to6 Of iHt Maxima and Mmim^ 

PQ, upon PS and QS concaive n«o SgWTs 1 
«nd C^T to b«fonned, equal, aBd-atike in altl 
fpcOs to ACD and DBE. Since tht ansa BSQ 
•Theor 4. greater than ADfi ' ; it is manifeft, that the a 
PRSTQP, contained by tho right-line (PQ) tA 

• H,p. PRSTQ.( 5= ACDEB ') will aUb. be greater d 

• Ai. 6. Ae area ACDEBA % iMth is r^mail : Tin 

fore the area ACDEB A cannot be the ^ 
poflibte, unlefi the angle ADB be a right om 
S: -E. D. 

COROtLARY. 
Hence, becaufe the angle in a lemi'ciKle is « 
' 1 J. J. right-angle ', it is evident that the ar« will be the. 
Ktcateft p6IBble, when the given kngtb, or boun- 
dary, forma the arch of a kmi-circle i whereof tbe 
indeterniined right-line propojed is the diameter. 

THEOREM XV. 
0/ £1 flm Jfenrts ABCD, EP6H. €n>„inti 
tudtr tfulpirmam (or limls), Iht drtlt (ABCD) 
is tbt grui^. 

For, if the diameter AC be drawn, and EFG 
be taken equal to the arch ABC j then the area 
ABC A will (hj the prettitnt) be greater than tho 




area EFGE, contained by EFG and the'right-Hne 
EG; and ADCA will alfo be greater than EHGE: 
Therefore ABCD ouift, neceflaiilx, jiegrraier than 
EFGH. %E.J). ^^■ 

C O R O L. 
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COROLLARY. 

^ H^nct it append, that the greateft vka dtat can 

Ebly be contdned by a right-line AB, and a 

Tc-Hiw Ke&, both g^ven in length » will be. 

(then 4e btur ta ^n arch of a circle. For, let 

KAkB be smy other curve-line, equal toA<6, and let 

I the whole circle A/BCD be completed ; wludi 

i:\riM fit is proved) be greater than the mixed figure 

'^ AnBCD I and coa&qucntly, by taking away the 

common ti^Mnt ABCP, ovue will reintuo A<BAi 

greater than AsBA. 

THEOREM XVI. 

7^ greateft paralleUpipeJon that can he eontaimi 
under the three parts of a gtven line AB, aty bow 
taken, will bt loien all the farts an efual to toA 
flier. 

. For, if p^thU^ let ■ C E p 

two parts AE, ED -A- *^ ' » 

be unequal. E'lfeft AD in C ^ then will the reft- 
angle under AE (AC + CE) and ED ( AC— CE) 
be lefs than AC* (or AC x CD) ^ the Cjuare c* 
CE*. Therefore the folidAEx ED xDB will alfi),_ . 
be Ids than the foM AC x CD x DB •• i wbid iiJ„ j, 
^<naraty to lypotb^. 

COROLLARY. 

^ HentXtOfall re^ngujar paratleIe[Hpe(kHB,har- 
'- ^ Uie fum of their three dimenfiooa me iiunc, tbe 
I the greateft. 



ing Uie fi 
ci^ is t 



THEOr 
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2o8 Of: the Maxima and Minif^ 

THEOREM. XVH. 

The greatefi faraUeUpipado» AC* x CB tbaf aoi^ 
pojfib.y bi ceniained under the fquart of ont part AC' ^ 
, */ « given . liat AB and the other part AC, any hetv.^ 
taken \ wiU be., wbeg tie former p^t is the double of 
the latter. , . . 



-4$- 



For, let Ac and 

Bf be any olhtf A~ 

parts, into whith . ■ 

' Cor. to (i>6 given line AB may be divided t and let AC and 
6. 2. and he be bifefled in D aod 4. So Ihill AC* x CB = 
7- ' 4AD X DC X CB ' t^ ^hd X ^f X cB " (Ac' x cB ') 
6 "■ ^ ^ '*' precedent, ' ^ E. D. 

THEOREM XVIII. 

^he hfpotbenuft AB of a risrhlangled triangle 
ABC being given; the foltd BC x AC* cenkuned 
under one leg BC and the fquare of the other AC, 
will be the greateft poj/fble, when the Jquare of tht 
lattir leg AC is double to that of thi former BC. 

For, if CD be con- 
ceived perpendicular co 
AB, and DE to AC ; ic 
willbcAC'(ABxAD'): 
AB*::AD:AB-::DE: 
BC ' 1 and confequemly ^ 
AC*xBC = AB'xDE«i 

which (as AB' is given) will, evidently, be the great- 
eft pofBble, when Dt, or its fquare' (DE») is the 
greateft poffiblc. But DE' ; AD' : : »BC'(BD a 
AB'): AB' :: BD; AB-"! and therefore DE*x AB=: 
AD» X BD "i which (and confcquently DE') will be 
the greateft poflible,when AD is the-doublc of BD% 
that is, when AC (AU x AB) ii the double of BC 
(BD X AB). ^ £. D. 

T H E O- 



' Cor. to 

•9-+-. 
- 21.7. 
•14.4. 
•23- 7- 
» Cor. X. 

to 6. 1. 
« Cor. to 

11.4. 
• Theor. 
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THEORfiM XIX. . 
iUiitide BC ef the greattfl cylinder HG that 
^ihf bt infirihedin awf cme ADE,- is mu-tl^rd 
tie dtitudi Ah cf the coney' and the cylinder , 
parts ef tie cone. 

let gb ^.-aoy , * 

ylindcr infcribed 
one i and it will 

g- ' : : Ac* X Ef : "I 4- ' 

Be i whence, ly 

ion, AC* X BC : 

!c : : CG* X BC : ;. 

e> and fo Uke- 

the cylinder HG . . ' ■3-Mds. 

cylinact ' " *f s bat AC* -x BC' is' -grfeitcr " .\heor. 

c*x Bcj therefore HG is alfo greater than 17. 
eg. iigaiVluice AC = 4AB, and lUFefore CG'Ax- 4- 
= 4-BE J we alfo have, cylinder HG : cone ADE \^'''- 1- 
(or cylinder ^DN) : : CG* (^BE*).; 'BE* : : ^ : i. .'° ^; ^• 
^E.D' . ■ ■. . ■ tudJ-V 

' ' . -■ ■ SCHOLIUM. 

From this propofition, by reafoning as in the 
Scholium to: Tifxpcm VIII. it will appear, thac 
the leaft cene that can be defcribed about, and. the 
sreateftcy Under that can poffibly be defcribed in, any 
folid generated by the rotation of a curve, concave 
to jxs axis, will be, when the fub-tangeht is. two- 
thirds of the altitude of the cone, or twice the al- 
titude of the cylinder 'j and that the tWo figure's 
will be in the ratio of nine to four. From whenc'e 
the dimenfions of the greateft and leaft' cylinders 
and cones, that tan be defcribed in, ancf about folids 
gcijerated by curves, to whidi the method of dra\V- 
^ing^ngents is known, may be readily determined. 
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T H « 

CONSTRUCTIO: 

Of a grett Vabiitt «f 

Geometrical Problenis, 

Bfi^B « lirtlur 

APPLICATION of what haabeen deUvet^. \ 
in the Elemeatuy Fart of t^ Work. { 



PROBLEM 1. 

In a ffven tri0ngiff A9Ct /4 ^tf/^rtfv s /furi- 
DEFN. 

CONSTRUCTION. 

FR O M qny want M, 
ia cither lioc» upoa 
the t>afe A3, let 
fell the perpendicular MG ; |^^ 
make MR. perpetvlicular,' ^ 
and equal, thereto, and lec 
ARE be drawn, meeting j__ 
the oth«r fide of the tri" A 
angle in E ; then draw EP 
parallel, and EF and DN ^agf^p^litf^ tQ AJB-s 
atid tie thing is dont. 

DE- 
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fie Gmpftt&im && Sir 

DEMON ST RATI OH. 

pt«R9!i<:*a»i!SatilWtoEFr tHm (hj p 
W€f Mangki) RS (MG) rEF (: : A» T M) : : 
|IR r DE : Thntfcpp, » M<j and M« ate eqiali 
)r Gm/lncmit, EFatld OE iHtl likei>ir<'Bf'«(uat; 

By tbc &nie method airefiftngle itufbe-iBfcritted 

Fina ttiaiigie» wholb fiddsOiaitDC iii a* gimsa lasio } 

' if MK and MG (iitft<ad 'ist lickig cquli> be Meri 

' in tbcgiwki ratioy 'the Ktfo^ttw CeoAniMon-btw 

iag fficaaif A»S»a»i ■ 

PROflL'eM li. 
/» « gkf Irimfli ABC, » nj^oiit > riam^li 
EFGH m«o/ lotuifghin rif6HM.filurt Qj »( 

CONSTRlfCTiOH. . 
OdllilibdiABf^)^. 

be conftituted =s Qj and 

let LP dieet the pcrpen^ 

dicular CD of the triangle 

(ptxiduGcd) in K. Then 

(ij If. 5,) let CD be di- . . 

tided in,l) fo that CI x f 

DI = CD » DK (that is, l"" 

let two leini-citcles be de- 

fcribed on CD and CK ; draning MN and NI ft- 

tallcl to CD and AB) : So Ihall DI be the alti- 

taSe of the reqwetf itAangle. 

DBMONSTIlATfO* 

Slow rtjOijft'.ycix DI r= N-i's (i«D').=s 

etix OlC dimtewm DI : DK : fCB : Cf ; : AB: 
EF (iy 10. 5.) i antl cdnftijotntly OIVEF (?; !<*• 
4.)a=ABxDK = Q. &&D. 

e a That 




D,o,i,7?d-,Google 



21S Th CottfiruBion of 

That the Problem wQl be impoflibk, 
is greater diao half the triangle^ is evident 1 
the ConftruAion. as veil as from the Theorem 1 
p. 200. It may alfo be obferTed,that diere is anotlT 
way, befides diat u&d above, for dividing CD 1 
the manner propoled; which (though not md 
obvious) is, in point of conctfenels, rather prefel 
able ; and is thus. Having (ms befere) found 7 
mean-proportional DM between CD and DK, air 
bifefted CD in O i from M to CD ara^ly MR d 
OD. and take OI = RD. So (hail CI x DI = OE 
— Ol* (by J. 2.) = MR* — RD'C^ii)y.; = DM'l 
siCDxVKCasbtfm). 

^ PROBLEM ra. 

In a given circle APBQ, to infcrihe s reSia^U 
\ equal to a given rigbt-UmdjiguTe RSTlT, nit exceed^ 
ing half tbef^uare of the dia»aer. 

.CONSTRUCTION. 




Upon the diameter AB defcrlbe the rectangle 
ABKI = RSTU (hy j. 6.) ; and from the point 
C, where' the fide KI interfedts the periphery of the 
circle, draw CA and CB, parallel to which draw 
BD and AD; then will ACBD be the teftaiigle 
that was tQ be coollru^ted. 
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DEMONSTRATION. 

• The Hncs AC, BD, and AD, BG being parallel 
t^ Cmfir.) and the angle ACB a right-one (iy 13. 
R.) the figure ACBD is a rectangle (ly Cor.to 24. 

Ex.] andDisalfo in th& circumference of the^cle. 

pBut ACBD = 2 ACB = ABKI = RSTU. 

That the Problem will be impoBible, when BK 
is greater than t^B, oc when BI (RT) is greater 
than 4AB*, is maaifell from hence, becaufe Kt 
will cbcD fall incirely above the circle, 

;. P R O B L E M IV. 

■ To draft) d line KL parallel to a ghea live AG, 
wbiti JbfiS terminate in two other lines AB,'AC, 
gtven bj fofititn., fo as to form noith tbern a triatt^t' 
AKL> ejttal to a given reSlangk ADEF. 

CONSTRUCTION, 

Let FE, produced, 
meet AG and AC, in p< f^ 
G and H; and, in ABi 
take a mean-propot' 
tional AK between GH 
and aEF 1 then draw 
KL parallel to AG, and 
tke thing is done. 

DEMONSTRATION. 
The trtandlea AKL, HGA being equiangular, it 
win be AKL : HGA : : AK* ( = GH x 2EF, ky 
Conftr.) : GH',: : EP ^ 4GH (by 7. 4.) : 1 EF x AF * 
4GH X AF (= HGA) : Therefore, the confcqucnts 
being- equal, the antecedents AKL and EF k AF 
muft alio be equai. ^E^D.. 

P 3 PRO- 




D,o,i,7?<iT,Google 



fi4 ^ CmflrttBim ^ 

PROBLEM V. 

ittvum two tints AB, AC, ^vmiff^lisH^ 

tpply t Iml Kit,, tjwl tt t gitm lim MN. f> ti~ 

tic irianglt AKL frmii jrtm liniat, fitUitiif , 

ffwtt mtgiiitp4t- 

CONSTRUCTION. 

Having bifea- p Kf=r^^ A^ 




: » i^gn>eni of a drcle be dclcribed (by 23. 5.) tq 
conrain an atigle := A ; a«d trom its interfedion 
. with tF, draw HM and HM 1 then maki AK =; 
HM, AL = HN, ?nd join K, L. So Ihall tk* 
bafcKl^beaHbsslhebafeMN, and Ihe Iriangh 

. AKL equal, and lite in all refpefls, toHMNs 
which laft (byCtr. t» 2. 2.) ij, inani&^y, equal to 
de magnitude given MDEF. SiM-f>< 

PROBLEM VI, 

Tbraugh 9 ^nm point P, le 4rav tt H^f EPP tt 
jHut two iixes AB, AC, given ^ ^«/ft/o», Ji thttt t'^ 
IriengU-AliiL formed from tience, Jhali be^arhm 
futgnitmte, 

CONSTRUCTION, 

Draw FPH parallel tp r/S 

AB, interfcaing AC ii^ 
F} andon AF. Ietap4- 
rallelogram AFHI b? 
formed, equal «> the 
given area of the triaft- 
gle : ^*ake IK perpeOr 
StSulat SB Ai, sod f^ 
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? I and fiofei K, ts AB, ippir KD = PH » 
] draw DPEi <|W the tha^ is daue. 

DEMONSTRATION. 
The iiiai^ PHM, PFE and tWi, bf m- 
fen of the paiaUsl lines, are iimilar \ and there- 
fore, fiiice ue tlnee homglogous lidea FH (KD}, ' 
FP (IK) and DI aie fuch, as to form a right-an- 
gled triangle (^ Oif))'.), die triangle PHM on the 
&£t of tbcna, is equal Co both the other two FP£ 
add MDl (^ ao. 4. ) : and, if to thele equal quan- 
tities, AFPMl be added : tiien wUI AFHI be alfa 
.scAOE. 

This Problem will be iminffible, when KO (PH) 
is lels than Kt (PF) ; thit is, when the area^veii 
is ieis than a parallelogram under AF and ixff. 

P H O B L E M VII. 
firm i rival piitlgm ABCDEFH^ H aa tf u 
fd-t AI^FH, i^l to a ^ivnreaazU MN, iym 
atu (IK), athHf t*''l'l f ' t^ '>* AQ, tr 
ft^S throkib s groen feint P. 

CONSTRUCTION. 




AGFH)then, K 
hf Piob. tha 
4th.ot6tli,»c- . 
GoidiagtotbeM 
caie propolixit 



O 



P* 



draw 
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2i6 -The ConftruBion of 

■ draw IK, ib as to make the triangle GKI ^ I 
and tht thing is done, ..a 

The Dcmonftration whereof u manifcft from! 
the Conftruftion- ? 

■ And, in the fame manner, the polygon may be 
divided aftrordingto aiiy. given ratio; becaufe, the 
whole being given, each part will be given. 

PROBLEM Vra. 

To divide a given trianzle ABC mte a/rfprope/ed 
umier ef parts (AKM, KN, LC) /& as to have am 



g" means of Unes 



number 

given profortim to each other 

drawn paraHtl to one of tbeJides'BC of the triable, 

CONSTRUCTION. 

Let AB be divided 
into parts, AE, EF.FB, 
having, the fame given 
■ proportion toeadi other, 
a* the parts of the tri- 
. ■ angle are CD have. Upon 
AB let a femi-cirde 
AHIB be dcfcribcd ; 
and perpendicular to 
AB» draw ^H, FI, 
meeting the circumfc- 

H and 1, defcnbc .he arcs HK, IL, i««i„g ABln 

L'"l^,C;;'r.'^" '-' ^''^"^"^'» '^- 

DEMONSTRATION. 
The triangles AKM, ALN and ABC, are In 
proportion, to one another, as AK> (AB x AE), 
AI.- (AB X AFJ and AB- f*, 19. and 24. 4.) i 

(iy iivifm) the propofition is manifeft. 

PRO- 
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PROBLEM IX. 

■ Ta di'mdl a givm line PQ into any fropofed Utter 
htr af parts, fo that Jimilar rigbt-liiud j^gures FMm> 
: MLI, LQg difcribid upon than, jball have the fame 
given ratio among them/elves, as an equal mtmitr ef 
righl-lines AB, AC, AD ajigned. 

CONSTRUCTION. 

Upon the grealeft AD of the given lines AD, 
AC, AB, defcribc a femi-circle AEFD j and per- 
pendicular to AD, draw BE and CF, tneetine the ' 
circumference in £ and F } and, having drawa 




PR, at pleafure, in it take PH = dift. AE, HI 
= dift. AF and IK = AD i draw KQ, and pa- 
rallel thereto draw HM, IL j wWch will divide 
PQ, as required. 

DEMONSTRATION. 
PMm : LQj ; : PM- : LCS (h 26. 4) : : PH- 

(= AE"= Affx AD, h '9- 4.)t IK- (AD-):: AB: 
AD riy 7. 6.) in the very fame manner it appears, 
that MU : LQj ; : AC : AD. S^E. D. 



PRO- 
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910 H^ CmfiruiliM of 

PROBLEM X. 
to Attmm tit fefitim cf « pehit T, fp /J 
JKui drawn frtm thtnee to the eytttmet cf ibrtt tigJk 
Ims AB, CD, £F, pvm in length tud ^tion^JbJk 
farm ttrtt Hmigks ABP» CPD, EPX nmtm 
tfiui to each 9tior, 

CONSTRUCTION. 
Let die given Hnes be produced to meet in < 
- wdH} in which cake GfliicAB,Hjz:£F,an4 




Off, Hr, equal each to CO: Complete the par^- 
Idwratm Gmpn, Hr/jj and let the diagonals G^ and 
H<.oe produced tilt Acj meet in P, and tbi t^ 

it dene. 

DEMONSTRATION. 
Lot PA, PB, Fm> &c be drawn. Thetriai^ 
GPfii GPflh having the fame bale GP, and equal 
latitudes (becaule QMpn la a wallelogram) are 
therefore equal to each other : But CPD = GP«i 
and APB t= GP« (hy Cor. to a. 2;) ; whence CPD 
and APB are Ukewife equal. And, from the teiy 
iame realbning, it appeara that CPD and FP£ are 
equal. ^E.D. 

PRO- 
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PROBLEM X!. 

. . ^ from Ub» given pointf A, B, $o draw Mo Uais 
,,^^C, BC, to mitt tn a tine DE of atg kini^ £ivm 
''Mih pofitioH ; fo that the difference of their fqtiaresJbaS 
hs^ kt tfual to v fytart gjhittt (MN*). 

CONSTRUCTION. 

Make AF perpendicular 
to the line A6, and equ^I 
10 MN } draw BP', which 
bifeft with the perpendicu- 
lar GH I and from its in- 
terferon with AB, draw 
HC perpendicular to AB, 
meeting DE m C; draw 
AC and BC, and the thing 
isdom. 

ForiC« — ftO=:BH' 
— AH* (by 9. ».) = FH' 
«-AH*=;AF'-MN*. 

PROBLEM Xir. 
Front $wo given feints A* B, /« draw ftw fiwf 
AC> BC> to meet in a line D£ of any kind, given iy 
fojition i fo that thtfntn ef thar fqnares fifoU ie ef/st 
to a ^!wnffMn, MN*. 

CONSTRUCTION, 
Biie^ ABvkb tha 
perpendictilar FG, in 
which take FP= FA, 
>nd draw APQ^= 
MNi o» AB (pro- 
duced, if nrcc0^) let 
fall th« perpendicular 
Q& •, from A to FG 
ipplrAH9AK,«p4 

■ •«be«l 
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■ -TTje ConfiruSiion of 
about the center F, thro' H,' let the circumftrciB _. 
of a circle be defcribed; and from its.intcrfed:ioni 
'tl^'with the given line D£| draw CA and CB, daj 
tht tUng is done. 

DEMONSTRATION. 

Let BH be drawo ; which being := AH = AR 

=RQ (becaufe FP =i AF) -, thence will AC* -{- 

BC» = AH* + BH* (h ao. y) = AR' + RQ* = 

aq:=mns ^e.v. 

problem xiii. 

From t^o given pmts A, B, to dr^w twn lines 
AC, BC, meeting in a line DE of any kind, given iy 
'p^fition; fiasto eitain the ratio of two wequal right- 
Unes Mm, Nn t^ffignid, 

CONSTRUCTION. 

Having joined the ^t^- 
given points, divide AB J" 
inFCiyis- 5.)fothat 
AF:BF::M»i:N»i - 
make A/ and Fiparal- Ap 
lei to each other, taking /} 
the former = AF, a[id 
the latter = FB ; and thro' their extremes draw 
fbO, meeting AB, produced, in O i from whence^ 
with the radius OF, let the femi-circlc FCG be de- 
fcribed, cutting DE in C i then draw AC and BCj 
end the thing is done. 

DEMONSTRATION. 
Becaufe OA : A/ ( AF) : : OF : F» (FB). we have 
(hy divifion) OA : OF : : OF : OB ; or OA • OC : : 
OC : OB. And fo, the triangles OAC, OCB, 
having one angle FOC common, and the Cdes 
about it proportional, they muft, therefOTC, be fi- 
mUw 
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*'Ti£lar (kf 15. 4.) i whence the other fides will j^fo 
■■"■& proportional, or AC : BC : : OA : OC (OF);; 
A/ : FJ ; : Mw : N« fij- Conjlr,) .^ £. D. " „ 

■■fr ■ ■ ^ 

L JVi"^ When, in wther of the two preceding Pro-, 
blems, the circle defcribed, neither cuts nor touchei 
the given line DE, the thing propoled to be done, 
will be impo2ible ; as no two lines drawn fron^' 
A and B, to meet above the circumference, can 
polTibly have their ratio,- or- the fum of their 
fquares, the fame as two lines meeting in the cir- 
cumference. 

PROBLEM XIV. 

From two given points A, B, to dram two lines 
AC, BC, meeting in a right-line DE, given ly por- 
tion i fi as to make thertwitb two angles ACD, BGE, 
wbofe difference Jball he equal to an at^^ given, bch; ' 

CONSTRUCTION. 
Make AFG jiBrpendi- 
cular to DE, and FG = (j_ 
AG ; aad, having drawn 
GB, on it lec a fegment 
' of a circle GCB be da- . 
fcribed (Irf 22. 5.) to con- D ' 
tain an angle equal to the j^ 
lupplcmenc {beg) of the 
S^ven one hch j ' and from Its Joterfe^tion (C) with 
PE, draw CA and CB i and the thing is dene. 

For, if BC and GCH be drawn, then will ACD 
= GCD = ECH = BCE — BCH {hch). 

In the fame njanner, the Problem will be con- 
flrufted, when, inftead of the diffiirence of ACO 
and BCE, that of ABC and B AC is given : Bd- 
caufe, ^hen DE is parallel to AB, the latter dif- 
ference 




htrace u eqnzl to the forvnai and, ut aflo 
a&St diflfen front it hf twice the grran ai^ C 
cxprdEng the incHnKion of the f^ KticK-^Wheir 
the fum of the angles ACD and BCE'iS'g^vcni 
the angle ACB is alfo given : And here, norhing;,! 
more is oeceflary, than barely to defcribc» upon AB, 
« fimnent of a circle to coatnn die laid oren an" 
gle ACB. 

' t E M M A. 
]fycftarf three proportionaJ Una AB, DB, FB,/J«'1 
£.ffermtt AF tf the two extremes be bifeaed in G ; and ' 
if on tbeff-eafi^ AB^ss « haftj a irmn^ ABC ie/i 
formed^ that Us iefferjde fiCfitall be to the di/iance 
MG aft tbeperpe^Hndar'Jrcmthe h^<Bing foint G, 
^ ivtheeivertrathofAharJyBi then /bail the greatef 
JtJe VCjtxaed the leffer- AC fyOe gtoe* li§e D^ 

DEMONSTRATION. 

Becaule FM exceeds 
AM by iGM. BM will 
exceed it by aGM 4-BF} 
. and the redangk ender 
this excefi and the whde jh- 
bafe AB (se 2MG x A8 
+ BFx-AB) will therefore fJjt 5. a.) be ^BC*-^ 
AC But {ly byfottefit and lo. 4.] MG x AB ^ 
AC )« BD, ami BF X ABrs BD' : Therefore 2AC 
X BD + BD* = BC' — ACV; and. by adding AC*, 
oemmoa, AC* -^ 2AC x BO 4- BD« (or the fqyartr 
of AC+BD,^6.2.; wiU bes&C'-, and, coa- 
ftquently,Ae+BD = BC. ^E.D: 

This tenma a not only of ule In the TnS^a^ 
nextiollowing, bi» will m foiimf a xiaAy Inftni- 
menc In the fokition of niitny otbcrs ; wt wtlch 
teafoa it is here put down. 

P R O- 
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PHORLEM xy. 

tvfO givtn feints A, B. t" draw two U«es 
to meet in a rigbt^tme T>%^ given irf po^ 
that their difference fiiall be tqMt to a giv^t 
Bd- 

CONSTRUCTION. 

, take a tbird- 

>nal BF GO BA 
} and, hav- 

xd AF in G. 

=:.B^i make 
IK pcrpcndi- 

neeting DE in 

Kt and draw 
MAJ^t M which, from 
K. apply KL = AB; • 

and parallel thereto draw AC, me«^gDEhiC} 
jeloB,Ci mitha tbisffis Me. 

DEMONSTRATION; 

Let CM beperpertdi'cular to 4B. 

Then, becaufe of the parallel line<i, it will Ee 
Ac : KL (AB) : ; HC : HK : : GM : GI (Bd). 
Whence (by mitematitn) AC being taGM, as BA 
tt) B(J k and AB, ti!B, FB being alio proopr- 
tional? i. the whqle Cenftmfiion ia m&itfeft j^ 
the Zcmna pretnifed. 

If the Turn, inftcad of the difitience, of the two 
lines (AC, BC) ,be given, the method of conftruG-r 
rion will be cxaftly the fame, without Ae leaft al- 
tcrarion of any one ftcp i provided that Bi be firft 
of all taken (ioBA, produced) equal to the givea 
fuffl, inftcad of the di&rence. 
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PROBLl 

From two given points 
AC, BC, ft> as to meet in 
to that (AB) -joining the , 
rtSat^ (AC x BC) ttnUai. 
to a re^a»gle.givejit ADE] 

CONSTRl 

Bife^fc AB and AF.in 
G and H ; and, having 
drawn GI perpendicular 
40 AB, to it, from A, ap- 
ply AO = AH i and from 
the center 0> through A 
aDd B, let the circum- 
ference of a ckcic be de- 

fcribed interfcdting DE in C y from wHence draff 
CA aad CB, and the thing is done. 

For, if- CK tii drawn perpendicular to AB, it 
is evident'C^ "^S-Z-) that AC x BC = CK x zAO 
==ADxAF. ^£.Z>. 

PROBLEM' XVII.. 

" Through a given point Py fe.to draw a like FPE, 
that- the parts thereof VP^ PE, intercepted hy that 
point and two lines AB, CD, given in pofttion, Jhall 
chain .a given.ratie, • ,, 
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*y .vv 

CONSTRUCTIpNi 

Throuj^ P, ^o «ny 
-poinc in AB, draw 
rGt in which ifijr ij.' 
5.) take PH to PG» 
in the sjven ratio of 
PF to PE( drawHF 
panllel to AB, ipeet* . . - C ' 
ing CD In Fi then "^ ^ 
draw FPE, and the tbinfis dsne. 

For, the triangles PG£, PHF being equtannH 
lar {by 3. and 7. 2.) thence is PF : PE : ; PH : PG i 
And fo PF and PE (as well' u FH and' PC)'.u« 
in the ratio given. *' 

In thisConftruftiohjic is neceflarjr. ^at pnCf of 
the two given lines Ihould hciriz^t'-one: Th* 
other may, it is tDaaifell, be A tine Of a}^ kind 
whatever. ' -■ '*- : ' -\"\ 

_ 1»r:o B.t^ M XVHL ' , • ' 
^l^PUghagivptpoint'^^ to draw a-Unt GH, "fr^- 
minali^ in a ri£bt-line AB, and in a One CD of awj 
i^y. gwat\io^ ^ ftfitioH; Jo that the re6fM^ 
mitt- the tvo parti thereof PG, PH, Jball be of a 
^ven magmtuae. 

-r bbks.TRiJCTION. ~ 

Having drawa EPE " 
perpendicul&r to AB, take > 
uwreiri-PF Y/y'?".- 6.) fe ^ 
tfiatPE-x jPf = the mag^r - 
nitudc given: Upon Pt, 
as a' diuKter, let a di%fe 
be .ddaibri, inteiicding . 
CD in ! G^i .then dctw, 
Q2Hi and tbt tbau is t^ 
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DSMOH^STRATIOir. 
If FG be drawn, the triust;! PFG and HIE,] 
luring FPG = HPE, and FGP (s a Tight-angle. 3 
ij 13. 3.) = fEH, will b* caBiangnlir : An<},| 
confcquenti; (•*;»+. 3.) PG^» I'M = HF X re = 
the ma^nicude g^vqi. ^^t>' 

PROQLEM XIX. 

^^jroufb a pven point P, httvein net tix^-Ultu 
AB, AC, ^vsK 1^0iiMtBi to ^aoi i^ ED, , 
Utth }amif tht fiptaas (AD + AE,)cuteflfiti 
fnm tbe tvM finaffyJItaU be tigid t^'a/^vtn W 
RS. - ; 

CONSTRlJCTIOk. 

DraK! PF aiid m/C 

PG parallel TO AB , . 

•nd AC J in BA T ^/ ^f 

produced (^e AM 

= AF, and MNf^---, ,^ 

= RSiiJlwdiTide rT-^ ° '^ 




AM X AG J «i*v.EI^ aff 



GNinDf*»i7.5.) 
fellniGDx^i'D] 

DEMO N STRATI p N. 
By limilar triangles, GD;<3P(= AP1= AB* : : 
FP (= AG) : FEi and ats&ammtffSa^BE<= 
AM X AG = GO xND (^ dajfrj: ffitiiH*^ 
r= ND; and therefore FE4- AF -f AP(AB-f'AO) 
:;:ND + AM+AD = MM3]tS; 4:&]>. 

It apcitwl ftoin the CMftnAiM, dot Aa^ &•• 
blon will be iropoOible, :«lia>^M) *> omA ml 
RS abdve FF and PG, ooaedi ike dwble <£« 
nett-fK^tinal betwcea ilaAtm quMdija. 

PROS 
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Bit O' 9 LB to U* 

^ Thriugh a given fmt P. itoeen 'tv» Kgit-%us 
AB, ACy asMif by Pftfiiih f* ** ^^ " A»' tffi, 
thai the diferenc^ (fiD -^ 4^1 '/ thsfigmttiti en* *§ 
iy itfrftn the tvjiffomtf, fi^ ^ >fti^ t* * gi*l>t 
6aRS. ' ■ I ■ 

ppNSTfHiirqTloifc 

1iriw¥f und PG pa-' 
midto AkanjiAC; in 
ABtaktAM = AF, and _, 
MN=RSithi!n CijriS. ^ 
5.) 1« aline ND be added 
toGN,fo*«<3PxND, 
PGxPF(drawDPE,«** 

tVE M O N S T R> rr O' w. » 

BftWfcpftfc Iinibrtriaiwl<;s PGD, EFP, f» 
hstt CD X FE = PG X PE = Gfl » ND f^ 
(jxifir.) fnd confeguentlir FE =1 Np j ; wjience- AD 
5T-AKF:4M-^AIfiAM)=.MNsF'.RS.,jg::*,J?» 
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PROBLEM' XXI-- 

l^tmit im rigliffiw NBN, MflM^^r" fr 
fofittea. It apph a line D£ ^ 4 n'-cm ^nv;^ a^ 
tabifb (pro^edf if necefary) pa^ fafs ibmtgb » 
iven feint A, epalir 4iAvit fivw t^ ftdd giim 



trntt 



Q.» 



COM- 
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CONST 

Let FG be the 
leo^ ^ven; ioA, 
having drawn AB, 
mske the angles F, G 
equal each to' ABD 
(or ABE); andinAB 
produced t^e AC (}y 
18.5,) ib that ACx 
BC = HG* : From C 
to NN apply CD = 
HG J then draw DAE 
(DEA), and the thing 
is done.: 

.. dEmo:n 

Becaufe AC : CD : : _ , 

4.) the triangles CAD and CDB (having one an- 
gleoynintm, and the -fidet about Jt pro^nional) 
will Ik equiangular C^y 1 5. 4.) : And. therefore. Once 
CDA=: DBC = ABE (iy bypotbefis), the circiiniT 
ftrence of a circle may tw defcribed through all the 
fourpoints'C, D, B, V.{hy 11. 3. cr ig. 3.)' And 
fo the angle DEC, ftaodingon the fame fubtcnle 
(DC) widi DBC, will be equal to it \ and, conse- 
quently, equ«l to EDC. TheEefore; the ifofceles 
triangles EDC, FGH being equiangular, and hav- 
ingCD = HG, their bafcs ED and PG wUl alio 
fee equal. ^£.B. ■ 

PROBLEM XXir. 

Ih a given circle ABDC, to apply a ebard' AB 
e^ual to a given line RS (left than the diameter) and 
vfbicb JhaU pafs through a given point P. 



CON- 
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CONSTRUCTION. 

* Infcfibe CD = RS, 

upon which, from tV 

center O, let fell the 

perpendicular OF ; alfo 

draw OP, upon which let 

a femi-circle be defcribed, 

and in it apply OEri^OFj 

Izftlr* through P and E, ^ 

let AB be drawn j which '^ 

will, tnanifeftly, be equal to CD (= RS, by ^. 3.) 

as txing equally diftant from the center, by con- 

ftruftion. 

When the point g^ven is placed without the cir- 
cle, the conflru£Uon will be no-ways different. 




PROBLEM XXIII. ^ 

Tbrou^b a given point P, /o to 'iraw a line AB, 
that tit farts thereof AP, BP, intercepted iy that point 
■and the circumference of a given wrf/f, ^all have a 
, 'giv^ difference, DE. 

CONSTRUCTION. 

From the center C, draw , 
' CP, upon which let a femi- A 
circle FQCbe dcfcribcd» and 
io it apply PQ.cqual to half 
DE, producing the fame, both 
■ways," to meet the circurafe-' 
.rence in A and B : So fhall 
AC2_=BQ (^ i. j);and 
therefore PB (^ BQ -}- PQ 
= AQ+PQ=:AP+2PQJ 

vat to he doit. 




AP+EE,wiwA 



as 
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^3^ - ffc Cmfr 

Trom a gtveft point P» j 
^eH circli C^ to dnm a-. / 
be divided in a given ratio ^ 
given in fefition, 

CONStRl 

To any point P itr the 
cittumfercnce, draw I*D, 
.which divide at !l^ in the 
ratio jgjv^n \ and, havihg 
drawn PC and th& radius ] 
CD, parallel to the Utter 
drawEF, meeting the foN 
jnei* in Fj from whente,* 
to RS, apply FB = FE J 
then through fi draw {> A« tad iie /^ng is dM*. 

pEMt)^&TRATIOI*. 
Let CA be drawn. IVn, beCaufe of the pir, 
Tallei lines CD, £F. h wiU be, CD (AC) ; Ef 
(F3) : : PC : PF i and fo the triangles JPAC, IPBF 
will li^^wiTe bt cquiapguliu- (^ i^ x.] An^d there- 
fore PB : BA : : PF : FC: J PE : ED C^ M. 4r} 

PROBLEM XXV. 

' Through a given paini P, >« diritoa a tint 63, 
terminating in tke eircumfermce of a gpven ^fff 
BGA, and in a Hne MN ef any iipa, MH ^ 
pefitien ; ya lid/ /^ rt^angli undeir ihi i«3» p^ft 
fherfof fQf PH. Jl^l h f 1»^« in^itttifde. 



„i,7.<iT,GooQle 
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CONSTRUCTION. 
ThroDgh P dnw 
the diameter AB, Jn 
which let FD be fe 
taken {if 7. £.} that 
PAxPD = lhamag- / 

tnde given. Fiom / 
y point E in the cir- 
cumference, draw EP \ 
and the tadim EC) 
andi havingjoined BE, 
draw DF parallel to 
BE, 4Md Cram its i>- 
ccrftaisn with PE, 

imi FO {anlel m EC, oiMkig PBIn 1 'fiw* 
whence, to MN, apply OH nOFi and dmuglt 
P draw HG for the line requited. 

DEMONSTRATION." . 

Liet PH be prodiiced (if oecd&iy) to meet A* 
circumference of the circle in 1 ; and let C, 1 hf 
joined. 

The lines OF, CE being parallel, thence will 
PO : PC : ; OF (OH) : CE (CI) 1 and therefbm 
OH and a w91 likewile be parallels (,h i6. 4.) 
Therefore PH : PI : : PO : PC : : PF : ffi : : PD : 
PB) whence, alternately, FH : PD : : PI : PB : : 
PA : PG (^11. a. atj lo. 4)', and confequently 
PHxPO.!cPD»PA. %e.d. 



PROBLEM SSVI. 
Trou tht «rmmjtwiu of a ghat drcle Ct if* 
' Ir/ pofitmt fi to iri 



SmMN i£a!J ititd, ^rwn Jty pvfition^ fi to irm a 
l^b-Sne EF, a> <> ii ioli 



pim rixlflint PQ. 



Q* 



CON- 



The Coi 

CONST 

From the center C, 
draw CD equal and 
parallel to ?Q_; and, 
from D to MN, ap- 
ply DF =: the radius 
CB ; draw CE equal 
and paralle) to DF % 
then,EFbcing drawn, 
it will (^r 26. I.) be 
equal, and parallel to 

PROBL 

Frtm the pfinl of it, 
(Us O and C, fo to dr 
fberaf QR intercef4ed 
^e (qual to 4 given line 



CONSTRUCTION. 




Upn the line OC A" 
joining the two centers, 
let a femi-.cirde CDC 
be defcribed, in which 
apply OD = iAB ; 
and mrallel thereto, 
draw PR, and (he thing 

is dene. 



DEMONSTRATION. _ 
Let CD, and OF parallel to CD, be drawn, meet- 
ing PR in E and F. Then, the angle ODC being 
a right-one {^y 13,3.) and PR parallel to DQ,Ean3 
Fwillaifo beright-anglcs, andEF = DO(ij(24. i): 
And fo, PE— PF being (=: DO) = ^AB, it is 
manifeft, that 2PE (PR) — 2PF (PQ) = AB, or 
th3tQR=AB. ^E.D, 

P R O^ 
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PROBLEM xxyra. 

From a ghat paint ^y in the line fe£ing thm^b 
the centers «f two given circles C and O ; fo to draw 
a line FD, that the parts thereof DE, FG, inter' 
cepted ly theft circlest Jball be in a given ratio (viz. 
at ^ is to q). , 

CONSTRUCTION, 
Take CH to OR, as /> to ; ; and CI to OR* 
as PC to PO : Upon HI let a femi-circle be de- 
icribedi intcrre^ting the circle CD£ in K ^ through 




which point draw IKL, and make CL pcrpendicu* 
jar thereto -, at which diftance, from the center C^ 
let a circle ML be defcribed: T^cn, if from P a 
Jinc PD be drawn to touch this cisilc, the thing 
isdont. 

DEMONSTRATION. 
Let CD. CK, HK, FO be drawn, *nd alio CM 
and ON, perpendicular to PD, and HQ^to CL. 
• The right-angled triangles CDM, CKL, having 
CD.= CK. and CM = OL, have alfo DM = LK 
=:QH(f]nce,^i3.3. the angl^ HKI, as well as L^ 
IS a right-one).' Nloreover (by Cenffru^ion) CI ; 
OR (OF) : : PC : PO : : CM (CL) : ON 1 and fo 
the triangles CIL, OFN (haying their fides pro- 
portional ) muft be fimilar ; and confequcntly " 
OFN alfo fimilar to CHQ : whence, as QH (or 
DM) : FN : ; CH : FO (OR) : : p : a (h Cunflr.) 

^ PRO- 

D,o,i,7«i-,Got)'^le 
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PROBLEM 3t3dX. 

9ff IJFWRI £flf ECj ^9 fMRV jfeffi ^MtgW) v;/£ L 

• ftB MN j!!^ <»ni»» «t <wwp»i> talflw O »/ • 
rm mm eirrlts MEN, KDF, /s ftu <ir ftm 
tfcmfCD.ED, «ilmtflti*)Adl UmmtibtHM 

COMSTROCTIOl*. ' 

Let QpNt be the gjrai 
■ogle, to which ECM fliall 
be equal : In OM produced, 
let KA be lb taken, as to be 
to the radius OK in the given 
ratio of ED to CO ; upon 
which let a legment of a circle 
ABK be drictibed to coniaift 
an angle equal to QOM; and, £^ 
from its interfeSiDn wiifh the 
cireteMEN, draw B A ; pa- 
rallel to wluch, dtaw tlft ra- 
alius OD ; and then, through D, draw EC [mal- 
lei to QO. 

DEMONSTRATION. 

LetBK, BO, EO be drawn, and atlb EP (anild 
to DO, mtetitig OQ.and OM in Q.and P. 

Then, die trian^ AKB,K)Q, having ABK 
5= POQ,f*r Ou^nSiu), and KAB =: OPQ_{fc 
7. 1.) have their external angles 0KB, EQp 8l& 
equal (*7g. 1): Ttarefore, beCauie EQ. (= OD) 
K= OK, and EO 1= BO, thence is 0Q = KB lli 
17. 1) i and therefore, as the triangles FOQ, AEK 
are equiangular, PQ is atfo r= AK : &ut ^beciuffe 
of the parallel linesj CD:£D;; DO (DK) :PQ 
tAK). §,£.». ■ 

PRO; 

.^ D,g,l,7?d-,G00glC 




PROBLEM XXX. 
fe.Jltm»aK « fmwf P, Ji that tkree fa^attSm" 
Urt dravm ^r»m tloKt* tg as mam rjgbt-ims AB* 
AC.SC^rmt if fiSlaHtfiMS chain tic rtlui/ 
tbrtepvenlimtm^a'siid^uJpBSivt^ 

CONSTRUCTION. 

TakeAE 

sAdBFcacli -m 

=: jfi, and _ 

ikaWKMand Z 

FN panlld 

tt> AH; if) 

ijhkh take 

FH It j , 
tkre* G and 
ridtwAF' 
and BF, vA 
the point 6f coAcburfe F> tivjif (9 ffal/ teliA \ 




DfiMONBTRATION. 

Upon the fides of the triangle ABC let fait the 
()erpindMii»DL,G«L,PR,M2,PSi and let Gl, 
paiallet to AC, be drawn. 

Tie angle tEG lieKig = LAK = GIK (Cir. 
Ul0 7.t,) and L and ^ beia^ bot]i dghc-angles (^ 
Corflr^, the triangles ^tj and GIK are fjmUar; 
Ml! tVrefiifc rc <ia) : EG M : : GK : GL : : PQ.: 
PR i'iy 21- 4). ' And, in the very fame manner. 
»:/.::Pti:PS. :^£.n. 

Artec tf« MAe w, the Problem sat bt.c«i- 
ItnAa!, 4>keh the !iii» jnoi fma t arc n- 
ijuiitd to MUte vii; ^iven an^es with the linet 
lipon which they fall, 

FRO- 
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aje Ithe Co 

PROB 

^0 dttermine a pel 
PB, PC, Sr awn from 
B, C, flsall obtain the 

CONST 

Having joined the 
gtrcn raunts, in AB 
takc'AF = a, and AI 
=: ( \ make the an- 
gles AFG and AIK 
equal, each, to ACBj 
and from the centers 
F and G, with the ra- 
dii b and AK, let two 
arcs be defcribed, in- 
terfering in H-, from 
which point draw HF ^ 



and HA ; then draw BP to make the angle ABP 

= AHF, and it will meet AH (produced) in the 
point P* required. 

DEMONSTRATION. 

I-et BP, CP, and GH be drawn. 

The triangles ABP, AHF being equiangular, it 
will be, AP : BP : : AF {a) : FH (3) i alTo AB : 
AP : : AH : AFi and AB ; AC ; : AG : AF (be- 
caufe ABC and AGF are Hkewife equiangular, (by 
Confir.). Now, feeing the extremes of the two laft 
proportions are the lame, the four means AP,AC, 
AG, AH (^ io. 4,} will therefore be proportionals; 
and fo, the triangles ACP, AHG being equiangular 
(by 15. 4.) it wilTbc AP : CP : ; AG ; GH (AKJ : : 
FAC«):AICf). ^£.i>. 

PRO* 

n,o,i,7?(i"-vGot)^lc 
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PROBLEM XXXII. 

To detemm the fcjition of a point P, at wUcby 
Iwu drawn from tBta given points A> B, C, fiiaU 
make^vtn ttt^Us^ em •with another. 

CONSTRUCTION. 

Dmr AB, upon whtcfa (tj 
2S. 5.) let a fegipentof a cir- 
cle APB be derqribcd,capa- , 
ble of containing the given 
angle which the lines, d^awn . 
from A and B are to in-' 
dude ; and let the whole 
circle be completed ; make 
iSac angle ABD equal to that - 
which the lines drawn from 
A and C are to include i and from the point D» 
wlure BO meets the circun^ercnce, through C« 
let DP be drawn, meeting the drcumferehce in P( 
wbkb istbtpwa reqidrtd. 
. For, AP and BP being drawn, ' jhe angle APC 
will be=sthe ^ven aog^ ABD (fy ii. 3.) both 
fianding on the fame arch AD: And APBisal£| 
oi dw given magnitude by conAruftioa. 




PROBLEM XXXIII. 

^ ' 'j^ two unequal figments AB, CD if a rigii'Sju 
^AD ieii^ given, as well m portion as Uiigtb \ to it- 
termnt a point ^ in 4 line MN ef aitf kind, given 
fy portion 1 at ^hicb the two angles APB, CPD, Jitb- 
tended by tbofifigmttas, J&all (ifpoffible) be e^al t» 
SM&otber, 



CON* 



D,g,i,7?<iT,Google 



CONST 

Mike 8< alHl Be 
patalM to each otfaer, 
taking the former a 
bA, and tke latter £S 
DC t aqri thro* their 
extreme drair AiOi 
tDe9<ing DA prodii- 
«eA inO: TakeOf 
a, incan-pr»ix)nional 
between OB agd OC 
with the interval OF, 
which («hei> the Prol 
touch) MN.aad the 
be that required. 

BeMONST&ATION. .j 

I^ PO, PA, PB, PP, PC JBd PD be drawi:' 
B;cwfe OO : Be (PQ : : OB : Ba (Bfti jt w)|) 
be f*j ***/•> C»:C)e:: OB ^©Ai andcppfi, 
^n«l7 cm xOA ==OC X OB =0!" r*f CiifrJ. 
Therefore, feefngthatOA : OP f: OP : OC^ aiia 
that the angle O is common to t»th the triangles 
" OAP, OPD, *«fe m^kB jugt: in fquiangutar 

(h IS- 4-) 3n4 coljfcquentlT^PFriOPFCQFP) 
— <WA(Ot)P) =, ppF fW I). li !l,;i W 
fame BiaMtT, becmft OB: OPj: 0P:OC; ttt 
«»ee BPF will be=CPFi jm^ tpnfe^viPAliS 

Ap»dfii=crD- %«•».. 



PROi 



ogle 



C^omatritd PtxMetm* 



a^ 



B ROB l^E M -XXSSiy. 

Tv^ fifbt'Ujm ABk AC hat^ men, htk i* 
^/^ib ampOj^tifig ; fi'oiit the f tint ^tbeir cmenrfi 
' A, fi tv ^av muther Xv Ah tiat tret p erffiidte m * 
' larsl?^ IN, faSitig from ihe ixtrtm. themf itpot 
the ftBa gjven /nwj, ySa/? cat iff ahemttr figwutM 
BP, CN M a pvat ratio each to the line Al fk 

dfOWth - , 

CONSTRUCTION. 

Lettlieg^Kn » 
raiooEAI, BP C 
andCNbciha L 




to DXM ia D «ndG; Drjw DA Jin} DG, «* 
from G to- AD; spply GH =^^, and ptnUei thereto 
Anm AT, meeting -DG prcduced (if Qeedful) in I, 
£nd tie tbfl^ is dUitc. 

DEMONSTRATJON, 
Secauie of the parallel lines, AI : CH C: : ID : 
GD) : :BPjBEi whence, alternately, Al r BP: : 



^ (f) : BE (}). In the very fame manner AI : 



■ E.D. 



PXO- 



*¥* 



Tie Confir^uBHm of 



PROBLEM XXXV. 

Sttwiftt feoo Unts AG, BH,'^/V« koth in pe/i-* 
tifn sad laigthy t^ draw a Uju MN, which Pall he ' 
» apjveMratit iff each of the /egments MG, NK 
cut ffffjrem the two given liius. . - 



CONSTRUCTION. 

Let the given ratfo of 
MN. MG and NH be 
that of r, IB and «, rcfpcc- 
tivcly : In AG and BH 
take Gf = », and Hh 
= ft I and, having drawn 
GH, parallel to It draiv 
M ( to which, from g, 
unply fK = r ; draw 
GJ^N, ;necting BH in 
N, and parallel to K; 
draw MN, and the thing'^s done. 




DEMONSTRATION. 

Becaule of the parallel lines, it will therefote be 
MN : GM : : xK (r) : Gg («) ; and likewifc 
MN : f K (r)-: '. GN-: GK : : NH : H* (»; ; 
which Uft ( 4 ilttrvatioK) is M N : NH : : r : », 



PROt 
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Ctomttrical Prohkms. 

PROBLEM XXXVI. 

^ fs draw a liiu DFj to cut thru etfio- lints AB, 
mO , BC, ^vn iy fofilivn i Jo that lie tvio ffris 
ftiei-tifVE^EF,, inttrcipttd In liiji Uixl,fiiiiit 
'- ufpeBiveh) e^tuU to ttet given Jiiuj, de^ ef. 

CONSTRWCTION. 



a+i 




(iyProh.i'j.') dtaw/d, fo tliat tlw part tff, int^apfed 
by the cwo penpheries, fliall be equal teAC; join 
'o, </, and take AF = <i/, AD = d^ t then draw 
DF, mi tbe Itilig is doU. 

DEMoNSTftATION. 
The (rianglej FAD, fiid, having AF =: i^, 
AD m ad, tad h.^nihy Confinfliesjy are equal i& 
All rdpefts t and therefore (jf y^ be drawn) the 
nia«gl«FCE,/«, having F 5=/, FCE =/«, and 
CF ^ ef, wilt alfs be equal and alilte : Theiefoit, 
-iaeingihe wbda DF, df, and the fUn FE./< M« 
ttCfsBi, the remaining parts DE «M Ji milft itk* 
wife beecjiul. 4^£.X). 
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I PROBLEM XXXVII. 

Threugb a given point P, lo drew a /I'w uPfl 
te att three litres AC, CB, Ahb,-giveH iy pqfik 
fe that the parts thereof DE, EF intercepted iy l 
Uses, Jhall obtain a given ratio. 

CONSTRUCTION. 

In CA pro- — 
' duccd, take AT ^ 
to CA in the 
given ratioofDE D 
toEF; and, hav- 
ing joined B, T, J^ 
draw PQ paral- 
lel thereto; and 
from its intcrfcc- t 
tion with- BC, 

.draw QN parallel to CT ; alfo draw AR parallel 
to BC : And in RB lake RH '(by 18. 5.) fo tha« ' 
NH X RH = PQ^x TR: Then draw AH» and 
DPEF parallel to it, and the thing is done. 

D ;E M O N S T R A T I O N. 

, Becaufe (by Conjir. and 10. 4.) NH : TR : : 
-PQ; RH : iQE : AR (by 14. 4.) it follows {by 
^Uemation) thac NH : Q_E : : TR : AR : : TB : BC 
\by 12. 4.) : : BN : BQ: Therefore EH (when 
drawn) wilt be parallel to CJN or AD (by Cor. tt 
■12. 4) i and Jb DEHA being a parallelogram, we 
■iiuve -again (by fimilar triangles) as DE (AH) : 
EFl:IH: IE;: AT:AC. ^ £. JD.. 

When the fegments AD, BE, cut off from the 
'^veA Hnes AC, BC, are required to be in a given 
ratio (inftead of DE and EF!, the conftrufiion will 

• ' - >» 
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Geometrical Prabhms. 
be the fame i provided that CT be taken to BC 
"|»'ratioliven. For, then AD (EH) ; BE : : 
:BC. 

PROBLEM XXXVill. 

?> -irav} a Hue ABCD to cut four other lines 
MONP, NQ, ROT, SMT, gii^en b, fofilimt fo 
that the three parts thereof ^^^ BC, CD, inter^pted 
by. tboje lines, may obtain the ratio of three givert 
lines m, n, atid p, reffeSiiiei)^ 

CONSTRUCTION. 



243 




ratio of » to p, draw THG ; and from (G) its in- 
terfeSion with NE, draw GI and GF parallel to 
MP and ST, refpeffivdy, cutting NQ. and TR 
in-B and Ci thro' which two points draw ABCD, 
and the thing is done, . 

DEMONSTRATION. 
By fimilar rAB:BC: : BF: BG : -.bf: hg : -.m-.nt 
triangles JBC: CD: :CG:CI::OH:MO::)»:/. 



R 1 



PRO- 
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PRpBLEM XXXISi. 
' Te draw two lines CA, CB, from a pviH fotm 
C, to terminate in two other lines PM, PN, giar^ 
by pofiiiony and wbUht tKetbet with the line X 
jtiiting tb^ fxtrtms^ jb0 form ^ tfie^e^ .i^^ 
Jtmifar to a givfn one, abc. ?ll^ . 

COWSTRUGTION. 

Upon ah let a 
fegtnentofacircle 
afb be dcfcfib^d, 
to contain an an- 
glccqualtoMPN, 
and \(X fhe wbcte 
circle be complec- 
ed; draif'f^Ct ^^ 
«Uo egy Di^ng 

tSe arig^ % ~ CPN, ao^ interftAng die pcrU 
phery in e^ and thrpugh a draw 4^ Mostinattj^ 
peri^r; in/*, m4li;e tli^ ?qgl^ PPA- >"<' ^9 
rcTp^iveiyfqiial tg pc^kQ.Afch\ ducn join A, B, 
«W /£« /iv'ff^ is dene. 

DEMONSTRATIOK- 

If fa and pb be dutyt) •, thtti will tbc angjf ^m 
(CPB) = fjj, both ftanding Q(i the ^apie ?rcb 
.*?! therefore, APB being aljp := «;?* (iyCimjjr.). 
the remaining angles APC and «^c myft copfc- 
quencly be equal ; whence, as PCA = pcuy and 
PCB = pcb ih- CQnJtr.1, x\^ m»nc|es APC, ape, 
and BPC, hpc arc equiangular j anff therefore AC : 
46 (: - PC ; pc) : J CB : (b. And fo tfec «if 9tf es 
^BC, iz>r, having tbc Otles aJbout tlje 9^uitl ^{^les 
ACB, dcbr^ proporcional, tK<iy VC Ukc to each oxha 

P R O- 
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Giometritdl Pfobkms. 

^ *?KOBLEM XL. 

. To defcribe a Irian^k PQR, equal and Smilar to 
S.-tiven trUngle pqr, •which jhsli have Ui ar^ulat; 
mm placed in thtii riibt-Hrtes ABC, B0, AE; 
}i gvi^gg^ portion, 

constr;uction/ 

Upwi tbe xyhy Sia-'pijr,pf; let iwo fbgtnents 
of dpcki fi^,paf btdsferifeed, to contain angles 
tefyeetWtl^tqv'alwUiD *ad CA£ : Then draw 
p0 {br P^ob. 27. > fo ^hat Alt' put thereof ha^ in- 
terc^pced by the eh^ pchpft^ries^ ihall bo eqlul to 



HI 




BA i and, having join^^i-ji' arid a^ ri- milrt BP 
= *p, BQ=*j, AR = ^r,«ii*Kc PQi PR, and 
QR be drawn for the fides of Che triangle re- 
qoited. 

rj E MO HP S^T «' AT I'OW, 
The triangles PAR, ^ar; ?BQ,i!*j,beInga)oat 
and alil^e in ati relpefis (^ Conjtf.y^ not onij^ t1l6 
Jades PR, fr 1 Pti.^^, bat the angles QPR, yjwj 
^ wiir he equal ; ana, fiOnfequeKdy, :h^ two trian- 
gles PQR, Mr alTo equal and like to each othei". 



R3 
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PROBLEM XU. 

To defcribe a trapezium findlar to a pfom < 
ffgh, bavinp its angular peints placed in four rtgot-r ''. 
Unts CN, BM, AL, CBAK given by pfition, \ 

CONSTRUCTION. 

Let three points ^, y, r be found, from whence, 
as centers, fegments of circles may be defcribed^ 
upon ef^ eg, eh, to contaia angles equal to the 
three given angles KAL, KBM, KCN, refpec- 
tively i draw p^, in which, produced (if neceflary) 
ti^ke qs to q$ in the proportion, of BC to AB ^ 




«nd, having drawn rsl, make ee perpenditolar 
thereto, ijuerii^iDg- the iImtc circles in a, *, e. 
Taltc AE : AB i lac.ab; and make the apglcs 
CEH, CEG,' and CEF, refpeftivcly equal to ceb^ 
'ag, and «/; then let, H, ,G and G, F be joined j 
juid,'! fay. the trapezium EFGH.will be fimilar to 
^b.e given one efgb. 
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^ DJSMONSTR-ATION. 

'/Cet 'aLbgi cb, be drawn, and alfo ^w, fv, per- ■ 
^f]p«diculft to €£. ■ So ftial! ab ^eb — m = 2TO'— 
2«t) =2 ZV1S ; aiid bt ■= ec —~ eb ■=: lef — lev =' 
2vt ,*-Mnd -cherefore eh : be: : vw : vt : : pa : fs (by 
13. 4.): : AB : BC(ty Omftr.). ' Again, feeing the 
ttiangjes EAF, eafs EBG, tbg% ECHy/ab-'aic, !%•' 
^(ftively, equiangular (^j Cenftr.) it will be EG : 
ej!:^B: #*: : AE vat{b^Cofifir.and Compojilien) 
; : EF : ef(iy 14 4); and fo the triangles GEF,je/t 
(ha^ing^e-^des'abiliuttheequal angles proportional) 
are fimiiaf. And, in the- very fame manntr', the tw<> 
Remaining triangles EGH, 'egh (and confequently^ 
fee whnle trapeziams EFGH, e^) will appear to* 
be fimiiar. -^EvA- ■ . "^ : : 



PROBLEM ,XUI, 

To defcrihe the circumference of a circle tbf(mb 
fwe' ghe» points A, B, which fkall toUcb a rigbt^K 
CD'givtn by.pe^/ien. ■-■■ - -•■, ■' '.. 

C O N S T R y C T I N.; 

Draw AB, which 

bifeft in E by the 

perpendicular EF, 
• meeting CD in F v 

from aoy point H 

in EF, dfaw HG 

perpendicular to CD j 

znd, having drawn 

BF, to the fame ap- ^ 
. ply HI = HG, and 

parallel thereto draw BK, meeting EFinK; theiy 

nom the center K; with the radius ~BK, let a cir- 

qIj; be defcribed, and 'the thing is done. - 

Rt DEr 
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DEMONSTRATIOT*. 4,« 
Join K* ht wi itwi KL perpendicuhc to CD 
Tim, Ixcaole of ihe puallal linn, HClUlij 
KL:it&r4rii.4.)> whcsce, u HG >n<l HI snj 
«q(^^ KL »nd KB are equal likewife : Bitt.4S i .^ 
wUlcM« Ua» the Conllru^kio, thtt KA is :c KBi "^ 
lll»refoloK9i=Kl. = KA. Si^.i). 

Becaufe tn« e^ft lines HI, H< mn ^ «^ 
pli«) fon H IS: BE (cwtpi, mheo UIH >• 4 
i^glM>wigle) Um Probkn wiU tbcnfofo adnw cf 
«v«. fidiuuani' Buc wbco a yorpendkuUr ktf fall 
filoiBH upon BF is li>6 thao HGi ttoriobleatwiU 
lifc iapoffibli;. Ami the lilw i> 10 be iiiiid«fto«4 
to the cooftrudion of the fubfejuent FroblCfH. . 



PROBLEM Xmil. 

Tii^rih tke dniiiiifim" if 4 dtth ttrtt^m 
Mn point A, vibicb'fialt tovk-tw ngbt-hmBfZ^ 
BD irutn hy pofition. 

CONSTRUCTION. 

Prom the point 
of concouife B 
of the two given 
lines, ijivti BA ; 
•nd al)a BN, to 
bife^ the angle 
CSQ-i. from ioy 
point £ ia BN, 
upon BC, let fill 
IM: perprndicu- 
lai bF, ani. to 
BA apply EQ^ 
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■ ."EFy par«lH to which ^tiw AH,,mee^ BN ia 
" . -<-_ ^.Qjjj ijjg center H, with the intwval 
. circle be defcribed, and Hk fiMif it 



■ihia. 



DEMONSTRATION. 



Upon BC and BD-Ioc fati cha perpsndiculan 
iHI and HK ; which are mamfeftly equal* be* 
taufe (iy Gmfir.) thfr angle HBI = HBK : More- 
over, as £F apd EG arc equal. BI and HA ax« 
ajfo equal (^7 «r. 4). Si^E,l>. 

]>RO>ftLEU XUV. 

90 deferikc a tintht wiich ptH touch a- ghat 
eircte AaM, md two right-Uats &^, BD, givm if 
pofititm. 

CONSTRUCTION. 

Utin PQ prallct ta BC, at the diftanceoT iJu 
ndio» A* i and through dte pofat •£ cooeamtk 
B of the twQ g^ven llaei, draw NBP, bifeSniy 
the angle C|tl>^ iihI nif«t^ig4*Q in F{ tnoreover, 
fwm any. ^inc £ io PN^ upon PQ, kt &!! the 





t 


r^ 






I 


P 1 


t 


K 
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g;rpendicular EF, and from the fame poinf, 
A, apply EG =: EF ^ draw AH parallel toT 
' nieeung the periphery of the given circle iai 
and the right-line PN in H, from which 1 
point, as a center, through M, dcfcribc the cir- 
cumference of. a circle ; 4nul the tbit^ is done. 

DEMONSTRATION. 

. ' Pr'aw HS perpendicular to BD,' and HK tcT 
PQ, inferfcdirffi BC in I. , 

Then, becaule EG and EFarc equal f^Ca^r.^, 
HA and HK (by 21. 4.) are likewife equal; from 
which take away KI = AM (Aa), and the re- 
mainder^ HI, HM will be equal : But, it is evi- 
dent, that HI. is =? HS, becaufe BH bifeds 
the angle IBS j therefore HI =^ HM = JiS. 

^E.n. 

PR9BL,EM,XI,V. 

7o defcribe the circumference of a einle tbrpugb 
ma ^ven -points 'A,"B,' and which fkdl alfo touch 
amtim'. circle Odb, gfuen in pejitiott 4n4 m£ni* 

;;; QO N S TR UCTI ON. 

Biftdt the given difiahce AB with the perpendi- 
cular DE, in which (by Prob. 15.) let the point Q 




Geometrical Pntlems. 

: fo deterroined, that CO (when drawn) fliall «- 
I CA by the radius Od of the given cirde. 
^hat pinttkismanifeft, will be the center 
e circle to be'defcribed. 
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PROBLEM XLVI. ' "^ 

Through a given point A, to defcribe the dram^ 
wence of a circle^ which Jhall touch apven circle B, 
%d alfo a right-line PQjivea byfofttietu, 




CON&T^RUCTION. 

Make AH perjpendi- rg-, 
cularto' PQ, and BD to 
AH J and having drawn 
AB, in it take BF a 
third-proportional to AB 
and the radius Bif, vid 
let AF be bifefted in G : 
Then draw MN (kf Preb. 
35.) fo that MN, NH. 
and MG may be in the fame given* rxtioi among 
tbemfclves, as BD, BA, and B</: And ^^ M and 
N let two perpendiculars be ere£b»i on AB and 
AG ; which will incerfeA each other in the center 
C of die required circle. 

■\- "' DEM O N STR A ri'ON. 

c- Let CA and CB be drawn, and alfo CK per- 

Esndicular Co PQt BecauJe M|{ : NH : : BD: 
A (by Cenftr.) : ; MN : AC (by 22. 4.), thence is 
NH (CK) = AC. And fince (by Confir.) NH 
(AC):MGi:BA:B^,.it-is alio maniftft, from 
the Lemma on p. 222. that BC = AC -f- B^ 

-. . . . PROk 
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Problem XLvin 

To defcr^e a circle OanAt vibitb Jball tmch tv:o 
inm circlts AEij BFbj mi tl/ta rifh-Uni CDJ 
iroen ly pojitian,. 

eOITSTROtTrON. 

Fnun the radius BF of the greater circle, talte 
away F^ cquaj to the radius AE of the lei!er ; 
and from tie oenlef B, with tfte tntert'al Bi, de- 
Icribe the circle B^f; alio draw FQ, parallel to 
CD, at the (Ufiance of Fi$ of A£ : Then, b; the 




laftProblesH Icethe oniterO:of»oii«iftbe found, 
whole circumference iKall pals tHro'A, aind touch 
PQalirBM>i ati tlie&A»|lolln O will, likeililc, 
k< die CMM elf He ttcfOKA ckolc Otmi. 



■ DEM.O'NiSTKATION. 

Draw 0«, perpendicular to FQ, cutting.'£B ia 

ifl d4 let OA aod OB be drawn inter^wi^ the 

cucks 



Cemftrkal PMkmt- 

pdrcles A and 9 in i» and v: Then^jjnce (by CoiJb:) 
'p=iiO=»0, and A«(AEl=i«[FAJ=»»i, . 
hlUfle laft be reftieAivelv taken ircitn the for- 
1^ and there wiO renw'n Oa :; Ot = 0«ii 



»J| 



PROBLEM xim. 

Tt defcribe the circumference of a ctrcti through k 
given point A, nhicb fiall touch two ether circks B 
*nd C, given in pofition and nk^niiude. 



CONSTRUCTION. 

To the centers of the 
given circles, draw AB 
and AC{ in which Mb) 
B^ = a third-propoTy 
tional to AB aDd the ra- 
dius BE t and Cf =: a 
third-pro^tlonal to AC 
and the radius CF : bi- 
fe^ A^ and Af in O 
and H, and le; Fr be 
drawn paralW ^o A6, 
meeting BC in f. Then 

C^ /'rcj. 34.} draw AO, lb that OM- and ON bdng 
drawn perpendicular to AB and AC, the three 
lines AO, GM and UN Ihall have the fame g^ro 
ratio among themfelves^ as AB, &£ and Fr. Then 
fhalt the point O be the center of the required 
, circle i For, fince (irf Coti/ir.) AO : GM : : AB : 
BEi andAO:HN(::AB:Fr):: AC:CFi tt 
is mani^, from the Lemma on p. 222- that OB 
s=A0 + B£ijmdOC=AO + CF. ^£Z>. 
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25+ ^ ConfiruEiim &c. 

In the very fame manner* a circle may be dl 
fcribed to touch three given circles ■> the Pu ' 
amounting to no more than. To fittd a foim , 
whence Urus^ drawn to three given points, Jhall bo' 
given differences : Since » point fo found will at-' 
ways be the center of the required circle, as well J 
wMn the three given circles are to touch that circle^ 
imt/ardfyy as when they are all requiKd to couch 
it eutwardfy, ■ 



Tit End of the Gsometrical Cohstructiohs. 



NOTES 
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Q T E S 

Grometricai. and Critical 



O N T H E 



Elementary Part of this Work. 



yjXIOM lo. &ook I. What is here laid 
^j[ down, as an Axiom, would, more properly, 
have been made a propofition, had it ad- 
mitted of fuch a dcmonftration, as is perfcftly 
cbnfiftent with geometrical ftriftnefs and pmicy. 
But the laying of one figure upon another, whaN 
ever evidence it may afford, is a rriechanical con- 
fideration, and depends on no Pojiulate. 

Tbeer. 4. and 5. Book I. There is fcarce any 
thing mote obvious toJenfe, and at the iame time 
more difEcult to demonllrate, than the firft, and 
moft fimple properties of parallel lines. Even 
when we have (in Theor. 4.) proved the poffibility 
of the exiftcnce of fuch lines, we cannot from 
iihcnce infer, that their diftance from one another 
is every-whcre the fame i without having recourfc 
M) an Axiom, which, though very evident to 
fenfe, cannot' be demonftraied. Thefe difficul- 
ties wholly arife from our not having any propor- 
ties, previously demonftrated, whereby the prc^rels 
of a right-line, produced out, can be traced, with 
refpe^ to its dtftance from fome other right-line 
afijgned ; 
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256 Notes geoffutrkat and criticaf^ 

tfligned 1 nothing lefs being j-equirfd here, 
the prOporaonility of the fides of equUnguJar t 
angles i which b not proved before the iriidd' 
die Fourth Book, and which depends i^n<l 
Tory principles. 

ScM. to Tbtor. 5. Book I. As there are icyci 
(:onditions requifite to make up the Jefinitioni or 
a rcftangle and fquarc, itwas neceflary to (hew here, 
that the feveral properties afcribed to thofe Sgurea, 
are not iocoinpatihle one with antuber. . Euclid is 
very ftiift in this particuUr, and never undertakes ■ 
to demonftrate any thing relating to a Bgure, till 
he has proved the poOibiUty of the exiftence of 
fuch figure by an a£tual coaftruftion. 

TBeor. 12. Bwk I. This propofltton, whkh is 
not in EucHd^ is cX cbnfidetable ufe, being often 
wanted in deterniining die Maximd and NStam4f 
in matheniatical enquiiieg. 

TS«r. 27. B«ok \. This Theorem, thoroh n« 
in Eatlidt u alio very ufefiil, at leaft, to our delign : 
by it we are not only enabled to divide a right- 
line into any number tif equal parts, without the 
help of proponioni, but atfb to demonftrate tliR 
moft important propofition. That the bomcUgaMt 
^Jts of eqtdattgular triangles are frofertional. It is 
true* the method purfued here, is not exadly con- 
formable to the idea of proportions delivered in 
the 6th Def. of EmcU^s grh Book. But, even 
in that light, the demonftration will be equally. 
cafy, without inferring it from the-proporcionalicy 
of triangylar fpaco. 



tbitf. 
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l^otes geofnetrkai and critical 

^htor. I. BoekW. This propofition, which is not 
l^ioncd by EncUd, may be thought uoneccflkry} 
^pt nvift either be 

Emonftrated, or af- -o _^ ? C 

fumed, a« it is wanted 
in almoft every pro- 
pojtaon of the fecond 
D«3Qk : By means of ' 
ki we al(b urive at a 
general* and very eafy 
dcmonftration of that 
important T-heorem, 
That aUfaraUeUgram ' 
(AEFD, aeW) ieUch ftand upon equal hafis, and 
bam epial aUituJes, are tbemfelves e^ual : For, when 
it is known that thefe parallelograms AEFD, ae/J 
-are equal, refpeflively, to reflanglcs ABCI5, a^td!, 
of the fame bafe and altitude (which is proved in 
Prop. 2.) it is alfo manifeft that they muft be equal 
to one another, as their equal reiftangles ABCD, 
ahd are Ibewn {iy Thear. i.) to be equal, the one 
to the other. This determination is more general 
than that given by Euclid, in the 36th t*rop. of his 
firft book J where he demonftrates the equality of 
parallelograms, whofe equal bafes are in the faiue - 
.ftraight line ; Which may, perhaps, be thought fuffi- 
cient for the whole ; becaulc, if the bafes are not 
in the fame right-line, one of the two figures may 
be conceived to be removed, and fo placed, that its 
bafe fliall be in the fame right-line with the bafe of 
the other. — But, that thefe were not Euclid^s fenii- 
me.)ts, is evident from this 1, He Kints at no fucli 
thing: And had he approved of this fort of de- 
monftration, his 36th Prop, would have been in- 
tireiy ufclefei as nothing more (after the 35th) 
xpuld be tKceflary, in order to a general demup- 
flrahoiV'than barely to place one bafe upon, the 
S other. 
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'other. But it is cettain, that this is a kind of c 
monftration, which Euclid never has recourfe to; 
when the thing in hand can be done withoi^ JH 
For which reatbn I cannot help wondering a li 
that that very accurate Geometer, Profeffor &i 
of Clafgow, ihould make ufc of //, where (I a^i- 
prchend) Euclid would not. The place, I Jp """ 
DOW particularly in my eye, is the addition | 
it cannot properly be called a corollary) na 
' by bioi to the firit propofition of the fixth book : 
Which additioB would have been quite unneceOary, 
had what is above remarked, refpeCling the equa- 
lity of parallelograms,- been fully eftabUtbed in 
ihe fecond book : For then the demonllEation, thai 
parallelograms, having equal altitudes, are as their 
bafes, would nothing differ from that whereby pa- 
rallelograms, Handing between the fame parallels^ 
are proved to be in proporcioa as their baks. 

Tbeor.^, ij, 12, 13. BoekJl. Thefe four Theo- 
rems, tho' noc in Euclid, are of very conOderable 
ufe, particularly the two firft of them. 

Theor. i. Book III. This eafy proportion is adtj- 
ed in order to give the learner a proper, and more 
precife idea of the quantity of an apgle, and of its 
divifion in prai^al uics. 

Tbeor. 2, 3, 4, 5, 6, 7, 8. Book III. Thefe feven 
propofuions comprehend all that is moft mate- 
rial in the firft Itventeen Theorems of Euclid's 
jd book. — As tiifre is no where, in this author, 
\o long a run of piopoficions together that are lels 
entertaining to learners, or of lei's real importance, 
than the greater part of the faid Tiieorems ; 1 
thought it would be of ufc to reduce the fubltance 
of them into a lets compals : And I flatter myfelf» - 
ttiac 1 h^ve luG fucceedeti iU. ki this particular. 
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Tifor. 24, 25, 26, 27, tS. \Bi5ei III. There 
jSTheorcms, which are all of very confiderabSe ufe, 
will nqr, I flatter myfelf, appear lefs plaiB by 
teing proved independent of proportions, as the 
demonftrations here given are, noc only more con- 
cifc, but depend alfo upon fewer principles. 

, "Def. ii.andi^. BooilV. The explication here 
given, is noc ftridly conformable to the idea of 
ancient Commentators, but is delivered in a fenfe 
fomewhat naore general. With them, the compo- 
fitien and divt/ion of ratios, extends to thofe cafes 
only, where the fum, or difference of each antece- 
dent and its conlequene, is compared with the con- , 
fcquent. When the antecedent is compared with 
its excefs above the confequent, this they call the 
toftverfion of ratios. But in fuch cafes where the 
antecedent is lefs than the confequent, and where 
the fum, or difference of the antecedent and con- 
fequent is required to be compared with the ante- * 
cedent; it does not appear that any ttrms have 
been given to fignify fuch a comparifon. Profejfor 
Sim/on thinks, that the definitions we have, are not 
Euclid's, but an addition. by Theott; which to me 
appears highly probable ; This at ieaft feems clear, 
that theft definitioas ought, either, to have been 
extended to a greater number, or elfe to have fjcen 
rendered more general. For this reafon I have, 
after the example of modern Geometers,- ^ven the 
fignificacion of thoie terms, fo as to include all the 
feveral cales : And this, I thought, might be done 
with the greater propriety, as the truth of whatever 
is here understood, depends upon the fame denion> 
^ration. 

Theer. 20,21, 22, 23. Book IV. All thefeThea- 

■xeniSt tho* not in Euclid, arc of conQderable ufe -, 

S 2 by 
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by the two former, the dcmonftration of feverall 
others is rendered more eafy ; and the latter havfj 
been applied, n> gpod purpofe, in the a^alytica^ 
determinadoD of fome difficult' geometrical pro-^ 
blems. 

Preh. 3, 4, 5, 6. Book V. Iti the dcmonftra( 
here given, it may be thought, that I have^ 
feded an uniieceflary exaftnefs, by making thcnl 
depend on Axfomi aione. Bin \ was wiUing that 
thefe fundamental propontions ihould have the 
fiime foundation and evidence, ss ihey appear to 
fiand uptm in Euclid % without referring to any 
thing derived in virtue of the 4th Poftularc. But, 
whether I judged well, or iH, in this particular, is 
of little confequence, as the demonflrattons herfe 
gjTen, are not lefs plain, and but very little longeri 
than rfiey oihcrwile would have be«>. — The Pro- 
blems ihemiejves might, indeed* have been given 
along with the Theorems, as they became necef^ 
fary, according to the method purfoed by Ettclid ; 
whereby any objcftion, of this fort, might have 
been avoided. But, befides fome fmall convenience 
to the learner,' there is a real advantage in having 
the Problems all together, irfter the Theorems j 
fincc, from a great ch«ce of properties, ready de- 
monftrated to our hands, we are often at^e to ar- 
rive at a (horcer and better conftruiition, than 
Tould poflibly be given from fuch proptyties alone 
as are antecedent 10 Euclid'^ folution of the fame 
', Problem j hi) nacthod of writing having obliged 
irim to introduce the leading Problems as loon as 
poSible, in order to evince and eflablilh the con- 
liftence of his definitions, and to open his way in 
a regular manner Co the many uieful Theorems 
thereon depending. And It is for this reafon alone, 
that many of his Connru^i(Kis are not fo well ' 
adapt^cd to pradice, as thofe in cotgmoo ufe. 
Upoi» 
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Upon which account, fome have been precipittle 
Lenough to blame him ; not leeing, or eonTtdeiing, 
Ftj^ac fuch Confirudtions, cho' not fuiced to anfwer 
every purpofe, were the moft proper for his plan, 
and the belt that could be given in the places 
where they ftand. 

** Fnb. 8. Boek V. The reafoning in this propo- 
sition, to prove that the two circles will cut «ch 
other, may, to fomc, aj^ar needlefs. Profejfor 
Sim/on (ai p. 359. oF. his Euclid) has been a litile 
fevere upon mc, on this head, for attempting to 
fupply, what I thought, a fmall defcA in Euclid- 
** Who is fo dijl (lays he) tho* Only beginning to 
■*' learn the Elements, as not to perceive that the 
** circle defcribed from the centtr F, iSc." It is 
not without a rut concern that I here fee this 
' able Geometer drop his own charader fo far, as 
to exprefs himfclf in a manner fo very ungtcmetri- 
eal. If the thing is, indeed, eafy to be perceived, 
it mufl be fo, cither, as an immediate objeft of the 
fenfes, that is, in plain terms, by infpoSion; or 
elfe it muft be in confequence.of geometrical rea- 
.fomngs antecedent to the thing itfelf. Now I am 
clear that he would not be thought to mean the 
former ; and, as to the latter, nothing had been 
given from whence the evidence of the inference 
could be lb clearly fcen : For, tho' k is proved, 
that any two fides of every triangle are greater 
than the third fide, it would be abfurd to urge that 
conclulion in the cafe before us j becaufe the quef- 
tton here, is, whether a triangle, under certain 
fpecihed conditions, can, or cannot be fwrned ? 
and, therefore, to conclude any thing from the 
properties of triangles, would be ridiculous, and 
nothing leis than begging the queftion. That the 
determinaticm propofed limits the ProWem, no body 
will difpute : But then, is it not necceffiuy that 
S3 this 
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this fliould be proved, in Elements of Geometry*'! 
where 3 reafon Tor every thing is, or ought to bel 
given ? From this confidcration, I cannot JndrelyJ 
approve of the einendacion propofed by this Editor 
to EuiZid's 24th Prop. Bqolt I. For, tho' the addi- 
tion there made, docs indeed reftrain the propofi,- 
tion to one cafe; yet this ought to have becn.^->.^ 
monftrated, by fhewing that the point F (vid. p. 29.) 
muft in confequence of fuch reftriaion, necefiatily 
fall below the line EG -, but this is not done. 
Many other inftances might be- produced to (hew, 
that this gendeman, who ofien appears a little too 
hafty and fevere in his cenfures, is not, himfelf, 
every-where equally guarded. In Prop. I. Book, HI. 
he bids you to draw a ftraigbt-line within a circle, 
without fpecifying that it muft terminate in the 
circumference ; and, what is a great deal worle, 
he here very improperly ufes the word witbtH ; 
when the propofition iifelf is laid-down in order to 
prove, in the fubfequcnt one, that fuch line muft 
neceffarily fall within the circle. Thefe are, it is 
true, but litde matters \ Uit lefs than thefe have 
fallen under this gentleman's notice. At p. 358. 
M. Clairaui is glanced at, for an inadvertency of 
this fort. j\nd, in the note at the head of p. 415. 
it is faid, *' The words, /cr a flraigbt-line. cannot 
*' nuet aftrafght-line.in more than one peint, are left 
" cut, as an addition by fome unskilful hand -, for 
" this is tfi be dcmonftrated, not affumed.'* N'ow 
can i: poflibiy flicw any wane of fkill in an editor, 
to refer to an Axiom v/hxch- Eticlid himfelf had laid 
down (Book 1. N" 14.) and not to have demon- 
{l;rated> wlut no man can demonflrate ? 

, Piel>.i6, 17, 18. BeokV. Thefe three Pro- 
blems., tho' not fo frequently wanted ^s fomc of 

the preceding ones, are neverthelcfs of very confi- 
-deratilc uie. The two Jail of them are the fame. 
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in ciFea, wUh the 1 8th and 29th of EucMs fth 
jibook i but are here put down hi a manner rather 
s^more commodious. 

Amm, ?• 131. This Axiom is fubflituted In- 
ftead of the common definition of equal follds, 
«l)fcli, I really think, i> too bad to be the work 
of EmU. It is not a definition, but a propoBtion, 
•• whofe truth or fallhood ought (as a very judi- 
*« cious writer obferves) to be demonftratcd, not 
•' affiimed." Neither is it at all conformable to 
E!tdii^% manner of writing, where he eftabhlhes the 
' foundation whereon the equality of plane figures is 
grounded 1 which he does, not by means ol a de- 
finition, but from the application of two of the 
moft fimple figures to each other 1 fo that, from 
the coincidence of their bounds, their equaUty may 
appear manifeft. And this method we have pur- 
fued in treating of folids ; without which a clear 
and diftinft idea ef their equality can be no more 
obtained, than of the equality of plane figures in- 
dependent of the 4th Prop, ofthe tirft book, which 
is cur iDth Axiom. I fliould have faid a good 
deal more on this liead, but I find that Pnlcjjor 
Simftit has already piacfd this matter in fo ftrong 
and clear a light," as to render any farther apology, 
or comment unnecefTary here. Tho' I muft con- 
fefs, that, had this gentleman's work come into 
my hands * before the elementary part of my own 



• TlAt slid HBI hapfen tiU the miJJle \f Ufi mvtmbtr ; wbrn 
htingmtpum in cempatty ^loilk myhoekjtllir, and being prcjftd bj 
him la Jjnijh-j I aequainted bint ibal 'emery ibing nuai aanaUy 
ready, except the Preface, vthteh ivauid eeJF nte fimt faint, finer 
it njteuld be neeejfary te ebvieue feme ebjeHimti, fartienlariy nuieb 
regard te the reafam fer nr/ reje^ing EudidV defnilien ef equal fe- 
hdi, tend baiiding nfen a dipeent foundation. On nuUeb, be im- 
tnedial:iy iel nte inow, ibal Mr. Rob. Simfon bad already ctearrd 
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had been intirely prloted off, the definickKi of i 
milar folids, which I have given, from EatSJ, would 
have been delivered under a form fbmewhat i" 
ferent. For, tho' it involves no abfurdity, 
' now ftands, yec there are certaili cafes (but fudi in- 
deed as do not occur in any Elements of Geometry) ^ 
where it wlU not affi>rd die predfe idea it ougBQT^ 
CO convey. 

Pefittlatumt p. 131. The uniacitfa&ory and in- 
conclulivc demonftracion given to Euclitfs ad Prop. 
Book XI. (by Euclid bimfelf, or fome le(s IkUful Edi- 
for) (eemed to render fomething of thil ibtc ncccf' 
fary. In that demonAration it is taken for granted, 
that one part of the triangle, at leatl, muft be in 
the. fame plane. But it has been vtry' juftly ob- 
ferved, that a curve-furface may be bounded by 
three right-iines : Nor does it fcem cafy to form 4 
clear idea, that even a part of any one of the Chreo 
lines will be in the fame plane with one of the 
others, unlefs by conceiving a plane to be turned 
' about upon the one, till it meets with, or falls 

upon fome point in the other. And I have the 
fatisfa£tion in this particular, to (ee my fentimeon 
exaflly agree with thofe of a very good judgp, 
whofe name, I have, more than once, had occafioa 
to mention in thefe notes. It is true, be makes 
that a Theorem, which 1 lay down as a Foftulate. 
But, fince a plane can no more be turned about 
upon a line, than a line can be drawn from one . 
point to another, it feemed to me, that the one 

afi that feint ; aad txfrrgU bis farfritt that m iKsri ef Ji muh 
Ttfuit, luheTiin (ht ttli mt) wg mim mamt tuai nan thmm aw 
mtHlhutd, had not cemt tUe mj hmadi. A tc/y »/ •wbici / n< 
cei'utd from him tht ntxt nrmrw. Im ctm/tpUKCt vihcrttf I 
changed myjirfi difiga ofturitiiig a limg Prtfttet \ thinking it -uKuId 
it hitter IB giiie •what I bmi la effer, in win, after tht txafi^i* »f 
liis £dii.fr. 
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s as properly a Poftutate, as the other. How- , 
:r, wbettiEr this be, or be Aoc flowed, is imma- 

■erial, as the degree of evidence is precifely the 
feme. There is, indeed, one reafon, why this Theo- 

; rem, or Foftulate, ought to hare preceded that gen- 
tleman's demonftration of Prop. i. Book XI; It is 
there Witmcd : For, in the Corollary on which 
that demonftrittion is made to depend, the lines 
A% BD, BC are llippofed to be all in the fame 
plane ; which ought by no means to be aflumed in 
the.ifiof the nth. Euclid's loch Axiom, which 
that Corollary is Intended to fupply, and by which 
the propolition is ufually demonftratcd. Is not li- 
mited by any fuch rcftridion. 

Tbeor. 12. Book Vll. This propofiuon is added 
on account of its ule, being the foundation on 
which the whole art of ferfpeiiive in a manner de- 
pends. 

Tbar-i^. Bask VII. Prom this 'Hiewem, which 
is very extenfive in its application, feveral others 
of ranlidcrable note may be deduced : one, or 
two of which, for the fake of (he learner, I ftiall 
htre derive, and put down By way of example. 

. Let A, B, C, D denote four lines in continual 
proportion. 

Ti.="Ji;i:;^;?:|i</oiiom(/«<. 

fincc J A ■ B • • A ■ B I ^'"''- ^5-> '"^^ 

A' : B' : : CBA : CBD : : A : D f*y 22. 
. 7.) or that, of ft»ur lines in continual prt^xwiion, * 

the cube of the firft is to the cube of the fecond, 
as the firft line is to the fourth. 

Again, let, A: a : : B: b : :C : e (where Ay at 
B, k; C, c, may be fuppofed to reprcfent th& 
homologous fides of two limilar p^rallelepipe- 
dons). 

Then, 
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r A : a ! B : 3 -. 

t alfo folkivrs* 



Then, 
fince 



fA:<» : B :* 7 
A : a : : C : f i it a 



that. A' : a' : : BCA:^i:tf; or, thatrimilarpa*^ 
ralleleptpedons are to one another, as the cubes of j 
chcir homologous fides. — The proportionaUty of fi- 
milar paralielepipedons, defcribed lipon propor- , 
tional lines, is alfo included in the iame Theort^n; 
being no other than that cafe of it, where the pto- 
pofed ratios are all equal. 

■Tbeor. 5. Book VIII. The dcmonftration of thii 
Theorem might have been delivered under a form 
fomewhat different, by afluining two other foHds 
(without regard to figure) the one lefs, and the 
other greater than the propofed parallelcpipedon 
ZP, and proving chat cylinder tnuft, alfit be greater 
than the one, and iefs than the other : whi<;h is 
done by means of Lent, i, that is, by taking Pai, 
or P/, lb fmall a part of IP, as to be lefs than the 
difference between the ^ven parallelcpipedon and 
either of the iaid folids : from whence the de* 
monftration will proceed on, in the fame manner 
in which we have given it. But, as thefe ad- 
ditional confiderations would have increaied the 
number of fchemes, and lengthened the procefs, 
without adding one jot to the degree of evidence} 
it was thought proper, for the iake of the learner, 
to omit them. 

Tbeor. 8. Book VIII. This Theorem is not fo 
ufefiil as the Corollaries that follow from it, which 
are all of very great importance : In the 3d and 
4th of them, the proportion of all kinds of -prifms 
and pyramids is aligned, without the alGftance 
of the ufual demonftrations given for this purpofc j 
which, tho' fufficiently evident in themfelvcs, are 
often fpund a little perplexing to learners, on ac- 
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Sunt of the fchemes, wherein fo great a number 
" lines is neceflary. 

Nothing, in the courfe of thefe notes, has been 
j faid relative to the Theorems on proportions, tho* 
\ fo nice and critical a fubjed;, and tho' the method 
I have therein purfued may (land in need of fome 
apoiogy. But, indeed, the whole of what I have 
to offer on this head, was too much to be com- 
prized in the compafs of one Gngle note, and 
could not fo properly be delivered in feveral de- 
tached ones : For which icafon, I fhall here throw 
together all that I have to advance on that fub- 
jedt. 

There arc two objedions that may be brought 
againfl: the method in which proportions are treated 
of in this work ; the one, grounded on the impof- 
' fibiiicy of dividing every magnitude into equal 
parts i and the other, on the incomn:ienfurabiJity 
of two or more . magnitudes of the fame kind, 
when compared with each other. , The firft of 
thefe objeftions appears, to me, to have very little 
weight. For, tho' a magnitude may be fo con- 
ftituted, that the diviPion of it into an afllgned 
number of equal parts cannot be, aSlualljy effected 
by any geometrical conftruftion ; yet it is no le& 
evident, for that reafoq, that every fuch magnitude 
has not really its third, fourth, pr other affigned 
pare, tho' we are at a lots how to take it ; or, in 
other words, it feems very clear to conceive, that 
in every propofed magnitude, whatever its figure 
may be, a lefs magnitude is contained, which, re- 
peated an afllgned number of times, (hall be equal 
to the magnitude given. If, as the moft ri^id 
judges allow, every plane figure is equal to Jome 
fquare, and every folid equal xafome parallelepipe- 
don i then the parrs of the fquare, or parallelepi- 
pedon, which are adually determinable by a geo- 
metrical 
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metrical conftruftion, will atfo be like parts of till 
figure iirft propofed, and fuch at we ccuiceive t 
be lakeo. 

The other objedion, depending on the incom-1 
- mcnturability of magnitudes, is a matter of real dif- / 
Acuity \ which we have taken feme pains to ob- * 
viatc, in the Scholia to ourjd and 7th Theorems. 
EucUdy himfelf, fecms to have been not a little em- 
barrafled with it, if we may be allowed to juc^ 
from the different m«tpds he has left us in his 5th 
and 7th books v the former whereof, whith is 
fuiced to include the bufinefs of incommenfura- 
bles, being nothing near fb eafy and natural as the 
tatter : It has, it is true, the advantage of being ge- 
neral ■■, but, that the principles whereon it is grourud- 
ed, arc neither fo fimplc, nor fo evident ^B might be 
wifhed for, the many difpuies about them, fince 
Euclid's time, by Geometers of the Grfl: rank, wtH 
in a great meafure evince. And farther, it fecms 
ibfficiently plain, from Euclid's own authority, that 
he himfelf was not intirely pleafed With his own per- 
formance on this head ; or that he was convinced (at 
leaft) that it had not every advantage;. For, other- 
wife, it will he very di^cull to account for his 
having demonftrated many things in his 7th book, 
by another method, whofe demonftrations had been 
aftually given before, in the 5ch, under a different 
form. I-or thcfie rcafons, when 1 fee the extrava- 
gant commendations that have been laviflied on this 
5th book o^ Euclid, I am no farther convinced by 
them, than that great men may fometimes launch 
oat too far in behalf of opinions which they have 
■ adopted. And I believe that, whoever has read 
the notes on the 5th book, by that great rcftorer 
of Euclid, Profeffor Simfeny will be apt to conclude, 
that thofc high encomiums are a little mifapplied. 
Indeed, if all that is advanced in thofc notes be 
allowed of, I think the author of them has proved 
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i^itoo much ; and this fiiperb fabric of proportions, 
R>>'reafcd with lb much act, ftands upon a toteering 
foundation. It is not by choice that 1 go out of 
my way to {day the critic ; but as the wriurs againft 
the vulgar and indtftinA notion of proportions (as 
they term it) arc very fcvere in thdr cenfurw, and 
affumc a great fopcriodty, from the boafted acairaey 
ef their reafoniws, it may be necdBiry to fticw my 
reader, that, tho what' he is here <aught on proper'* 
tions, is liable to Tome objeAiOns, the method 
which fome fo greatly prefer, has d/^c its difficul- 
ties ; and that there are ctbir ohjeSiions to it belides 
ks ebfcurity. And this I Ihall make appear from 
this learned Commentacor's own authority and con- 
cefHons ^ and in order thereto, Hialt Brft refer to his 
note on Pfop. lo. which proceeds thus. *' It was 
** neccffary to give another demonftration of this 
•* propoGtion, bccairf; that which is in the Gretk^ 
•* and Latin, or in other editions, is not legitimate. 
** For the words greater, the fame, t>r eiml, U]jer, 
•* have a quite different meaning when applied to 
** magnitudes and ratios, as is plain from the 5Th 
*' and yth definitions of Book 5. by help of thefc let 
** us examine the demonftration of the loth Prop. 
•' which proceeds thus, i^c" He then goes on, 
in a long note, to Jhcw the infufficicncy of a de- 
monftration, which had. bcm received, by ail, as 
pcrfcftly genuine and fatisfadory ; and at laft comes 
to this conclufion. '• Wherefore the lOth PropO- 
*' fition is not fuffidcntly demonfbated. And it 
*' fccms, that he who has given the ■demonftration 
*' of the loth Pr(^3ofrtion, as we now have it, in- 
•• ftead of that whicli Euclid or Eudoxus had given, 
" has been deceived in applying what is manifeft, 
' " when undcrftood of magnitudes, unto ratios, 
**■ viz. that a magratude cannot be both greater 
" and lefs than another. That dwfe things which 
'* are equal to the lanjc su% eqtul to one another; 
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** is a moft evident Axiom when uiiderftood o| 
*' magnicudes, yet EucUd docs not make ufe of ii 
*' to vcAx that ihele ratios which are the fame tal 
*< the fame rado, are the fame ta one another ^l 
*' but expUcitly demonflxates this in Prop. it. of I 
*' Book. 5. The demonllratioa we have given of the \ 
*■*■ lOtb Prop, is no doubt the fame with that of • 
** Eudexus or Euclid, as it is immediately and di- 
** tzSt\y derived from the definition of a ^eater 
** ratio, viz. 7th of 5." 

Here the weight of the objeftion refts on its jioc 
having been proved, that, of three given magni- 
tudes A, B, C, the ratio of A to C could not, at 
the fame time, be both greater and Ids thaq that 
of B to C. But, if in the demonftracion, here re- 
jected as infufficient, there is any real flaw, it is 
chargeable' on the definition of a greater and lefi 
ratio, as the reafoning from it, is clear, llrong, and 
perfedly fcientific. And I would feriouQy aik the 
Contemners of ti>e vu^ar and eon/u/ed nolion of 
proportiMis, if a definition, by which it cannot 
be known, whether the ratio of the firft to the fc- 
cond of four- given magnitudes, may not, at the 
fame time, be both greater and lefs, than that of the 
third to the fourth, is really calculated to afford 
thofe very accurate ideas, - they pretended to ? This 
Comnlentator has too much penetration not to be 
aware of the force of this obje^on, which he has 
attempted to obviate in one particular cafe. But 
the new propofition given by him,.for that purpofe, 
ought to have preceded the loth, and to have been 
demonftrattd independent, of it. This he alfo 
feems apprized of, when he fays, that " it cannM 
** beeafilydemonftratcdwithouttheioth,as he that 
" tries to do it wiU find." But, be this as ic wili, 
I am not at alt clear chat his " demonfh'ation of 
** the loth, is the fame with that of Eudoxus or 
•' Euclid." Euclid or (if you plcafc) Eudexus, does 
never 
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Ever (thut I know of) refer to any definition, tfU 
fit has been proved* either by an adual conftruftion, 
ror by fome demoitftration previous to that in hand> 
that fuch definition involves no. abfurdity, or con- 
'. ditions that are incompatible one with another. If, 
' therefore, it was conceived poHiblc, that the deft- 
nition of a greater and lefs ratio, could involve fo 
great an abfurdity,. as that, ,by iU the ratio of A to 
C might at the fame time be both greater and lefs 
than that of B to C j this point, according to the 
method -^refcribed by Euclid, ought to have been 
cleared up, not by means of propolitions derived in 
virtue ot^ that very definition, but by others ante- . 
ccdenc thereto, and independent thereupon. And, 
to me, the 8th Prop, feems the proper place for the 
doing of this, where it jnight be eafily introduced, 
cither in the Prop, itfelf, .or by way of Corollary. 
Tc is. there proved, that if, of three magnitudes A, 
E, C, the firfl: A is greater than the fecond B, then 
certain equimulijples of A and B may be taken fuch, 
that being compared with fomc multiple of C, the 
multiple of A ftiall be greater, and that of B lefs than 
' the faid multiple of C. Whence, by the definition of 
a greater ratio, the ratio of A to C is greater than 
that of B to C. To which might be added — -And, 
becaufe A is greater than B, no equimultiples o£ 
A and B can poITibiy be fo taken, that the tnulti- 
ple of A lliall be equal to, or lefs than fame mul- 
tiple of C, and tiiat of B greater than the feme t 
becaufe A being greater ih«Q B, the multiple of A 
is ever greater than that of B, and therefore alfo 
greater than that of C, which is equal to, or left 
than the multiple of B. Wherefore the ratio of A 
to C cannot (by the definition) be lefs . (as well as 
greater) than the ratio of B to C 

But, notwichftanding all that has been proved cai 

this head, either here, or by that gentleman him- 

fclf, the fame objciftion occurs again in i'rop. 1 3. 

where 
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vltere it remiini in its fuH force. For, tbo* it bel 
alloved, that ** there are fofiie equimultiples of Cl 
** and £, and Ibmc ci D and F fuch, that the 1 
** multiple of C ia greatef than the multiple of D| 
** but the multiple of E not greater than the mul- , 
" tiple of F i" yet it is ooc demonftratsd, npr in 
- any fort (hewn, that otlier equimultiples of thofe 
quantities cannot be taken fuch, that the very con- 
trary fliall happen. — if die deraonftracion of the 
loth Prop, has been jufily rcjefted by this gentle- 
man himielf, as infuffictent, bccaufe the impofli- 
bility of a contrary conctuBon had not been fhewa ; 
■ ' can it be thought that this 13th PropoTidon is, at 
this day, fuSiciently demonftrated, whereche fame 
objcftion occurs, and that in a much greater lati- 
tude \ \ hare a much better opinion of this Edi- 
tor's difcemment, than to imagine, that his palling 
this matter oyer in filence, proceeded from his not 
being aware of the difficulty ; but it teems to me, 
chat his great diflike to the vulgar idea of propor- 
tion (fo often teliitied in the courle of his notes) 
would not permit him. to borrow any thing from 
thence, however evident, and though this objec- 
tion, that ftrHces deep at the very root of propor- 
tions, might by means thereof be very eafily re- 
moved. I fay, the very root of proportions is 
deeply ftruck at in this obje^ion ; becaule both 
the alternation and equality of ratios (m ofudi fc. 
dijl.) are grounded on the faid 13th Prop, uid 
which, therefore, till the objeftion is removed, 
muft be allowed to Hand upon an uncertain foun- 
dation. 

The principle hinted at above, whereby the dif- 
ficulty might be obviated, is, that if a magnitude 
of any kind be given, or propounded, there may 
(or can) be another magnitude of the fame kind 
which Ihall have to it any ratio sRigned. This 
aflfumption Mr. Prtf^or will by no means adtiuc of 
ttho' 
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•> (tho'EaclidhimklUinPto^.i.ofhh 12th book, hai 
ufed it) ; uid, in a long note on Prop. 1 8. is angry 
with Qavius for having recourfe to it } affirming 
*• That the demonftradon (given by means thereof) 
** is of no force ;" and chat " the thing itfelf can- 
** not (as' far as he can difcern) be demonftraied by 
** the preceding proportions, fo far is it from de- 
** lerving to be reckoned an Axiom, as Clavius, 
** after other Commentators, would have it.** Thac 
the aOumption cannot be generally demonftrated 
by the preceding propofitions (nor even by all the 
proportions in the' Elements) I readily affenc to: 
but thee, becaufe a thing, exceedingly obvious in 
'Its own nature, cannot be demonftratoj, is it there-i 
fore tels proper for an Axiom ? I Ihouid rather 
take the other lide pf the queftion, and maintain 
that nothing ought to be made an Axiom, which 
can be demonfirued. But we are not, it feems* 
allowed to have any idea of proportion but whac 
is contained in the 6ih and ilth (or, as this Author 
makes them, the 5th and yth) definitions of Eu- 
tU^s 5th book' And, in his note on the new 
Prop, marked A, He U again difpleafed with Cia- 
vius, for thinking it fufficiently evident, from the 
nature of proportionaU, that if, of fogr proportional 
magnitudes, the^ Brft antecedent is greater than its 
confequcnt, the fecond antecedent will alfo be 
greater than its confequent. « As if there was 
** (fays he) any nature of proponionals antecedent' 
** to thac which is to be derived and underftood 
•* from the definition of them." Now I cannot' 
help thinking, with Cldviaj, that there was a na- 
ture, or idea of proportion antecedent to that 
^vcnin the 6^ and 8ch definitions of Eueli^t- 
5th book : Far, thac ' mankind, long before the 
time of'MueUd, iiad fome way to fhew, or exprefs, 
in what decree one magnitude was greater or Icfs 
than anotber., caimot be doubled: And this was 
. T th« 
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dw firft, and natwal-: icl(B«':«f propa^tipn : An*^ 
I look upon thofe de^nltisos, as icfincments, 
only, Qa the fimple «fid luturai idea, iq cm-'*. 
der to lake in the bufmeb of incooHnenfurables v 
whereby the original notion ia fo- mudi. obfiburcd, 
that it requires fome &jA\, ev«n to foe that k ia- 
at all cont»ned in thefe definitions. I intifciy ^ffc» 
with this gentleman, that every d«moDUcack)n- 
ought to be ftrifUy dcrired from principles before 
eftablifhcd : But then, whether ii it tnore eli^^Ue, 
CO have refourie to an Axiom founded (as all other 
Axioms are) on thti evidence of feniif and reafon, 
or to an oblcure and perplexed definition, which 
may, for aay thing that ms beeo prqwcd to the 
contrary, iovolve an abfurdicy ? 

-That there is femething rery ingieniou) and fobtlC; 
in the dodrine of proportignst as delivered in ^M't 
elia'i 5th boc^, cannot be deo&ed. All fh«t { icqo-, 
tend for, is, chat the principles f» whtch s is built, 
are a^ktv, and not fo 6rmly eftabtilWd, afitQ 9U-. 
thorjze its partifans to aJTatne that gie^t, AtperiofijCy ; 
they lay claim lo, tn point of geometiinlfixiSnelR. . 
I have intimated above^ that Oie ptindpte i& re^ 
jededi by which the confiftence.of ihedc&aittop of a 
greater and k& ratio might bc^eftabli&ed. without 
much difficulty : But I would not be choug|u.F»(neafl^.: 
that the fame thing cannot pofliUy be eftiEted any 
other way, becautel am iaiisficd that it m«y bodone 
from theconfideration of multiples alone: £Hu »de- - 
monftratioa of this fort isnotcafy. — Were-I t» tffa» 
of proportiom from the plan laid fknui in the 5th 
h<iok of EMciidf I would iiitirelty rejefttheicJdi an4. 
r3th [M-opolitions.and cverythii^ ejfe fauDdedoathe 
definition of a greato- aadkftxatia, aabeit^ofiKk 
ocher ulie in the Elements, than to.c^}en the wily to- 
' thole importantHieoremson the altcmatkin^dequ*- 
Idy of ratios^ which may be better demosftEatedwichr- 
out them, from the defioUiooof equal .rtti«aloi)n. 
which, 

D,r„i^=,i-,Google 



